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NPEAHCNOBHE KO BTOPOMY H3IAHHIO

lpennaraemMufi BHEMa#uio yuratenell HABYXTOMHHM
kypc «OcHOBH TeopeTHYeckoll (PHIAKH» ABAAETCS BBeJe-
HHeM B TeOpeTHYecKylo PHIHKY.

B cOOTBETCTBHRA C TeM, KaK NPHHATO B TeopeTHYeCKON
¢HzHKe, H3NOKeRWC BefeTcs B TayccoBofi cHcTeMe efH-
Hul, B Mexauuke ypaBHenus JlarpauXa BHBOAATCA He
ns npranuna JanamGepa (kak 370 o0nuHO Zenaercs), &
H3 ypaeHenu#i Helwotora. HzaoxeHHe 37eKTPOAHHAMHKH
OTPAHHYEHO CpelaMH, B KOTOPHX OTCYTCTBYeT AHCIEpCHS,
2 NpOHHUAEMOCTH ¢ H p He 3aBHcar oT E n B.

Bonee caoxuumn aeasiotca § 40 1 69, noceanieHHLe
PacCMOTPEHHIO TeH30pa 3HepruH-HMnyabca. OHH BKJO-
YeHH B KHHTY, MOTOMY YTO COAepPHXAT NPEsOCXOAHYI0
HANIOCTPALHK K BONPOCY O TOM, KAKHM crHocofoM oOcCy-
mecTpAdgeTcs ofo6ileHHe JNarpaHXKesa dopmanuaMa Ha
HeMeXaHHUECKHe CHCTeMH. YHTaTedb, KOTOPOMY 2TH na-
parpadb NOKAXYTCA CAHIUKOM TPYAHHMA, MOXeT Npo-
nycTHTh HX Oez ymep6a AAA NOHHMAHHA OCTANbLREIX
slaparpa¢or KHHTH,

BoJabinoe BHHMaHHe B KHHTe YAENEHO BAPHALHOHHOMY
nprauMAny. [Ipn 3TOoM NocAeNoOBaTENLHO HCHIONAb3OBAH CJe-
Aylomufi npHeM — cHayaxa TpeGyeMHN pe3yabTaT MOAY-
YaeTci C NOMOILIbI METOAOB, 3HAKOMHX YXKe YHTaTeso,
a 3aTeM TOT e Pe3yJbTaT MOAydYdeTcsd C NOMOLIbIO Ba-
pHAUMOHHOTO MpHHNHANA. TeMm caMuHM npecaenoBaiachk
HeJb BHPaGoTaTh Y YRTATeNd OTHOUIeHHe K BapHALHOH-
HOMY NpPHHOHMOY KakK K ENOJHE HaJeXHOMY H MOUIHOMY
CpeACTBY HCCAEAOBAHKA.

Pafora Haj xHHTOR 3HAYHTENBHO obJaeruaercs TeMm,
yTo OHa cHafKeHa OOCTOATEALHHMH MAaTeMaTHYECKHMM
IPHJIOKEHHAMHE, D10 H3abaBiadeT wHTaTesda OT HeobXxomM-
MOCTH O0pamiaTecd K PYKOBOACTBAM MO MaTeMaTHKe H
Pa3HCKHBATh B RHX HeOOXOAWMEE CBEACHHA.

IMo cpapHeHnio ¢ 1-M H3NAHHEM TEKCT B OCHOBHOM
ocranca Hens3MeHHuM. Cpenafda Re6oJblIan CTHAHCTHYE-
CK47 TPAapKa M YCTPAHCHH HEKOTOpHe HETOYHOCTH H 3a-
MeueHHHEe OmeYaTKR.

Oxratps 1989 r, H. Casgeaves

Yacrs nepsas
MEXAHu KA

F'napgal
BAPHALHOHHMA NPHHRUMDO B MEXARBKE

§ 1. Bpegenue

B saBncumocts or xapaxrepa H3yuaeMmx ob6nexTon
MEXAHUKY MOMKHO NOADPASACAHTL HA MEXAHHKY MarepH-
A/IbHOM TOYKH, MeXaHuKy TBepAOro Tesa ') u mexamuky
cnJyowrHof cpean. INocaennss B ceoo ouepenb MoApasge-
JAETCA HA TRAPOAHHAMUKY, rasoByl0 JHHAMHKY, TEOPHIO
YOpYrocTs, TEOPHIO MAACTHYHOCTH H T. I,

‘B mexanuke caMbiM CAOMHBIM A5 H3Y4eHHA 00BEKTOM
ABJISIETCS CnuolHast (HenmpepnigHa®) cpena, NOCKOUILKY
OHa mpejcTasasier coGoi cHcTeMy c GecKOoHeuHO GOJH,-
M qHcaoM creneHell csoGonu. Kpome toro, npu pente-
HHH prAla sana4, paccMaTpHBaeMHEX MeXAHUKON CIOLI-
HOW cpeanl, HAPSAY C MeTOAAMH M YPaBHEHUSIMH Teope-
THUECKOR MEeXaHHKH HCNIOJL3YIOTCH TaKXKe MeTOmH H
YPABHEHHS TEPMONUHAMHKH, SNEKTPOAHHAMHKH H T. I
JTH obcroaTenseTBa U CIYyXaT NPpHIHHOH TOro, 94to Me-
XAHHKA CIJIOIUHOA Cpeisl SABASETCH CaMBIM CJAONKHEM
pasiesom MexarHkH. B nannofi kmure BonpocH mexa-
HHKH CJIOLIHOA Cpell 3aTparuBaThes He Gynyr.

B xypce obmel dusukn sanaun mexannkw pemanTcH
¢ nomomwpo ypasHenn#i Hsiorona. B sroit rmase M mo-
JHAKOMHMCS C DYIHM NMOAXOAOM K OMHCAHHIO M H3ywe-
HHIO JBHXKEHHS MeXxaHWuyecKHX cHcreMm. [Mox mexanmue-
CKOR cucremMof MH 6yAeM NOHHMATH COBOKYITHOCTb ‘Ma-
TEPHAJILHBIX TOYEK, ABUXKEHHE KOTOPHX MOXET OHThH
AHG60 cBOGOAHLIM, NHGO OrpanHYEHHEM CBN3AMH. B wace-
HOCTH, COBOKYNHOCTh MaTepHaJbHHA TOYEK, 06beAHHEeH-
HRIX JKECTKHMH CBA3AMH, 00pasyer TBepioe Teno. B pans-
Hefliuem Mb GyJeM MaTepHa/ibHHE TOUKH ANsl KPaTKOCTH
Ha3bIBaTh YaCTHIIAMH,

1) Hueeres B gy aGeomorho TBEPAOE TEAo.




8 TJL 1. BAPHALTHORHEIR TIPHHUUI B MEXAHUKE

B COOTBETCTBHH C YNOMAHYTHM MOXXONOM KaXKxok
Mexahuueckoli cHCTeMe collocTaBaAerc Hekaa (yHKuus
06061eHHEX KOOPAHHAT M 0GOGLICHHLIX CKOpocTell cH-
CTEMEI, 3 TaK}Ke BpeMeHU:

L =L (xoopauuaT, cKopocTefl, BpeMeHH),

HasHBaeMas (yuxyueil JTazpansica. Obobigennsimu xocp-
dunaramu ¢ HasHBAKTCA AICOLIE BEAHIHHH, ¢ TOMOLLLIO
KOTOPHX MOXeT GHTh 33RaHO NOJNOXKKEeHHe CHCTeMd B
npocrpancTee. O606HeHHBMH CKOPOCTSAMA ga
Ha3HBAIOTCA NPOH3BOAHHE O6OGHIEHHHX KOODAHHAT 0O
BpeMenn').

®ynxnna Jlarpamika moxer OHTb KcnoAb30BaHa AAf
XApDAKTEePHCTHKH He TOJAbKO CHCTEM ¢ KOHEUHHM YRCIOM
crenenell CROGORH, HO H cHCTeM ¢ GeCKOHEYHHM YRCIOM
creneHefi cBOGOAN — COJIOIHEX CpeA, 3AeKTPOMATHHT-
HHX ¥ ApYrux ¢u3ugeckux nonefi. Takum oGpasom, sHa-
yenne GyHkouu JlarpaHxa BLXOAHT 32 PaMKH KJAaccHYe-
CKOll MEeXaHHKH.

YcTaHOBHB AAA paccMaTpHBaeMoil MeXaHHYEeCKOH cH-
creMu BHA ¢yHxuid Jlarpanixa, MoXKHO onucaTh ABHXKe-
HHE CHCTEMH ¢ NOMOWILIO ypapHeHHH, CBASHBAIOLIAX
YACTHHE MPOH3BOAHHE (YHKOHH L no XoOpAHHATAM H
CKOpPOCTAM. JTH ypaBHeHHs, HasHBAeMHE YPUBHEHUAMU
Jazparxa, samensior ypasuenns Huiorona.

HenoabsoBanne ypasHenn#i JlarpaHika BMecTo ypan-
Hennfi HeloTona obnanaeT TeM DPEHMYILECTBOM, YTO KO-
AHYecTRO ypasHeHHl JlarpaHika paBHO vHcay cTenenei
CBOJOAH CHCTEMH, KOTOpPOE HPH HaJMuYMH cBAsel, orpa-
HHYRBAOMWX JABHKeHHe cHeTeMbl, OyAeT MeHbile 4YeM
YTPOCHHOE YHCAO YacTHI, BXORAWMHX B chcTeMy. Konuge-
C€TBO ¥e ypapHenu#i Huionona, Heo6XOAHMREX AAS ONHCa-
HHA CHCTeMH H3 N uacruu, pasro 3N. Kpome Toro, B
ypapHenns Jlarpauxa He BXOAAT PLAaKURM cBA3eh 2), ko-
Tophe 3apanee HensBecTHR., Taknm o6pasoM, ApH He-
noAbn3oBankH ypaeHeuufi Jlarpanxka peakuun cssseli ap-
TOMAaTHUECKH HCKJIOMAOTCA K3 PacCMOTPEHHA, MTO Ccylie-
CTBEHHO YNpOILaeT pelleHHe COOTBETCTBYIOMEd 3axaun.

1) Hanownnm, 9ro TOYKH I‘I’aﬂ. cnuno;zou BEeHIBHN O3HAYAIT
NPOHIBOAHYIG 1O npeueuu:i—-i’:—. '€=E§'

2) 370 cNpaBeARBO TOALKO AAA HAeanbHHX cBAsedl, T. e. cpased

o

§ 1. BBEAEHHE 9

flpaeaa, peumeHHe AaeT B 3TOM c/ydae cBENCHHHA JIHIND
O /(BHHEHHMH CHCTEMbl, SHAYECHHA peaKuuli OCTAITCA He-
ycraHoBicHHHMH. Ho B GosbinuMHCTBE (HIHYECKHX 3amay
3HAYCHHSA peakUHA He NPEACTABJIAT HHTEpeca, T4K -410
AAHULX, NONYTaeMBIX MeTONOM YypaBHewuii Jlarpamxa,
OKa3HBAETCA  BOOJIHE  AQCTATOUHO.
B KavecTse mpuMepa MOXKHO ykasaTh
Ha 33a9y O KoNeOAHHAX MaTeMaTu-
HecKOro MasTuuka (puc. 1.1). ¥Ypam-
HeHHe mTOporo 3akoHa HeloToma aaa
YACTHLH # HMEeT BHA

mr=mg+R,

rie R— peaxuus uutn. IlpoektHpys
BCE BEKTOPH Ha OcH ¥, y H z (och =
HanpaejeHa 3a ueprTex), MW moay-
YHM TPH CKaJfIPHLIX YpaBHeHHA:

mi=R, mij=mg+R, mi=0.

Ecan xe xapaktepusopaTsh mnosoxe- Pac. 1.1
HHe cHcTeMH 06o0meHHOR KOOpAHMA-

TOf @, TO BMECTO TpeX ypaBHeHHi OKASHBAETCA AOCTa-
TOYHHM TOALKO OAHO;

mPy=— mgl sin g, (1.1)

KOTOpOe W ecTh ypasuenue Jlarpanxka Aas AauHoro cay-
yasn'). Peakuust R B Hero ue sxomur. Pemus YpaBHeHue,
MLl HafineM @ kak ¢yskumio f. Buna dysxkumm L pas
paccMaTpHBaeMOH CHCTEMBI MBI MOKA KacaThesl He 6ydeM
Jem. nipumep 1 B § 6).

Hrak, neuxenne MexaHuuecKofi CHCTEMHB MOXeT GHTh
onucano nmuGO ¢ nomMombi0 ypapHeHuii Hbiotona, aubo
¢ nomompio ypapHeHu# Jlarpamka. Ecrecrsesro, uTto
K ypapHeHHaM JlarpamXa MOXKHO npufiTH, HCXO4A H3
ypapuenu#t Heiorona (uto u Oyaer clienano B § 4 srofi
rnasut). OnHako BecbMa CYIIECTBEHHEIM ABJASETCH TO 06-
CTONTENILCTBO, 4TO ypaBHeHusi Jlarpamka MOXHO noay-
YHTH C MOMOLILIO BechMa OOUIEr0 BapHAUMOHHONO MPHH-
UHNA — NPUHYUNG HeumeRbwezo delicTeus. STOT NPHH-
MO MOXeT OnTb NONOXKEH B OCHOBY KAaCCHYECKON

d f) OboGnlennas ckopocTh § BXOEHT B 9To YpABHEHHE B BAAS
— .
di




10 1. 1. BAPHAUKOHHHA NPHHIHN B MEXAHHKE

MexaHnku pwecro 3akoHon Hbiorona. HocTonHCTBO npHN-
IHNA HAHMEHbLUIETO ACHCTBAA COCTOMT B TOM, 9TO €ro
MONHO JIErKO PACNPOCTPAHHTL HA CHCTEMH, HE ABAAIO-
IYAeCA MEXaHHYECKHMA HAH YHCTO MeXaHHYeCKHMH, Ha-
npuMep Ha YRpyrhe cpeAd, 3JCKTPOMATHHTHHE IM0JA,
mosnsn aeMeRTZpHRX YACTHR H T. A.

PestoMupys, MOKHO CKa3aTb, YT0 H3NaraeMuli B Aan-
HOH IJiaBe nenxon K H3yueHHIO IBHXKeHHA MeXaHHWYeCcKHX
cHcTeM obaagaer ropasfio Soapineli OGIHOCTLIO, YeM Me-
Toll, OCHOBAaHHHWA Ha 3akorax HeloroHa.

§ 2. Censn

HOnsa cacreMul vacTRU ¢ Maccamu m(D, m®, | ypas-
HeHHA BTOpOro sakowa Hyworona MoxkHno zamucath cie-
AylomusM obpasom:

mE=F, (=12 ..., n), 2.1)

TAe my==my;==my=mD) —macca 1-§ uvacraum, m;—
==ms = m; = m® — Macca 2-H yacTHUM, ..., X; — KO-
opanHata x l-fi uacTHIW, Xo-— RoOpAHHATa y 1-fi uac-
THIIH, X3— KOOpAHHaTa 2z !-f uacTRUM, x4, X5 Xs— Je-
KapTOBH KOODAWHATH X, Y, 2 2-ff wacTHuM, ..., F|—
NPOCKUHA Ha OCb x peayAbTHpyoulefi cram FO, lneﬁ-
CTRYIOUIeH Ha 1-10 yacTEny, F; — npoexkuns cunn F) ga
ochk ¥, Fs— npoexuss Tol ke cuAL HaA ocb 2z, Fy, Fy, Fo—
X-, Y-, Z-KOMNOHeHTH cual F®, peficrpylomesi wa 2-10
wacTauy, u T. 4. YWeao n ypasHeuufi, colepKamuxcs
B (2.1), paBHO yTPOEHHOMY WHCAY YacTAI, BXOAAUIHX B
CHCTEMY.

Ha nonoXenns K CKOPOCTH NacTHI CHCTEMH MOTYT
OuTb HanoXeHW OTPaHHYUCHUS TeOMETPHYECKOro HAW KH-
HEeMATHYECKOrO XapakTepa. 3TH OrpaNHueHNs HA3WPAIOT-
CHA CBABAMIL.

TipAMepaMu CHCTeM O CBA3AMH FeOMETPHYECKOrO Xa-
PAKTEDA MOTYT CAYEKHATS:

1) 4yacraua, koTepas NpH cBOeM JBUKEHHH He MO-
XeT NOKWHYTh SafAHHYKW NOBEPXHOCTD HIAH 3aJaHHYIO
KpHByio. [lopepxHocts BAK xpHBas MOTyT OHTb Hemno-
ABHIKHHME (CTOHUONGPRAR C6:35) WIM NEpPeMemarheH
safaHHEuM ofpasoM (KecTayuorapras cafss),

-2) nee gactuunm A W B, cBA3aHHNE XKeCTKHM Hepeco-
MEM cTepiHeM AMHHH [ B 310M cAywae orpaHnyenmue,

§ 2. CBA3U 1t

HaKAaNBAEMOE CBA3BIO, MOXET SHTh 3ANMHCAHO B BHIe
YpaBHeHHA

Fa— 26+ (04 — 40l + (24 — 25 =12 {2.2)

3} ABe uyacTHUM, CBA3AHHHE HeBECOMOA HHTHIO ATH-
HH [ AHaNUTHYECKOE BHPaXeHWe Takofi CBSISH Maeer

BHJI
(ta—xgP + (ys — )+ (24— 2 B (2.3)

4) aGcomoTHo TeepACe Teno, KOTOpOe MOXKHO pac-
CMATPHBATL KAK CHCTEMY YacTHO ¢ HeU3MeHHMMH B3d-
n;:humn PACCTOSHUAMH, T. € NMOAYMHEHHHWX CBA3AM BHAA
(2.2).

IpHMepoM cHCTeMH cO cBASLIO KaK FeOMEeTPHYECKOrD,
TaK H KHHEMATHYECKOTO XapaKTepa MOMET CAYKHTH map,
XaTamuAcs 6es CKOAbKEHAT NO NIEPOXOBaTOR NOBEPXHQ-
CTH. OrpaHuYeHHe KHHEMaTHYECKOTro XapakTepa 3axJio-
HaeTcsd B TOM, YTO CKOPOCTB TOYKH KacaHAs HOMXKHA
GuTL paBHaA HYJIO.

B o6uiem cayuae cBssh F€OMETPHYECKOrO XapakTepa
MOXHO NMpeACTaBHTL YpaBHeRHeM

Fley, x0 ..o, x,, =0 2.4}

(n=23N, rae N — uucao yacrun B cucreme),

Korna orpannueHns HajloeHH He TOJABKO Ha Koop-
AMHATH YacTHlL, HO M Ha HX CKOPOCTH, YPaBHeHHWe CHS3H
HMeeT BHJ

q’(xl: xzv ey xm x'l» iz: AILRY | -fru t)=0° (2'5)

Ecan ypaswenwe (2.5) moxer 6mrs POHHTErPHPOBAHO
O BpeMeHH, OHO, OYE€BHIOHO, SKBHBAJICHTHO YpaBHenHIO
BHIa (2.4).

Cesisu Buga (2.4) W csogsmmecs Kk HEM HHTerpupye-
MHe CBA3H BuAa (2.5) HAIWBAIOTCA 2040MOMNOLIL (R
WHTErpUpyeMEMH). FONOHOMBEIMH HAIWPBAIOT TAKKe CH~
CTeMH C NOROGHBIMK CBA3AMH. CHCTeMH, Guryprpyomue
B PacCMOTPeHHHX Buille npHMmepax 1, 2 u 4, orHocATCH
K YHCAY FOSIOHOMHEIX.

HUrak, B cilyvae rofoROMELIX cpased HARTAANBACMES
HMI OTPAHHYCHHA BHP2XKAIOTCH B BHAC PANCHCTE, €BAIM-
PAIOIHX HOODAHMATH Y4CTHI W BPeM% (CM. ypaBHEHHE

(2.4)).
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Henurerpupyemue ceasu puaa (2.5), a Takxe cBA3H,
BHpaxaeMHe B BHAE HepabeHCTB (CM. npHMep 3), HasH-
BAIOTCH HE20A0HOMHUIMY.,

CB#i3H, He H3IMEHAIOUWIHECH CO BPEMEeHeM, HA3HWBAIOTCS
CTAYUCHAPHbIME (MIH CKJACPOHOMHHMH). CBASH, H3Me-
BAIOIHECA CO BPEMEHEM, HOCAT HA3paHHE HeCTA{UONAP-
Kotx (HIH PEOHOMHRX).

YpaBuenne rosoHOMHOR CTALHOHADHOA CBA3W HMeeT
BHR

f(xlv Xoy ey xn) =0, (2.6)

Ono oTnnvaerca or ypabHenusn (2.4) roJOHOMHON Hecra-
HHOHADHOR CBA3N TeM, 4YTO B HEro He BXOAHT SHBHO
BpeMa f.

I aapaw ¢ AErONOHOMHEIMH CBA3AMH OGLIAX METO-
A0B pellleHHs He cyinecTBYeT. Tpefyercs HRAHBHAYaNb-
HHi NOAXOR K KaxkaoR 3safiave. HerotOROMHHWX CHCTeM
MH PACCMATPHBATL He GyleM.

Kaxpan rononomnan cesab, 7. €. cBR3b, BHpaKaeMas
YpasueHuem (2.4) uau (2.6), nospoAsier npeAcTaBHTb
OAHY H3 KOODAMHAT KaK QYHKUHIO ocTaabHux. Ciaenosa-
TeJbHO, KaXKA3A Taxkasd CBA3b YMeHLUIAeT YNCA0 He3abH-
CHMHEX HOOPAWHAT Ha eAHHHLLY.

HanoMuuM, 210 uHc/I0 He3apHCHMEX DeNHYHH, HeoG-
XOAHMHX AAS ONpeAeNeHHsi MOJIOKEeHRA CHCTEMB B Npo-
CTpaHCTBE, HA3SWBARTCA «HCAOM cTenenedl ceobodm cH-
creMbl. [To3TOMY MOXMHO CKa3aTh, YTO KaXAas TOAOHOM-
HafA CBA3b YMEHbUIaeT YHCAO cTeneHel CROGOAN CHCTEMN
H2 eAHHALY.

Ecau cBA3n oTcyTcTBYIOT, TO cucTeMa W3 N vacTHu
o0najaer YHCAOM cTemeHeR cpbofoan, paBRbM n = 3N.
Tlpn wanuynn r ceAseli uncao crenemefi croboim Gyaer
PaBHO S =n —r=3N —r.

CasA3H AeficTBYIOT H2 YAaCTHLH CHCTEMH C CHA3MHE R,
KOTOpHE HA3WBAWTCA peaxyuamy. CpAsb Ges TpeHHs Ha-
sHiBaercs udeaasnod. CymmapHas paGora, copepuaemasn
peaxuHIMH Hal YacTHIAMH CHCTEMH ¢ HEeaJbHLIMA CTa-
UHOHAPHHIMH CBASAMH, paBHA HYJIO. B KavecTee npHMepa,
NOATBEPKAIOIIEr0 3TO YTBEPKACHHE, MOKHO IPHBECTH
CHCTeMy, H306pakenkyio ha pne. 1.1. ¥ 3toit cHcTeMm
peakuus R HanpabjeHa BROAbL HHTH, a CKOPOCTb uac-
THIB V MepneHgnKyAspHa K HHTH; NO3TOMY cHaa R pa-
6oTn Haz wacTHueR We copepiuaer. Ecan cpasp (Rame

§ 3. YPABHEHHA ABHXEHIR B OEKAPTOBOR ¢OPME 13

HAEANbHAS) 3aBHCHT OT BpEMeHH, COBepinaemMas ee peax-
el pabora, Kak NpaBHO, OTIHYHA OT HyJis.

“Biﬂpa)E{EHHE AJil 3neMenTapHofi pa6orTs, cosepurae-
MOH Hal 4acTHUAMH CHCTeMH DeakuusiMH CBsisell, HMeeT
BUA dA = E Rydx;. Ina cucreMn ¢ WACaNbHBIMH cTa-
IHOHADHEIMH CBA3SAMK 9Ta paGoTa pasma mymo. Cieno-
BATENLHO, JJIst TAKHX CHETEM

E ‘Ri dx‘ = 0’ (2°7)

[Ae dX; — NPOEKUHUH Ha KOOPAHHATHME OCH nepeMemienii
qac'm};, COBMECTHMHX €O CBASSAMH, HAJOKECHHBMH Ha gac-
THUE ).

§ 3. YpaBueunn nsnxenns
B AeKAPTOBHX KOOPRHHATAX

Pacemorpam CHCTEMY, COCTOSINIYI0O M3 BaauMozefi-
CTUYIOUIHX Apyr ¢ pApyrom uactum. [lycTh Ha yacTHum!
JACHCTBYIOT TaKKe BHEUIHHE CHJILL Bocnonsayemes nas
KOOPAHHAT YAacTHIL H KOMNOHEHT CHJI TeMHu Xe 0603Hage-
HHAMH, KOTODHE MK NPHMEHANH B NpeAsyeM napa-
rpage (cm. nepsuit a6san § 2).

B mexoropeix cayuasix CHJIE, HEeHCTBYIONIHe HA yac-
THUL! (HJIH XOTsH GH YacTh STHX CHJ), MOTyT GHITH mpej-
CTaBJIEHH B BHOe

3.1)
rae
U=U(xls Xgy o v, Xy t) (3‘2)

-~ QYHKIUHSA KOOPJAMHAT YACTHI W PpeMeHH, HaskBaeMas
norenyuaiom cucremer. Ecnn B pyaxuuo U He pXomnT
HBHO BpeMs I, oHa npepcTaBaseT coboil NOTEeHUHANBHYIO
IUEPTHIO CHCTEMBI.

') Bo perpenaouiuxcs B TeopeTHUeckol (HsKe cymmMax HBACKE,
No KOTOPOMY ocyuiecTsisiercs CYMMH[ioBanHe (HeMof ;erekc), KaK
IIpapHao, NOBTOPSETCA ABAMAKW,. B cbugn C 5THM OPHHATO CHMBOA
f ONYCKATH H NOJAPAsyMeBaTh CyMMHEPOBAHHE NO ABANKAN NOBTO-

pAIUIEMCA HHAeKead. Hanpumep, nMecto Za,bl OHIDY? DpocTe
aib;. OfRako, xoTs Takofl cnoco6 3ammcy OTJIHYAeTCH KpaTH:

MLl HM NOALIOBATECH He Gynem, CymmHpoBaume OylyT mogpasyue.
DATECR TONBKO TAM, Fie HAMHCaH CHMBOJ Z.
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Cuna, onpefengemas spopMyaodi (3.1), uMazubaerca
noreryuassuoil, Caepyer pasnndaTh CTAUHOKApHHE K He-
CTaIHOHAPHLE NOTEHIHAAbHHE CHIH. Crayuosaprsimi
Ha3WBAalOT CHAH, 3aBHCSIUHE TOJbLKO OT KOOPAHMHAT vac-
THUH H He 3apHcsIHEe SIBHO OT BpeMeRH. TakuMm cHaaMm
orseuaer ¢ysruna U, me collepXkalllas BpeMeHR HBHO.
Korna # sxoaur » U sBHO, CHAA 3aBHCHT He TOJNLKO OT
KOOpPAHHAT, RO W OT BPEMeHH H, cJeficBaTeabHo, Oyler
secrayuonapnoti. CTamHoHapHHEe NOTEHIUHAaJbHLHE CHAH
HA3HBAWT KoNcepeaTueusimi, CAcTeMH, B KOTOpHX Aefi-
CTBYIOT TOJBKO KOHCEpPBATHBHBC CHJH, TaKXKe HA3HBAIOT
KORCepaaTUSHbIML.

OtmerHM, uto B cooTBercTBHR ¢ (3.1) cuay, Aei-
CTBYIOUIYIO Ha 9acTHLY ¢ HOMEpPOM ¢, MOXHO NpeACcTa-
PHTH B BHIE rpafxeHTa pyHknun (3.2):

Fo=— Vol (x;, ). 3.3)

3aech V,—o0nepaTop, KOMNOHEHTH KOTOPOTO pAaBHH
YACTHHM NPOHSBOAHWM MO KOOPANHATaM o-f YacTRIH.
dopuyay (3.3) MoxHO 3amKcaTh TakiKe chelylomum o6-
pasoM:

o (3.9)

T 'afa L

TA€ I'y — PaAMYC-BEKTOP YACTHUM Z).

IMycts yacTy cna, AeficTBYIOMIHX HA YacTHRRW CHCTe-
MH, DOTEHUMANLHA, 2 9acTh — HenmoTeHUHaakHa. Toraa
ypasnenuio (2.]1) MOXKHO NpHZATh BHA

mig=—22 4P (=1,2....n (35

ax‘

rae F; — KOMMOHEHTH HENOTEHURAAbHHX CHI, 11— YTpO-
€HHOE YHCAO YaCTHIL

Vpasuenne (3.5) moxno Hanucath B Gopme, OYeHb
yao6uofi a5 o6o6menui. C 9TOH 1eabio BBOAKTCS B pac-
cumorpenne ynomuuasmasica B § 1 ¢ysxuus Jlarpauxa,
KOTOpAs AAf PaccMATPHBAEMO#l HAMH CHCTEMH YacTHU

1) Yepes x; B cAMBONax HynROoHA Mt GymeM obo3nayaTh COBO-
KYNHOCTh BCeX KOOPAHHAT: X1, X2, ...y ¥m

) Tlom mpomsBOAMOR CKanApa @ MO BEKTODPY A NOHMMAIOT BEK-
TOp ¢ KoMmmouentamn d¢p/da., dy/day, dyp/da.. Crencsarenbno, CHM-
8041 dip/Or osmauaeT BeKTOp ¢ KoMmowewramn: 0gp/dx, dp/dy, dpfoz
(7. e. grad p sun Vi, cm. Ilpnaoxenne XI).

§ 3. YPABHEHHA ABUXXEHHA B HENAPTOEOH SOPME 15

ON*eAeNdeTCA CAeAYolEM 06pasom:
- o5
Lix, &, =) —2L —U(x, . (3.6)
i

I'lponuqubepequuponaa 10 BPEMECHH YACTHYIO NpPOH3BOX-
Hyio oT L no #;, noayyus JeByio 4acThb ypaBHEHUS (3.5):

R ANESE An 2
df 9%, =dr () = myi,;.

Yacraas npoussognas or L no X; A2eT i-10 KOMUOHEHTY
nbreHEMaALHON CRIBL:

BL al

dx, ax, "

CJle.llOBaTEJIbHO, MH OpHXOAHM K COOTHOHICHHAM

d gL aL e -
@ " =h G=1.2..m @m0

KOTOpHE HOCAT HasBaHWe ypasnenud Jlazparoca,
Has cHcreM, B KOTOPHX NefiCTBYIOT TO/ILKO NOTEH-
UHANBHEE CHAB, ypasHehHsa JlarpauKa umeiorT BHA

d 8L aL
9t 3%, T=0 (=L2..n @8

B HeKOTOpHX Clyuasix ypaBHeHus Jlarpamxa MoXHO
npeacraputh B (opme (3.8) naxke Toraa, KOrAa CHAH
MEHCTBYIOLIHE HA MACTHI(H, 3aBHCAT OT cKopocTed (l‘IpH:
MEpOM TAaKHX CHN CAYXKHT cuna Jlopenna). dto ymaercs
CAeNaTh [pPH YCJOBHH, YTO TAKHE CH/IH MOXHO MOJYYHTH

:1.: Hexoropoi Qynkuun U*(xy, %;, 1) ¢ noMombio cooTHO-
HeHHA

W 4o
b (3.9)

(mpoBepKky aTOro yTBEpMKAEHHH OpenocTaplisieM 4YHTA-
TeJNI0).

Dyuakunio U® (x;, £;, {) nasupaor 0606ujeRnsiM noren-
yuarom. Cuiinl, OTBEYAIONIHE STOMY NOTEHIKATY, MH Gy-
AeM HasHBaTh 060GMEHHO-noTennHabHEME. TIpn Hanu-

YHH TAaKuX cHJ (QyHKuHs Jlarpamxa szanAcuBaercs cie-
nywumuM obpasom:

; my ;
L(xi, i, n=§—‘r— U e ) — U (%, 44, . (3.10)
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K uncay cuJj, 3aBHCALIHX OT CKOPOCTed YacTHU, OTHO-
cATCS M TAK HasHBaeMbe OuccunarTugnsie CHAL. DTUM
TepMHHOM OGO3HAYAIOT CHJIb, BCETAa HaNpaBJeHHHe npo-
THBONOQJOXKHO CKOpPOCTAM YacTHU H, CAcAOBRATENLHO, BH-
SHBalOUIHe HX TOpMoXeHHe. K uHCay AHCCHNATHBHHIX CHJX
OTHOCHATCA, HanphwMep, cHauw Tpenua, [lpn Hannuue AHC-
CHNATHEHHX CHJ TNOJHAR MeXaHWuecKas 3HeprHs CHETe-
MH yMeHblBaerca (paccenBaercs ')), nepexols B HOpyrue
HeMexaHHuecKHe (opMu SHeprAd (MampHMep, BO BHYT-
PEHHION 3HEPTHIO Ted).

Bo MROPHX caydaax AMCCHNaTHBHMWE cHAH F'9 G-
BaKT NpONOPUHOHAJLHBMH CKOpPOCTAM YacTHU, TakK 9T0
HX KOMMOHEHTH 10 KOOPAHHATHHM OCAM OfpefeAsioTcs
PAaBEHCTBOM

F'=—tkx, (=12 ...,0. @.11)

B sTom ciyyae AHCCHNATHBHBIC CHAMW MOTYT GHTH BHpa-
KeHn uepes Quccunarushyo pynxyuio Psnes?), pasuyio

l .
D= Z k,i2. (3.12)

IleficTBuTENBHO, conocTasns pupaxenna (3.11) u (3.12),
JIETKO HOJNYYHTH, YTO

(3.13)

IMoncraskp 910 BHpaXenne B GopMyny (3.7) BMecro. F;
NpeAnoaaras, 4To ApYrux HenoTeHIHANbHLX CHA HET, nO-
JYUHM ypaBHeHHe
d 9L aL , 8D _
dt 9%, O0x; ' 8% - @19
Oynkuua D umeer npocrofi pusnvecknit cmuca. Pa-

60Ta, copepinaeMas AHNCCHNATHBHHIMH CHAAMH 33 Bpe-
Ma df, papna

d) 4 d) . gt | Q. w1sa 1t
dA=ZF} dx;—ZF‘; B dt = Zai‘x,dt— 2D dt

{MH BOCHO/NB30BAAHCH TeopeMofi Sfinepa 06 CAROPOAHLIX
dyuxumsax; cu. Ilpraoxenne ll). IJra pabora copep-

1) CaoBo puccunanps (JaT.) osHauaer paccesnue.
3) O6uuuo o1y dyuxumo obosnavaor Gyksoll F uip R. Onnako
B0 Hsbexcande NyTaHANW MB npexnouan obosmavuenme D.

$ 4. YPABHEHHS JIATPAHXA B OBOBIIEHHHX KOOPOHHATAX 17

11aeTes 32 cYeT 3amaca 3HepPruH chcTeMH. ChenoBaredb-
HO, BenHuHHa —dA/di —=2D paer ckopocTb paccedHHs
SHepriu.

[MpenmMyiecTBo ypapHeHu#i JlarpaHxka nepen ypaBhe-
HuaMu HeloToHa (3.9) sakniouaeTcs B TOM, YTO OHH, KdK
6yfer moxkal’aHo B caelyouieM naparpade, ocraioTcs
TeMH Xe no ¢opMe NMpH Nepexofie 0F AEKAPTOBHX K Jio-
6nm o6o61leHHBM KoopaHHaTaM. [IpH nepexoae Xe K He-
3apHCHMHM OfOGIMEHHHM KOOPAHHATaAM H3 YypaBHeHHA
BBIMAZAIOT peaklUUH HAeaJbHHX TONOHOMHHX CBA3eH, uTo
CHIBHO ofJyeryaer pellieRte 3aaad.

§ 4. ¥pasnenna Jlarpanixa
B o0o01MEenHBIX KOOPINRATAX

Obofuiennbing KoopOuUKATAMU ¢, HaA3BIBAIOTCH JHO-
Onie BeAWYHHN (AJAHHB, YIVH, NAOWaau M T. A.), KOTO-
pule ONpeneNfAlOT NOJAOMeHHe MeXaHnyeckoll CHCTEMH B
npocrpaHcrbe. B KavecTBe NpHMepa MOXKHO yKa3aTh Ha
cthepHuecKkHe KOOpPAMHATH 4acTHUH: r, €, ¢. OuepHnauo,
UTO ASKApPTOBN KOOPIHHATH RPeAcTaBASIOT coGoH "acT-
Hhiit ¢cayuadl o6o06UeHHHX KOOpAHHAT.

Tponasoaune Mo BpeMeHd OT oGOOMIEHHHX KOOpOH-
HAT, T. €. BeJHYHHH {p HASHDBAWTCA 06o0uieHRbBIML CKO-
POCTAMU CHCTEMH.

Yncio He3apHCHMHEX 060GLUICHHHX XOOpDAMHAT, Heof-
XOAKMEX OIS 3aJaHAR NOJOMEHHA CHCTEMH, paBHO YACRY
ce creneHet cpoboan. B panpHelilleM Mu Bcerna OyneM
BHGApaTL 0G06LIeHHNE KOOPAUHATH TAK, 4TOOH HX YHCAO
COBNAJANO C YHCAOM cTeNeHell cBoGONM CHCTEMH (T. e
yTOGH BCe OHH ORI He3aBHCHMH JAPYT OT Apyra).

OrMeTuM, uyTo 0Go0IeHHEE KOOpPAHHATH 4HacTe OH-
PAlOT NOJNIE3HHIMKE H B cHcTeMax Ges cBasefi (B sToM cay-
ae UX YHCJO COBMAJAeT ¢ YHCJAOM IeKapTOBbIX KOOpAH-
Hat). Tak, nNpH pelleHAH 3aJa4YR O IAPHXEHHH YACTHIH
B UGHTPAJbLHOM MNOJe cHA clepryeckde KOOPDAUHATH 7,
¥, ¢ Goaee yAoOHH, YeM NeKapTOBH KOGPAMHATH X, Y, 2.

BechMa nosesHnM oKa3HBaeTcd cJeAywllee Npex-
cTaBneHde. BeeaeM B paccMoTpeHHe CHCTEMY KOOpPAHHAT
B BOOGpaXKaeMOM S-MEPHOM NpPOCTpPaHCTBe (ero HasH-
BAIOT KONQPUIYPAYUORKDBIM TIPOCTPAHCTBOM HJAH ¢-NpO-
crpacrpoM). [lo ocAM 3Toll cucTeMH OyAeM OTKAAAH-
BaThb 3HAUCHHA KOOPHHHAT g,(f). Toraa ans kaxporo
MOMEHTa BpeMeHH [ NOJOMKEHMI0O cHCTeMH B OGHYHOM
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NPOCTPaHCTBEe GYHET COOTBETCTBOBATL TOYKA B KORDHTY-
PALHOHHOM RpocTpancTBe. [Busennio cucremu B peans-
HOM TDEXMEPHOM NPOCTDAHCTBE OyAer cooTBercTBOBATH
ABHXKECHHE TOYKH B BooGpamaeMom §-MEPHOM mpo-
CTpaHCTRe,

Roxaxem, yro ypaeHerua (3.7) ocrawrca cmpapen-
JHUBEIMH NpH nepexoje OT AeKapToBhix KOOpAUHAT X
K 06o6ImeHnkM KOOPDAHHATAM ¢k, a TAKKe YTO B ypas-
Henus Jlarpauika, Hanucawume p He3aBACHMHX 06o6-
WeHHHX KOOPAWHATAX, DeakuuH cBsizef He BXOJIAT.

Paccmotpum FOJIOHOMHYIO CHCTEMY ¢ HAeaNbHMMEH
CTALHOHADHEIMH CBA3AMH. Pasaenum HeNoTeHU HaNbHbIe
CHJIBI, NeHCTBYIOLIHE HA YACTHI CHCTEMH, HA ABe KaTe-
TOpRM: peaknuw cessell R, u mpoyme HellOTeHIHAALHHe
chaw £, Torna ypasnenus (3.7) 6yayr puraagers cae-

AYIOIWHM 06pazoM:

d oL darL .
—“TB}T—--&}T—_—R‘—FF‘ (l."-=l, 2,...,“). (4'1)

ITyctb Ha cucremy nanomenw » CBA3EH, BRIpAXKaeMBix
YCAOBHAMH

Fi (%1, Xp o X)=0 (I=1,2 ..., ) (4.2)

(mockoabky cBAzN CTALHOHAPHH, B QyHKUHH f; apemsn
SIBHO HE BXOIMT),

JekapToBr KoopanHaTH Xi, ONPENENAIOUHe MMoJI0¥e-
HHE HACTHL CHCTEMH, MOryT GHTH NPEACTABACHE KaK
GyHKUHH 0Go6LIeHHEX KOOPAHHAT g¢. Ecnin Bpems ¢ we
BXOAHT SIBHO B YpaBHEHHS CBfi3eff, BCErna MONKHO BH-
Opath g TaK, 4TO6H f He BOWIIO 4 B (QYHKUKH, BHpa-
Halowye x; 4epes ¢s, T. €. yTo6M STH byHKuuu umenn
BHJ,

xl=x£ (qh ga, ey q.e} (‘-‘_—'-l) 2.: O T Re n) (4“?')

(s — uncao creneneis CBOGOAH, paBHOe n—r). B panp-
HelieM AAs coxpamenus 3amHcefl BHDANKeHHA THIA
xi(gn 92 ..., ¢) Mu OynaeMm sanmcHsarth B Brae xi(qs).

B coorsercrauu ¢ (4.3) npouspogHHe byHruni x;(qs)
1O BpeMeHH HMEIOT BHR

) dx
= ﬁ‘_‘,afrn. (4.9)
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UymMuMupoBanye NPOM3BOAUTCH MO BeeM Gk, T. € HHOEKC &
fipoberaer Bce snayennsa or 1 gzo s, Buipaxenne (4.4)
MOZCET ObITb HanmucaHo ANsi A16oro i or | no n. B gans-
HEHIIeM, KOr[a 9570 He CcMo¥er MPHBECTH K HelOpasyMme-
HHAM, MBI He Oy/eM yKasbiBaTh 3HAYEHHS, npoberaemaie
WIICKCOM, N0 KOTOPOMY MNpPOH3BOLHTCS CYMMHpOBaHNe,
ITOT HHACKC HASHIBAGTCH MEMBIM, OrmeraM, uro B dop-
MyZnax CyMMHPOBaHHA HeMOR HHIEKC MOXer 0603Ha-
HarTLea moGol GykBo#l — 3ameHa OJHOrO WHAeKcA APYTHM
HE HsMeHAeT cymMMu. B uwacTHOcTH, BHpaxenne (4.4) mo-
HeT OHTh ¢ TaKHM Ke ychnexom 3anucaHo, Hampumep,
B BHIe

(4.5)

Benwuunu 0x:/9q, ue conepixar o6obwennux CKOpPO-
cTeRt §s. TloaToMy ma ocHoBanmH (44) moxnoe yrsepi-
BaTh, YTO

2%, dx,

_—= 4.6

oy, aq, (4.6)
OrmmernM TAKKE, UTO NOCKOABLKY GyHRunn (4.3) He co-
AEPIKAT BEMYHR (p, JACTHHE NPOH3BOAKKE OT X; 110 ITHM
BEIHIHHEM PABHE HYMIO:

dx,
=10 1,
a7 =0 (4.7)

Haxonen, noayunm eme oano COOTHOILEHHE, KOTOpOe
HaM MNoHafnobuTCA B paabHelinmeMm. Beauunnw 0x; /0
CYTb (YHKUAH TOJBRO KOOPAHHAT gr (cxopocreit ¢, stu
BCIHYHHH, KaK yXe OTMeuajsoch, ‘He conepxar). [lo-
STOMY

d ax, @ rax,y | x,
— ——— —— A—— . — o . 4.8
ar 3y, Z,: aq; (% ) X Z 53,00, 9 (48)

Teneps nponuqnpepéuuupyem BHpakenuue (4.5) no ¢
MNMockonbky nponaeponnue 04:/0q, paBuu Hyxio, NOAYIHM

9%, o (ax, ax,
oq, Z{ 09, \ 9, )&:-—-Z 94, 94, -
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Conocrasus 310 BHpaxerHe ¢ (4.8), npuzem k coorno-
EeHHIO ;
3k d dx
T =TT (4.9)
9, 4 6q§

IMoayyus Bce HeoGxomuMEe COOTHOLIeHHA, NPHCTYNHM
K JIOKa3arenbcTBY. YMHOXHB 06e wyacrh Kaxaoro wus
ypastienu#i (4.1) ma 9x;/0g. nm cnoxus BCe YPABHeHHA
BMEcTe, MoJiydHMm

2( d GL) 61‘ aL axi
e | e - ol ey T
. dt 3z, ) 9q, - dx, aq,

ox dx
==ZR,7(’,;—+ZF‘;7¢;—. (4.10)
i i

Tleppas W3 cymm » npaso#i wacrn 3T0r0 BHIpaXeHHA
PaBHa Hymio. HTo6H Rokasath 370, yMHOXHM ee Ha dqy:

(Z R, %:—::) dg, = Z R, (-:;7::— dq,,) = Z R dx,.

3aecs dx; — npupamenus AeKapTOBLHIX KOOPAWHAT, BO3-
HHKAKWUIHe B TOM c¢llyuae, Korjaa g, noJayvaer nmpupamge-
HHE dqs, OCTaNbHEE Xe 0000 eHnke KOOPAHHATH 0CTa-
foTcs  HewamMeHHWMH. OfHako coriacHo (2.7) cymma

>R dx; ans mobux dx; COBMECTHMBIX €O CBA3IAMH,
[3

PaBHA HYJAIO (HANOMHHM, YTO MH NpeAnoaaraeM cpssn
CTALHOHADHHMH H uReanbHuMHU). Taknm olpasom,

ax,
(TR ) 400

H, NOCKOALKY d¢, 0, MW npuxoxHM K BLHIBOAY, YTO

o
i (4.11)

Besuyuny
(4.12)

(cm. Bropoe crnaraemoe g lpaBofl yacTH ypanHeHus
(4.10)) nasweator obobugennoil cusrotl, OcHoBaHueM AR
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TAKOTO HA3BAHHA CAYXKHT TO 06CTOATeNbCTRO, YTO BHIpa-
WMEeHHe :
ax

Q. dg,= Z F ('a_q:‘dqg) = Z Fidx,
1 i

Aaer paboTy, cOBepIIaeMYIO CHIAaMH F} npu nepemente-
HHAX HacTHU, OOYC/OBJIEHHBIX YBeJHUeHHeM obo6ieHHoR
KOODAHHATH g HA dgp.

Taxum o6pasom, npasas uacrs yYpasHenus (4.10) ecrn
npocro Q. Pacemorpum Tenepb JIeBYI0 YacTh 3TOro
ypaBHenus. [pubasum k YMEHbIIaeMOMY H BHYHTAEMOMY

dL odx
Nepoh yacTy cymmyzm——f—‘-. Torna cnesa B (4.10)

%, aq,
Oyier cTosith Pa3HOCTb BHIpaXeHHH

d oL 8%, oL 0%,
S| | e _— 4.13
Z(dt Ox‘) aq, + - ox, aq, ( )

oL ax, oL B,
Z ox, o, +Z 0f, 0q, ° (4.14)
i i

lMocnennee supaxenue npeicrasisier coboii npoussol-
Wylo ¢ynxnun Jlarparxa no oGoGmeHHo KOOpAHHA-
Te gu: OL/0gs.

Buipaxenne (4.13) moxHuo c yuerom (4.9) sanucarts
N BHAe

Z(_d_ aL)ax‘ +3 L rd ax‘)=_iz oL oz,
P\ 0%, )3, T L ox A g, df L1 3%, T,

Hakoren, npouspeas 3aMeHy dx;/3g, B coOOTBeTCTBHH
¢ (4.6), npHAem Kk BHpakeHnio

d 3L 0,
ar 2 ok, 93, *

al
KOTOpOE ecTh He 4TO HHOE, KaK %E}H . IleficrBHTeabHO,
/)

o npasuaam AndrdpepeHLUPOBANRA CAOKHON byHEUHH

oL oL 3x, oL g
_— _— - —p— L4 A
37, =’§_.:ax, %, + ~ 0%, 3G,
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HO corsacHo (4.7) Bce 0x:;/0¢. paPHH MYJI0, TaK YTO
nepeas U3 CYMM faeT Hyab. TakuM oGpasoMm, MH Noxa-

33/, uTO BHpaxeHHe {(4.13) pasmno -%%.
&
Hrak, pasanoctb smpaxennit (4.13) u (4.14) ects

d aL oL

npocro — —— — = _ [ToAcrasuB 370 3Hadetne g (4.10),
P dat a4, dg, A ( )
NpuAeM K YpaBHeHHAM

k=1,2 ...,5, (415

KOTOpHe OT/HYaloTesd oT ypasHenufi (4.1) Tem, 4ro BMe-
CTO ACKApTOBHX KOODAHHAT X; B HHX BXOJAAT 0006mieH-
HHe KOOPAMHATH ¢, a BMecTo cua F; — ofobuienHHute:
cann Q). Peakumn cesseft R; B ypamnesuz (4.15) me
BXOAAT.

Ecay Bee cHaH, BeficTBYIOIIHE Ha YacTHUH CHCTEMH
(kpoMe peakunfi cpAsell), NOTEHUWANLHH, YpasHeHHd
(4.15) umelor BHA

d oL aL
1,2 ...,5). (4.16)

¥pasuenns (4.15) u (4.16) cyts ypasuenwa Jlarpan-
#Ka p 06o6LeHHEX KoopLHHaTax. Purypupymomas B Hux
Gyuxuusa L= L{q, q2, ..., s, G1, G2, ..., §s) ecTb Pyuk-
LA, noAyyalomasnca us (3.6) myreMm saMeHH BeNHUHHE Xg
A X% ¢pyaxuprame (4.3} n (4.4).

MoxHo nokasats (cM. [Tpuaoxense I), yro ypapue-
HHA (4.15) n (4.16) ocrapoTcs cNpapesAUBLHIMH H AAd TO-
JIOHOMHHX CHCTEM € HIC2JABHBIMA HECTaHOHAPHHEMH
CBA3AMH.

Urax, ™Mb nokasand, uro ypabHeHmns Jlarpanxa
HMEWT OAMHAKORHI BHI Kak B A€KapTOBLIX, TAK H B 00-
OfllIeRHHX KOOpAHHATAX.

H3 Bupaxcuus (3.6) aaa dyuxuuu JlarpaHka B fe-
K8pTOBHIX KOOPAHHATAX BHTEKZET, 4TO NpoussoaRas L
no %; PaBHA p; — MPOEKUHH HMOYJLCA COOTBETCTBYIOUIEH
YaCTHUHW Ha OJHY H3 KOOPAHHATHHX OcCefi:

aL .
Tﬁ;=n¢‘x‘ = py, (4.17)
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n npon3poaHan L no x; pasHa F; — npoekuun norermu-
ennhofl cuAH, AeficTpyomeli Ha yacTHLy:

(4.18)

1o ananorun ¢ (4.17) n (4.18) penayuRy

aL
P =7, (4.19)

HAIHBAIOT OOOGULCHHLIMN UMNYALLOM, 3 BEIHUHHY

Q=2L

3q, (4.20)

- 0000 WENROF CUusOl.
C HcnioNb3oBaRHEM ITHX BeJHUHH ypapHenna (4.16)
MOTYT GLTb NpeCTanjieHH B BHAE
dp
=0 (4.21)

NHANOTHYHOM YpaBHEHHAM HeioTona

dp,
a =F.

Ormerum, uTo onpenenenune (4.20) spaserca Goace
o0uinm, yem onpefencnvie (4.12), BRelcHHOe HaMH BAA
UCTOTeRNHANBHRX cHa. Ecar 66 MW pacapocTpadnau
onpeaenenne (4.12) Ha NoTeHHHaAbHbIE CHAM, T. €. CHAH,
KOTOpHEe MOTYT ObiTh npeiacTasieNH B Bufe £ —
w= —0U/dx;, T0 NpsIAH 61 K BLIpaKeHHIO

ax
— m alhe § 0
Q. 2‘ F‘Oﬁ, 2

Cornacuo xe onpelenenuio (4.20)
aL

Bupaxenve (4.23) oramuaerca or (4.22) craraeMuM
dT/dgs, xoTOpOE, Kak GyAer HOKA3aHO B CAEAYIOMIEM Na-
parpade, Boobule roBops, OTAHYHO OT HMyAst (cM. dop-
Mmyay (5.9)).
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§ 5. dyuxnus Jlarpaua u sHeprus

Qyukuua Jlarpanxa L(qg, §i, £) ects XapaKTepHCTH-
ueckas (Gynkuus vexaHuyecko# cucremu. EcTectmerHO,
4TO uepes STy (YHKUHIO MOryT OHITh BHIpaXKEHH He
TOJILKO HMOYJLCH H CHAB  (cM. (dopmyas (4.19) u
(4.20) ), HO TakKe U SHEPTHA CHCTEMBI.

Bripaxkenne nosuno#t sueprum cucTeMul uepes (yHk-
uuio Jlarpauxa umeer Buj

L
= S — LG 4 O (5.1)
rabaL

OcroBanus mast TOro, 4Tobbi onpefgenuts £ HMeHHO Ta-
KHM 00pasoM, BhIACHSTCH HiXKe. Bupawewne (5.1) ae-
JieTcA GoJiee OGLIHM, YeM H3BECTHOE H3 Kypca o6uweit

¢u3skKH BEHpaXeHHe
E=T+ U, (5.2)

Onpenenenne (5.1) ocraercs mpHroAHHM H B TOM chy-
Hae, KOrja no/nHay SHePrHs He MOXeT GHTh NpejcTaB-
Ji€Ha B BHJE CYMMb KHHETHYECKOW H NOTeHUHaJLHON
SHeprui.

BHuHCAMM NOAMHYIO MPOH3BOAHYIO MO BpeMeHH OT Be-
AuguHe (5.1);

dE aL d L aL
W—g.—d"k qa+§¢k7;‘—-3¢k 14 . a;%—

R abel — =YLy -
= 0¢, Tt ot ~\ dt 04,  dq, J* T Tor "

B cooteercreun ¢ ypasneHHeM Jlarpauxa (4.15) Bupa-
HeHHe B CKOGKax paBHO HeMOTEHHHaABHOH 0GOGLICHHOR
cune Q. Caenosarenpho, |

dE . gL . oL
T2 Gh—F=W —or’ (6.3)
k

rae W*— MomHOCTs BCEX HeNOTEHIHAaJAbHWX CHJA, Aefi-
CTBYWIIAX H3 YacTHUH CHCTEMH.

B cayuae, xoraa ¢pyuxuus Jlarpanxa He copepiaT
ABHO BDeMeHH, dL/3t =0 u dopmyna (5.3) nepexomur
B COO: (lleHHe

dE »
7=V,

H3B.  ,0e M3 Kypca ofinell ¢pu3nkn,
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Kax cneayer us (5.3), aas roro, sT06H HMENO MecTO
COXpaHEeHHEe MOJHOR 3HEPTHH CHCTeMH, HeJOCTATOUHO OT-
CYTCTBHA HEMOTCHUHANBRHX cha. Kpome toro, Hyxuo
eule, YTO6K BpeMs He BXOAHAO ABHO B ¢ysRuuio Jlar-
pamxa, T. e W9TOOKW CHCTeMa GHJIa KOHCEpPBATHBHOR.
Hrax, MH BHACHHH, 9TO AN 3AMKHYTOH CHCTEMH, B KO-
TOPOH AEfCTBYIOT TOJBKO KOHCEPBATHBHLE CHAN, BEJH-
YH§a, onpeaenseMas dopmyaofi (5.1), ocraercs nocro-
IHHOW. 3TO B MOCAYKHAO OCHOBZHHEM AJS TOTO, YTCOH
Ha3paTh BeNHYHHY (5.1) noawnoi amepeued cucremeot,

B Mexarnke QyHKUMM BEJHYHH ¢x B Gy, COXpaHs0-
LIRe AP ABHIKEHHH CHCTEMB MOCTOSHHOE 3HauYeHHe, onpe-
Ac/fieMoe HAYa/JbHHIMH YCAORHSAMH, HasHBaIOT UATeZpa-
Aaxu Osusgenus. CnefopaTeNbHO, MOKHO CKA33Th, YTO
SHEPTrHs KOHCEPDATHBHOM 3aMKHYTOH cHCTeMHl fBJfercH
HHTErpaioM ABHXKeHud.

Halizem yclOBHA, npu KOTOpHX oOnpexedeHue (5.1)
nepexoaut B (5.2). C sToff menbio ¥ccAeayeM BHpaxe-
Hae T B 0GoGumleHHHX KOOpAMHATAX. CBA3H GyIeM cul-
TaTk FOJIOROMHEIMK. BHPa3HM AexapToBH KOOPIHHATH X;
HacTHO CHCTeMH Yepe3 o60GIeHHNe KOODAUKATH gp:

X=X (Ql, fh. sy q,g, ’) (£= l, 2, v aey n). (5-4)

OTMeTHM, 4TO BpeMss GyAeT SXOAHTb ABHO B 3TH COOTHO-
IIeHHsi TOJIbKO B CJyuae HeCcTallHOHapHHX cBA3ed.

Haiinem nonuse npoussopmme ¢ynkumhi x; no Bpe-
MeHH. Tlockobky BeJHUYMHHE ¢, cyTh BYHKUHH OT f, HC-
KOMbIC MTPOH3BOAREIE UMEIOT BRI

dx ax dx
X ‘—"-—‘=——‘. ¢ - -
=g ot +Zk: aq, 9 (i=1,2 ..., n).

INoacTaBHM 3TH BHpaXKeHHS B dopuyay ana xuHerude-
ckofl aHepruu:

1 el ax, %,  \?
T*‘fz“,m:"?='2“zl:m:(-a?+;a_ﬁ"*)=

m (2‘_1_)2 ax, dx,
‘*;T ot +Z‘m‘ aF _ ﬂqkﬁ"+

o "'T(; - qn)’. 5.5)
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B coorBercreun ¢ (5.4) Bupaxenns dx;/0f u 3x;/0gqs
CYThb QYHKUHE OT gx H !, BeSIMUHHE §r B HHX He BXOAAT,
Chenosarensio, neppasi U3 cymm » $opmyne (5.5) ectp
TaK®e OQyHKUHsA OT gx u f. OBosHaump sTY ¢ynkunio
OykBO# ¢, Ranumenm

algy, =Y 5 (%Y, .6
i

Hamennn Bo propoli us cymm B dopmyne (5.5) nops-
AOK CYMMHPOBAHHS 00 i H %, NPHBEACM ee.K BHAY

— dx, dx, 1 )
Zq*{zm"aT‘E;L :=Eﬁk(4,h ) g,
r A7 ok *
= dx; dx,
Belas, = Z: ™S T (6.7)
HakoHell, npeRcTasHe oIPH H3 MHOXHTexell B TperToef
O x| v
cymMe ‘B opmyne (5.5) B BHEE Za——q,. a Apyro#
real

ax
MHOXHTEIb — B BHAE Z#é;. a 3aTeM, WIMEHHB no-
!
I

PAAOK CYMMHDOBaHHA MO i, RN, 3aNHIIEM TPETHIO CyMMY
TaK:

m, dx, ax, .
Z‘ 3 ; g, ‘?tzl 39, Ul
m, dx, Ox‘ ; o
= ZTWW =2 v (@ O dedn,
&, 4 1 LA v
1y dx‘ 6‘x£

LATUE DI o 5.8)
i

Hrax, BHpawenHe KHHETHUECKOA SHEPIHMH MOMHO
MpeACTaBHTL B BHAE

T=alq, )+ Zk:‘ﬂg g7, D) Ga + g; Yer gy O degs. (5.9)

B cnynae craunoHapHHX cpAsefl f He BXOANT SBHO
B ¢yHxuun (5.4). Mosromy dx;/0f =0, Tak uT0 KOIPPH-

§ 6. DVHKIINA JATPAHMA U 2HEPTMA 27

nHeHTH (g, £), ¥ Br(gy, ) npespamaoorcs B Hysab. B xo-
3 OUIHEHTH Y4 B -3TOM CIyuae BpeMs He BXOIZHT SBHO.

B nrore
T = éE{ Ver () Gads- (5.10)

Takum obpasoM, A CHCTEMH €O CTALHOHAPHBIMH
CBA3AMH KHHeTHYecKas SHEepPrus e€cTb OJHOPORHAA KBaH-
pPaTHYHAA PYHKUHA 06O0NEHHEX CKOpocTel §;.

B § 3 Mb BHIICHHJIR, YTO AJS CHCTEMHl YacTHL PYHK-
nusn Jlarpanika B BeKapTOBHX KOOPAHHATAX HMeeT BUA

#2
Lz, i, D=y —5% —Ulx, .
i

Ilpn nepexole Or ZekapTOBHX K CGOOMEHHHM KOGpIH-
1aTaM MepBHH 4YNeH HAMHCAHHOrC YPaBHEHHA HpeBpaTHT-
¢A, BooOule rosopA, B BupameHre (5.9). Ecau xe orpa-
HUTHTBCA PAcCMOTPeHHEM CTAlHOHApHHX cBA3eH, nep-
BRIt ulen HYXHO 3aMeHHTh. Bhpaxeuuem (5:10). Bropoit
uineH npumet BHA U(gy,, {). B cayvae cTrauHoRapHEX cBA-
aci BpeMs OGyler BXOAHTh SBHO B U mpH ycnosum, uto
NoTeHuHaibHEE CHAN HeCTAUHOHAPHH.

Hrak, B cayuae crannoHapHbiX cBasefi ¢pynxuusa Jlar-
paHKa CHCTEMM YACTHll, HAMHCAHHAN B O600IIERRHX KO-
OpAWHATAX, BHLASANT TaK:

L (qk! G2, t) =5 T(q.k’ ‘;'k) — U ('?k’ f),.

rae 7T onpefenserca gopmynoit (5:10). Iloacrarus 370
poipakenne B opmyay (5.1), noayuum

32256—;;'%—7'(%: d) + UG, 9. (B.11)

BB coorBercrBun ¢ (5.10) T ecTb onHOpOAHAR KBAAPATHY-

Hast GyHKUMsa Benuund g CnenopartesbHO, ANA Hee co-

raacHo teopeme 3fnepa (oM. Ipunoxenne H) cnparen-
HNURO COOTHOLIEHHE

ar .

A —'64*‘ qk—2T-

llponasens Takylo sameny B (5.11), npumem x ¢popuyae
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Ora ¢opmyna 6uia noJyuYeHa NpPH OXHOM JHLIbL npeano-
JIOXKEHHH, YTO CBASH cTauHonapun. Eciamu, xpome Toro, u
NOTEHIHaNbHBIE CHIL OYAYT CTallHOHAPHHLIMH, NOTEHIHAJ
U(qr, t) npespatuTcs B NOTEHUMANLHYIO sHepruo U(qs)
u ¢opmyna (5.1) nepefiner 8 (5.2).

Hraxk, onpenenenne (5.1) cosnapaer ¢ (5.2) B cay-
4yae, KOrAa H CBA3H, H NOTEHUHAJAbHHE CHAHW CTALRO-
HapHH.

§ 6. lpumepw na cocramnenne
ypasnensit Jlarpauxa

Bufpas HesasncuMue 060OUICHHHe KOOPAHHATH,
yAoGHHe AN ONHCAHHA paccMaTpHBaeMoll CHCTEMH,
HYKHQ YCTaHOBHTL BHA QYHKUHA

Xe=x,(qn ) U H=2%(qs, §s, {)

H MOACTAaBHTb HX BMECTO Be/NHYHH X; H %; B BHpAKeHHe
Ana ¢pyuxonn Jlarpawka

L=T () = Ul =Y - 5 — U (xs, 0.

2
i

B pesyabrate noayuutcs @yskuus Jlarpanxka B 0606-
MEeHHKX KOOpARHATAX:

L=1L (qkt ‘?kr t) =T (% 4&, t) —U (qki 0'

Ecan p noayumememcs snpaxesuu aas L okaxyres
cjaraeMbie, He 3aBHCHAlHE OT ¢ W 4§, STH cJaraeMule
MOXHO OTOPOCHTb, TAK KaK OHM He BHECYT BKJ4aJa B Be-
NHYHHB OL/dg, u L/, B, clenoBaTenbHO, He OKAXKYT
BJIHAHUS HA BHJ ypaBHenui Jlarpauxa.

HMuorna onepauuio Haxoxnenus oyuaxuuu T (g, G, 1)
yAaercs CHABHO YHPOCTHTh. D70 GHBAET BO3IMOMKHO B TeX
cayqasx, KOTA3 JIErKO YCTaHABAHBAETCA CRBA3b MeXAY
S/ACMEHTApHHM NepeMelleHHeM YacTHUMW dSs H mpHpalme-
HUAMH 0GO6IEHNHIX KOOPAHRAT ¢,. Tak, wanpumep, B no-
JAPHHIX KOOpAHHATAX Ha NAockoCTH (puc. 6.1) mepeme-
UeHHe ds SIRJAfeTC AHATOHAJLI0 TPAMOYIrOAbLHHK2, MO-
CTPOEHHOTO Ha CTOpoHax dr H rdg (HYXHO DOMHMTH
0 Manoctu dg). CaenoBarensno, ds? = dr? 4 r2deg?. Pas-
AeAHB 3TY BeNIHUNHY Ha dI?, NONYUHM KBAApAT CKOPOCTH
YactHun: v? =72 4 r2¢2 Haxkownern,

T = mo? =3+ m(? 4 %)) 6.1)
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B cayyae UHAHRAPHYECKHX KOOPAHHAT K NpeAbAyIRHM
ARyM (r ¥ @) RoGaBaseTcs TPeTbA KOOpAHHaATa z. Ilepe-
MclleHHe ds ABAAETCA AHArOHaJAbi0 NPAMOYTOJbHOTO na-
panaenenuiera co cropoHamu dr, rdp u dz. Crnenosa-
T¢AbRO,

T =1 m(?+ % + 2). (6.2)

[NpupautesnaM NOAAPHWX KOOPAWHAT r, §, ¢ cooTer-
CTBYIOT TPH B3AHMHO NEPNEHARKYJIAPHHX OTpe3Ka
(puc, 6.2} ¢ annnamu dr, drd,

rsinfde (mocaemuuft oTpe- ar
rsind
ds

by
z ar

Pnc. 6.1 Puc. 6.2

20K HanpaBren 2a 4deprex')). Ilepememenne ds co-
najaetT ¢ ARAroHajbl0 DPAMOYTOJBHOrO mnapasfieacnu-
nejla, MOCTPOEHHOTC HA 3THX OTpe3kaXx. B Hrore

T = m (P + r*9? + r7 sin® 87 (6.3)

PaccMOTpHM HeCKOJNbKO NPHMEPOB.

. MatemarTuyecknii MmasTHUK (cM. puc. 1.1). Tepeme-
Hiende vacTHuW m papHo ds = ldg. [lostromy T =

'/emP@t. Ilorenunanbnas 3neprig U =—— mglcos¢.
Cacnopareabo, ¢pyuxuna Jlarpamka nMeer BHA

L = \ymP¢®+ mgl cos .

llpenocrananem uuratenio ManucaTh ypapHenue Jlar-
piNKa H y6eIHTbCA B TOM, YTO OHO COBNAaJAaer ¢ ypap-
wennem ( 11).

'} OTpeskd, MepDeHAHKYAAPHLE K ILIOCKOCTH YepTexa, ME 6y-
AtM n3o0paXkaTh KPYKKOM ¢ TOUKOA, eclH OFpeIOK HanpaBied Ha
3G, M KPYMKOM ¢ KPEecTHKOM, €CJH OTPedoK HANDABASA HA HepTeH.
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Haiinem oGobimernnfi HMOysbc B ofof1ueHnyIo cuny,

Cornacho dopmyne (4.19)
Po —-'——3% = mltp = mol.

Taxum o6pazom, B LaHHOM cAyyae 06OSLEHHEA HMOYAbC
COBNIafaeT ¢ MOMEHTOM OORYHONG HMOYJAbCa My OTHOCH-
TeALHO TOHKH NOABeCca MAaATHHKA.
CoraacHo dopuyae (4.20)
gL h
Qo =735 = —mglsing,

YTO &CTb MOMEHT N CHAN mg OTHOCUTENbHO TOYKH TMOA-
Beca. 3JameTuM, YTO 3JNeMeHTapHad paGora paBHa

dA=Q,dp=N dy.
HOCJIB,H.HCB BHIpaxKeHHe copnafaer c BHpaKeHHeM AJas

paGoTH MPH BpAlIATENLHOM ABHUMKEHHH, H3PECTHHIM H3

9/MeMEeHTAPHON MeXaHHKH.

Haxowneu, naliteM sHepruic Mastuuka no Qopmynre
{(5.1) (B maHHOM cay4ae 3TO MOXHO CeNaTh, TAaK KaK
CBA3b CTALHOHAPHA):

B2l gL —nip — L gt mgtcone—

= % m (IpF — mgl cos .

2. MaaThHHK ¢ PaDHOMepHO NBHXKYWeHica ToYKol moa-
BECA. H)VCTb TOMKa noiZpecd MaTeMaTHYeCKOro MafATHHKA
ABHXETCA B FOPH3OHTANLHOM HAMPABJEHUH C MOCTOSTHHOM
CKOPOCTLIO Vv, Jexaniell B MJOCKOCTH KauaHHfl MagTHUKA
(puc. 6.3). YpaBHeHHe cBAIH UMeeT BHA

fex, y, ) ={x — vl +4*— =0

(cBA3D We cTaLHOHApPHA).
H3 Bulpaxkenufi AN AeKaPTOPHX KOOPAHHAT

x=Isingp+vl, y=Icosg
cJaefyeT, 49TO
x=lIcos@-9+0, g=—1Ising-¢.
Orciona
T =Y,m (P¢° 4 20l cosq - ¢ + v?).

MNorenunanvuan smeprua U= —mgy = -—mglcos .

§ 6. MIPUMEPH HA COCTABJIEHHE YPABHEHMRA JMATPAHGRA 3|

Ipu cocrapaenny ¢yHkonn JlarpaHxa NOCTOSHHO
charaemoe 'fomo? MoXHO 0T6pocate. CJhenoBaTeibHO,

L= -12-,- {*¢® 4 2vlcos ¢ - ¢) }- mgl cosq.

HecmoTps HA HecTalMOHADHOCTDL CBA3H, BpeMs He BOIRJIC
smio B pyHKUuHIO L.

Haxoxaenne ypaprenua Jlarpaika B 3TOM B che-
JYIOIX NpHMepax NpesocTasiseM YHTATEMIO.

a)
0=

3. MaaTHHK ¢ ToyKod noaBeca, ABMKYinefica ¢ no-
CTOAHHRMM YCKopenneMm, PaccMoTpuM MaTemMaTHYeCKHH
MAATHHK, TOUYKA DOABeca KOTOPOro ABHKeTcs BAOJAbL npd-
Moili, HAKNOHEHHOH K TFOPH3OHTY MOA YoM &, € MOLTO-
MIHEM  ycKOpeHHeM a (puc. 6.4). KoopaunaTe TOUKH
1i0jiBeca papHH

t 1.,
xg=-gacose-f, yp=-asina-p,

il KOOpAHHATH TOYKH m:

=—;-acosa-12+£sinq}, =%asina-tz—|—£c05tp.

MNponutpepenunpyed x H ¥ no f;
x=acosa-f4lcosp-¢, fH=—asina-f—Ising:{.
lloacTapHp 9TH 3HaueHHA £ H § B BHpaXeHHe S KHHe-
THUYECKOl 2Hepruu, noayynm

T= % ma** 4 mal (cosacos ¢ — sin @ sin ) ¢f 4 %mﬁb’.
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[ToTeHuHanbHAA 3HEpPrHA paBHa
U= —mgy= —mg(thhasine 4 [cosq).

TpH HanucaHHH BHpaXeHHa A ¢yuxkunn Jlarpanxa
MOXKHO OnycTuTh caaraemule '/yma?? v T H
—\/omgasina-2 B U, Tax Kak 9TH caaraembie He CO-
AepXaT ¢ M ¢, BCASACTBHE Yero He MOTYT NOBJHATL Ha
BHA ypapHeHufi Jlarpauxa. B peayasrare naliieM, uTo

L = mal (cos o cos ¢ — sinasing) ¢f -+ Vom¢® 4 mglcose.

dyukuun Jlarpanma 3aBhCHT ABHO OT ¥ (9T0 06yCAOR-

NeHO HeCTALHOHAPHOCTBIO CBA3H), MPHYEM BpeMs BOILJO

y g L uepez KHHeTHY¢CKYI0 3Hep-
riio T.

4. YacTHna, nepeMemiaoulan-
¢sl MO PABHOMEPHO Bpaumaomed-
cn npamofi. Ilycts Ha wacruny
Macesl m HaJoOXKeHa HecTaunHo-
HapHan CBA3b, 3aKJl0daollan-
Cf P TOM, YTO 4YacTHIA MOXKeT
JAPHTAThCA TOJLKO BAOAL NpA-
Mofi, ppamalomeiica ¢ NMOCTOSH-
HOll Yr/I0BOM CKOPOCTHIO (¢ =
= @f) B BePTHKaJbHOH NJAOCKO-
cru (puc. 6.5). KpoMe peaxuuyn c¢sa3H, Ha 9acTHUY JAed-
CTBYeT NOTeHUHafnbHas chAa mg. JlexkapToBl KOOpHAH-
HATH Y3acCTHUH PAaBHH

x=rcoswf, y=rsinof.

CooTBeTCTBEHHO
X =Fcos ol — ro sin of, = ¢ sin of 4 ra cos of.
Knneruueckas sHeprusa:
T =1om(#? + r'e?).
[ToreRnRraabHan SHEPTHA:
U =mgy = mgr sin ot
(KOTAa MK REpellaH OT AeKAapTOBHX KOOPAHHAT K 0600-
HIeHHOW KOOpAHHATE ¢, B BhtpaxkeHnne ana {/ sownao sBHO

BpeMs [}.
Haxoneu, ¢pynkuna Jlarpanxa:

L=%m(f2+r’.oi"’)—mgrsimo!.

$ 7. IPHHHHIT HAMMEHBLIIETO AENCTBUA a3

Ona oxasanach 3apHcAle ABHO OT f, ApHYeM Ha STOT
pas Bpems souwo B L wepes notenumaanmyio sHepraw U
O6o6mernuf uMayme; :

aL
Pr==—=mt=mp,

FA¢ U — CKOpPOCTb NepeMelleHHsA YaCTHNH {10 I
O6o6welnan cHna: pamoit.

aL
Q= 5 = mre® — mg sin af

COCTOMT M3 ABYX cJjlaraeMmul
eCcTh ueHTpOG)c;}KHaﬂ cm:’ “fmgmgfx :epgggpgg‘f
mg ;m‘l(:tc;l Irlla;:oemua CHJIBl mg Ha HanpasJieHHe r.
; » NepemMemanmascs n
wedica ¢ ycxkopenunem. HYCTbH:IpHuaﬂj’o%l;?:zllg::l::aai:ﬂ:;
CBA3b (cM. puc. 6.5), Bpamaerca me paBHOMEpHO, a ¢
yckopernem (¢ = af?). Toraa :
x=rcosa? y=rsina?
% =1#cos af® — r2af sin af?,
§ =17 sin & + r2af cos o,
T = om (/4 r*4a?f),
U =mgy = mgr sin 2,
Coorpercreento

L=1m(# + r*4a%?) — mgr sin of2.

B stom npnmepe
§depes U, PHMEpE BpeMs Bouwio sBHO B L H yepes T,

§ 7. NMpununn vaumensoiero peficrous J}

B ocHoBy mexamnku Bmecto 3akoHoB Heiotona mo-
KT OHTb MOJNOXEH NPHHUMI HaAHMEHLIIEro XeficTBHs
Win npusuun Lamuabrtona?). fedcreuen S aa npome-
MYTOK BpEMeHH OT {; a0 #; HasHBaeTcs HHTErpan

y

S==S Lgs, ¢, ) dt, 7.1

rie L(qs, gr #)— dynxuus Jlarpanxa paccmatpupaemoft

') Hpexpe uem n HCTYNHTD sroro cae-
K CRHI0
Ayer osnakoMutses ¢ [puioxennem 111 s e

3ror npuyOHn Gbia naen
Founanronom s 1834 1. o MIOMEN HPIAACKEM MaTeMaTHROM

2 H. B. Coneapen, 1. 1
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cucreMi. WHTerpupoBanue NpPOHSBOAWTCH OT MOMEHTA
BpeMenH fy, B KOTOPHi MOJOMKEHHEe CHCTEMBl XapaKTEepH-
syercsi 3HaYeHHAMH KOOpIHHAT gr(f), 10 MOMEHTa ts,
B KOTOpHﬁ noJioxenue CHCTEeMb OHPC,ILE‘J'IHETCSI 3HaucHHA-
mn koopauHat gx ().

CorJiacHO NpHHUHIY HaHMEHLILEro JeficTBHA CHCTEMA
MEXAY NOJNOKEHHAMH ge(ti) ® qa(f;) ABuXercs TaKHM
obpasom (r. e. QYHKIHH gr(f) umewT TAKOH BHA), YTO
gleficreue (7.1) BMeer HanMeHhbUIce BO3MOJKHOE 3Haue-
uue. Bocnoab3onaBIINCh NMpeACTaBAeHHEM O kondHrypa-
IHOMHOM MPOCTPAHCTBE, MOXKHO CKa3aTh, UTO TOUKa, U30-
Gpaxcalomasi TNONOXEHHE CHCTEMH, JBAMKETCA B 9TOM
npocrpascTse Mo Tofl kpupofl, LN KOTOpOA AeficTBHE S
MHHHMaJbHO.

[punuyn FaMusbTORa NPEACTARAALT coboii nanGonee
o6myio GOpMyJIHPOBKY 3aKOHA ABHIKCHWA MEXaHHIECKHX
chcreM. JLOCTOMHCTBO 9TOR (OPMYJIHPOBKH COCTOHT B
TOM, YTO €e MOXMHO JIErKO pacnpocTpaHHTh Ha CHCTEMH,
He fABRflolHecH YHCTO MexXaHW4YeCKHMH, nanpnuep Ha
ynpyrae cpeanl, SAeKTpOMAarHuTHLE noas H T. M.

Kak cneayer us (7.1), pasmepHOCTb aeficTBUA paBHA
pa3MepROCTH NPOH3BENEHHA SHEPTHH na BpeMs (MW HM-
nyanca Ha nepemeuienne). Takof xe pasMepHOCTbI0 06-
nNapaer mocroaunas Ilnanka, KOTOPYIO HasHBAIOT TaKKe
KBAaHTOM AeACTBHA.

W3 npHELANA HaHMEHbIUETO AcficTBHA JNETKO noay-
uuTh ypasHenus Jlarpanxa. JleficTBre S NMpeACTaBAACT
cobofi pynxnxonan (cum. [punoxenne 111). CoraacHo no-
NOKEeRHAM BApHALHOHHOrO HCYHCACHAA ({yHKUHOHAA JO-
CTHraer 3KC'1‘peM3J1bHDI‘0 3HaYEHHA [IPH yCJ’IOBHH, yTQ €ro
BapHanya parHa HYJIO. CaenoBaTeibHO, NPHHHAN Hau-
MeHbIero JeACTBHSA MOXKHO BHIPA3HTh YCJIOBHEM

1
BSE 65 L{gs, Gs» £) df=0. 7.2)

o stofi npHUHAE MPHHLAN HAUMEHbUIEro AeftcTBHA Ha-
JHBAIOT GAPUAYUOHNLIM NPUHYUNOM MEXARUKY.

Vi3 BapHAlHOHHOTO HCYHCHEHUS H3BECTHO (cm. Tlpn-
soxenne 111), uro BapHanus QyHKUMOHANA THIIA (7.1) "y

1) Cp. e (II1.20). B nausow caydae poas f (%, 9y ¥y) nrpaer
Lz g5 ¢p)- Pom nesapACAMOl DepeMentol X Wrpset !, poab ya (%)
nrpaer gs(f) ® pous g (x) — dymmas g ().

§ 7. OPUHLIIANT HAHMEHBIIETO LERACTBHA 35

oGpaiitaercs B HyJb, €C/AH B KauecTse gx(f) paATh QyHk-
uuy, yaosJiersopsiomue ypasmemuam Siiaepa (I11.25).
B nannoM ciyuae ypapHenus J#nepa HMeOT BHA

aL d oL
= wa =0 ¢=L2..9 @9

T. €. COBMAJAIT C YPABHCHUAMH Jlarpanxa,
 Tagum of6pa3om, Mu yGenuaHcs B TOM, YTO NPHHIHD
M'amuabTOHA NPHBOAHT K YPABHEHHSM Jlarpauxa.

B Ipunoxennu [I1 Guiio noxa3aHo (CM. TEKCT, ciie-
n_yi_o:.um’i 3a @gopumynofi (IIl.19)), uro npubapienne B
(7.2) x nopuHTErpasbHON DYHKIKK NOJHOW NPOH3BOAHOH
no £ or mwo6of GyuxuEu obobmEeHHNX KOOPAKHAT H Bpe-
MEeHH He H3MeHser YCHOBHIA 3KCTpeMyMa, 7. . ypaBHeHui
(7.3). CaenosartennHo, (ysxnuio Jlarpawxa chaexyer
onpejensitb ¢ TOYHOCTBIO JIO AMIHTHBHHIX CJ1araeMuXx,
NPeACTaBAAIOWNX cofod NOJMHYI0 NPOH3BOJAHYIO NO Bpe-
MEHH OT Npou3BOMbLHOA (yHKIHH O0GOOIIEHEHX KOOPAH-
HaT H BpeMeHH (KOHCTAHTA sBAsSETCH YACTHHIM CHydaeM
Takofl QyHxuuu). 310 0OCTOTEILCTED HAMH YXe OTMe-
yaaoch B § 4 u 6GbI0 Henonb3oBako B § 6.




Faapall
3AKOHBI COXPAHENHA

§ 8. Coxpanenne snepran

B ocHOBe 33KOHOB COXpPAHEHHs, paccMaTpHBAEMHX
B MEXamuKe, JeXaT CBOfiCTB2 NPOCTPAHCTBA R BpEMEHH.
CoxpaHeHHe SHEPrHE CBfi3aHO ¢ OAHOPOAROCTHIO BpeMe-
HH, COXpaHeHHEe HMNYAbCa — ¢ OAHOPOAHOCTHIO HPOCTPAR-
CTBa W, HaKOHell, COXpaHeHHe MOMEHTa HMIYyJbca Haxo-
AHTCA B CBASH ¢ W30TponHed npocrpaHcrsal),

HauneM ¢ 3akona coxpauenusi sueprud. [lycts ch-
CTEMa YaCTHL HAXOAHTCA B HEHIMEHHHX BHEIIAHX YCJO-
BHAX (2TO HMeeT MeCTO, €CJIH CHCTeMa samkayTa snbo
nojsep¥XeHa BO3AEACTBHIO MOCTOSHHOINO BHEIOIHEr0 CHAQ-
BOrO NOJisi); cBA3H (ec/iH OHH ecThb) MAeasibHH H CTaMHO-
HapHb. B 9TOM ciayuae BpeMs B CHJAY CBOeH ONHOPORHO-
CTH He MOXeT BXOAHTb ABHO B Qynkumio Jlarpanxa. Hef-
CTBHTENBHO, OAHOPOAHOCTD O3HAYAET PaBHO3HAYHOCTD
Bcex MOMeHTOB BpeMenn. Tlo3TOMy 3aMeHa ORHOTO MO-
MeHTa BpeMeHH APYTrHM 06¢3 H3MeHeHHS 3HaueHHA KooOp-
JUHAT W CKOpOCTeH YacTHU He AOAXKHA H3MEHATbH Mexa-
HHYeCKHE CBOCTBA CHCTEMBl., DT0, KOHEUHO, CIpaBeAJIHBO
JMIIE B TOM ciyvae, ec/iH 3aMéHa OJHOTO MOMEHTa Bpe-
MEHH NPYrHM He H3MEHAeT YCAOBUA, B KOTOPHX Haxo-
JUTCS CHCTEMA, T. €. B cAyYae He3aBHCHMOCTH OT BpeMeHH

1) OpHOpOAHOCTh O3HAYAET OJHHAKOBOCTL CBOACTB BO BCeX TOY-
xax. Msorponss osHauaer OAHHAKOBOCTb CBOACTB B KaMIOH TouKe
no Bcem Hanpapiesnsd. OAHOPOAHOCTE H HSOTPONHA HE3ABHCHMMI
npyr or apyra. Cpena MoierT HMeTb pasHble CBOHCTBA B pasHHIX
TOUKax, NpHYEM B Kamjofi Touxke cpoficrsa OyNyT HHLIMH, YeM B
APYTHX TOWKAX, HO OJHHAKOBMMH 1O BceM HanpasjenHaM. Taxas
cpena Gyner HeoAHOPOAHON, HO M3oTponHod. BosMoxia cpeaa, cBofl-
cTBa KoTopofi OWHAKOBH BO BCEX TOYKAX, HO pasnuunn (OXMHAKO-
BEM o6p4asoM Bo Bcex TOUKAX) MO PasHLM RanpapiennaMm. Takas
cpena Gyuer ofHoponHOf, HO anusoTponuofi. Pasymeercs, BOSMOMHH
CpeAH ONHOPOZHHE H HMIOTPONHEE, A TakXe HeoJHOpOIHHe H aHM-
SoTpoONHLe.

§ 9. COXPAHEHHE MMNYALCA a7

BHEUIHErO MOAA (B YaCTHOCTH, 3TO MOJE MOXeET OTCYT-
CTBOBATDH).

Hrak, aaa saMkHyTOR CHCTeMH HAY CHCTEME, HaXo-
AflueficA B CTALHOHADHOM CHWJIOBOM noJe, 8Lfat =0,
CaenosateabHo,

dL aL

aL A
w2 3;;:¢a+§:§£qk- @.1)

Ecnu cuerema KOHCepBATHBHA, ABHMKEHHE TACTHU MOA-

WHHSeTCs ypaBHeHusM (4.16). 3aMeHUM B COOTBETCTBHH

p alL d alL
C 3THMH ABHEHHAMH — e T
yp AMHU a7, Jepes 31 30, " Oorjia sHpa-

KeHHio (8.1) MOXHO NPUAATL BHA
dL d (3L, 3L d . _ d v oL
dt =; df (aqk)ﬂ"’ Z 34, Th=0 2 a, I+
] &

Mocaeanee cooTnowenn
€ MOXHO 3amMcaTh CAeRYID|
oBpasom: YRR

d L . _ d oL .
dt Z: 3, ‘7*_'&T=?t‘(20_¢“h""*)=0°
&

Coraacio popuyae (5.1) peanunna, crosuas B cKobKax,
€CTb sHepraa cucTemul E. Takum o6pazom, Mu nNpHmLIH
K yTeepikaennio, uto dE/dt =0, orxyzna

E = const. 8.2)

Hrax us OAHOPOAHOCTH BpeMeHH BHITeKaeT 3aKOH:
ORepeUn SAMKHYTOR (LAu RAXOOAUEHCR 6 CTAYUORAPHOM
BRCUIHEM CUAOBOM ROAE) KOHCEPBATUBHOR CUCTEMb 4aC-
TUY OCTAETCR NOCTOARKOI.

U3 onpesenerna (5.1) caenyer, uro E ects dyuxuun
0606IERHEX KOOPAHHAT ¢ H 0BOGIEHHNX ckopocredl §.
Kak Mn yxe oTMevann, dpyuxuun seamuns gr 1 {n, co-
XPaKAOmMHE NPH ABHMEHHH NOCTOAHHOE 3RAUEHHE, ompe-
AenfeMOe HAYaJNbHHMH YCIOBHAMY, HA3WBAIOT UNTEZPA-
Aamu deuscenusn. TakuMm ofpazomM, SHeprus 3aMKHyTON
CHCTEMR ABJAETCH HHTETPanoOM IPHIKeHHT,

§ 9. Coxpanenne nmMnyanca

Paccmorpum samxuytyio CHCTEMY YacTHI. 3aMkHy-
TOCTL O3HaYaeT, 4TO BO3AcAiCTBHE BHEIUHHX TeA Ha gac-
THUW CHCTeMH npeHebpeXXuMo Maxo. B cuay oauoponuo-
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CTH TpOCTPAaHCTBA TNEPeMellenne BCEX 9acTHIL CHCTEMH
11a oxnHaKoBuii orpesox §r He AOJKHO H3MeHHTh MEXa-
HHyeckHe CBOACTBA cucreMb — Qynkuna  Jlarpanka
NONKHA COXPAHRTL CBOE MpexHee anavenne. Jaa Hesa-
MKHyTOR cHCTEMB TaxoRt nepeHoC BH3BaJ Gbl M3MEHEHHE
PACcHOMOMKEHHs YacThL Mo OTHOIEHNI X B3aumoned-
CTBYIOUMM C HUMH TeAaM, 910 orpasunock On Ha Mexa-
nuueckux ceofictBax cHcreMu. TakHM 06pa3oM, TOJMLKO
ANs 3aMKHYTOH CHCTCME HaCTHLL MOXKHO YTREPKAATH, UTO
napaane/ibubii NEpeHoC CHCTEMH KaK HeNoro He Compo-
poKJACTCA H3MeHeHneM QYRKUBH L{SL=0).

Tonaras nepemenieHue §r oueHb MaitiM, MOXKHO Ha-

fHcaTh oL 3L
=Y Ae-dr,=dr ) 5-="0" CR))
a a

(o — HOMED gacTunw). MB BOCHOAbL3OBANHCH TCM 00-
CTOATENLCTBOM, UTO NepeMelleRns MaCTHR §fz OZHHAKO-
BH N paBHHE Or.
Tlo npeAnONOMKEHHIO &r 5= 0. Mosromy B3 (9.1) pTe-
Kaer, uTo
JL

-.a—': = 0. (9. 2)
a

B cOOTBETCTBUK C ypaBHeHUAMH Jlarpanxka (3.8) MOXHO
HanHucaTh

— i m——— D m—

oL _d oL _ 4 oL
Oy.. dt 633 dt 60“‘
oL __d oL _ 4 oL
YMBEOXHB Neppoe H3 9THX y;:asneauﬁ Ha OpT €z, BTOPOE
Ha OpT ey, TpeTbe Ha OPT e ) H CJIOKHB WX BMeCTe, No-
AYMHEM COOTHOLIERHE
aL d oL (9.3)

al“u =-dT qu A

1) Cu. nogcTpodnoe WpHMEdaNne pa crp. 14. B coorBercTRAR
€O CcKasaHubiM B 3TOM NpHMCUaHRH

il (il ] g ae

ot dr:-—-ax dx+—ay dg+-—az dz.
3} Buecto CHMBOJIOB i, . k Mu Gyaem oB0sHAUaTh OPTH KOOP-

HREHATHHX oceh CHMBONOM € € COOTRETCTDYIOUIBM AAICKCOM.

§ 10. COXPAHEHME MOMEHTA HMIIYABCA

39

Taxkum ofpasoM, ypaesicHA0 (9.2) MOXKHO mpuaaTh BHA
d oL
=i Z -m-_.o. 9.9)

aL
Beauuuna Bv, ©cTs BekTop ¢ KOMAOHEHTAMH a‘Z—L =
o

aL oL _ 8L oL aL

= ot oeg = e Dver =35 Cornacio {(4.17) sta
npoussejeHHs CYThb NPOEKNHH HA KOODAHHATHHE OCH
o6uunoro (He olobueHiioro) HMIOYALCA Py YaCTHUH C
HoMepoM o. CrrefloPaTebHO,

aL
Sv- = Par (9.5)

Ovg

C yueToMm 3T0TO O6CTOSITENbCTBA ypapHenwwe (9.4) sann-
ueTca caegywomud obpasom:

d
< 2 Pa=0.
a
Orcofa BHTEKaeT, UTO

p= 2, pa = const, (9.6)

rie p — cyMMapHBA HMNYJAbLC CHCTEMAL.

HTak, HCXOAd H3 OAHOPOAHOCTH MPOCTPAHCTBA, MEN
NPRUMIH K 33KOHY: CYMMAPHOIT UMRYALL 3OMKRYTOL Cli-
CcTemot wacTuy ocraercs nocroarnsism. CaenoaTeAbHO
:(l::lilly.'lbc 3aMKHYTOR CHCTEMM €CTh TAKXKe HHTerpan m.m:

HA.

§ 10. Coxpasicune MOMEHTA NMRYABCA

Benencraie W30TPONHH MPOCTPAHCTBA MeXaHHYECKHe
cwofcTBa 3aMKHYTOR CHCTEMH YACTHI He AOJKHH H3Me-
HATKCA MpR NPOH3BOJLROM NoBOPOTE CHCTEMH KaK nejxora
B HpOCTpAHCTBE. B CODTBETCTBHH C 3THM He JOJXKHA H3-
McHATbCA R Qyaxuus Jlarpanka (8L =0). Hafnem
npupamenne GyHkunn Jlarpanxka L upd npoH3BOALHOM
OucHb MAaJOM TOBOPOTE CHCTeMB Ha yron &¢. Bmecre
¢ CHCTeMON NOBEpHYTCA BCe BEKTOPH, XapaKTepH3YIOMHE
CHCTEMY, BCJAEACTBHE 9er0 STH BEKTOPH NOJYYaT HeRoTo-
pue npHpalleHHs, KoTophie GYAYT TOPO XKe NOpAAkKa, YTO
# 8¢. Coranacio dopmyae (V1. 46) '

=09, 1], dvo= [o@, vl (10.1)
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Benay ManocTi BeAHuHH §fq H 8Va
oL oL
0L=Z?r: l‘¢+zaTa6V¢
¢ a

(manomuuM, uro L= L(rq,fe)= L(fa, Va), BpeMa ¢ B L
asHo He Bxognut). C yuerom (10.1)

oL="Y 2= o0, r]+ ), 5 [0 vl (10.2)

Hs pexropuofi anreSpn H3BecTHO, YTO B CMEIIAHHOM
(BEKTOPHO-CKANAPHOM) NPOHSBEIEHHH TPEX BEKTOPOB A0~
NycTHMa DOUKJHYeCKas TepecTaHOBKa COMHOXHTeeH
(cm. dpopuyny (VL. 3)). Tponssens Takyio nepecTaHoBKY
B (10.2), monyuHM

sL=Y tofre 2]+ X s0[ve 7]

BuineceM 8¢ 32 3HAK CyMMH, OJHOBpEMCHHO 3auegun
B COOTBETCTBHE ¢ ypapHeHusmu Jlarpamxka (9.3) ore

4 oL .
Uepes Gy Bve

s=so{ Y [r iroic]+ Ll )=
=so 2 [re 7]

Tlo npeanoaokenuio §¢ 5= 0, nosToMy yCJIOBHE 6L=0
SKBHBAJICHTHO YC/OBHIO

£ 3 [ 3]0

; [r.,, 3%] = const.

Coraacnro (9.5) %’- ecTb OGBIYHHF BMIYABC Pg. Be-
a

auuuHa M =[rp] ectb MOMEHT WMNyJAbca YACTHUH OTHO-
CHTeAbHO HAYaJAa KOOpAMHAT. CAeAOBATENbHO, MH NpH-
WAH K YyTBEPKACHHUIO, YUTO

M=) M, =2 [rop.]==rconst. (10.3)

HJAH

§ 10. COXPAHEHHE MOMEHTA HMUOY/ALCA 4

B stoM cooTHOMIeHHH Mg -— MOMEHT HMNYJAbCa YacCTHHH
¢ HoMepoM a, M — pe3yabTHDYIOUIHA MOMEHT HMNYJbCa
CHCTEMBI.

Hrak, HcXofsd W3 H3OTPONHH NPOCTPAHCTBA, MH NPH-
WAY K 3aKOHY: pe3yAbTUPYOWUL MOMEHT UMRYALCE
SAMKRYTON CUCTEMbL HACTUY OCTAETCS NOCTOAHHLIM. 3Ha-
YHT, MOMEHT HMOYJbCa 3aMKHYTOH CHCTEMH, TaK e Kak
¢e SHEPTHA H HUMBYJbLC, ABASETCH HHTErpaJjoM ABMXeHH:.

[Mycte cHcTeMa 9acTHl, HAXOZHTCH BO BHEIUHEM LEH-
TPaNLHOM TOJIE CHJI, T. €. B TAKOM M0Je, B KOTOPOM CHJIa,
neficreyiouias Ha Jobyio U3 yacTHl, HMeeT HaNnpasJieHHe,
NpoXoJsiiee depe3 OfHY H Ty ¥Ke HeNoABHXKHYIO TOUKy O
(eHTp mOJIsT), @ MOAYJb CHJIEI 33BHCHT TOJBKO OT pac-
CTOAHHS r YACTHIH A0 3TOi ToukH. [ToTeRunansHad suep-
TMS YACTHIH B TAKOM TOJE HMEET BHA

u=uir). (10.4)

TMpou3BOAbHEI NOBOPOT CHCTEMH B MPOCTpaHCTBE BO-
Kpyr TOukH O He H3MeHSeT MeXaHHYECKHX CBOHCTB CH-
cTeMhl (pacnofoXeHHe HacTHI MO OTHOIUEHHID K CHJAO-
BOMY neHTpy O ocTaeTcsi NPH TAKOM MOBOPOTE HEHIMEH-
unM). CheaosarenbHo, XOTA B AAHHOM caydyae CHCTeMa
YACTHI H He SBJSAeTCA 3aMKHYTOR, ee MOMEHT MMNYJbCa
Gyaer nocrosaHHuM. [lpapaa, 510 COIpaBelAHBO JHUEL AAA
MOMEHTA, B3ATOTO OTHOCHTEeNbHO TOYKH O. B caydae xe
JAMKHYTON CHCTEMB COXPAHAETCS MOMEHT HMMYJIbCa, B3f-
THII OTHOCHTEAbHO J1000fi TOYKH.

EcnH BHellHee moJe o6JaafseT 0ceBOfi cHMMeTpuef
(370 3HAYHT, YTO MOTEHUHAJbHAS SHEPrus YACTULH 3a-
BHCKT JMIIb OT PACCTOSHHS YACTHIH JO 3aflaHHOf. ocH},
TO MeXauHuYeCKHe CBOHCTBA CHCTeMh He OYAYT H3Me-
HIAThCA MPH NOBOPOTe BOKPYr ock noss. CaexoBaTesbho,
GydeT NOCTOAHHHIM MOMEHT AMMOYJbC2 CHCTEMH OTHOCH-
TelbHO 3TON oOcH (HANOMHHM, 49TO MOMEHTOM OTHOCH-
TCABLHO OCH Ha3Wpaercd NPOeKHHA HA 3Ty OCh MOMEHTa,
B3ATOTO OTHOCHTEJNBHO JI06OH H3 TOYCK OCH).
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§ 11. JisnxkeHne 4acTAOM
B MEATPANLHOM NMONE CHA

PaccMOTpHM AiBHXEHHe YACTHIE B NEHTPAALHOM NoAe
BHAA

U=+, (11.1}

rle ¢ — KOHCTAHTA, KOTOpasd MOXKeT 6LtTh A160 TION0XKH-
TeabRofi, auGo orpuuarenshod. [losoXnTenbHas KOH-
CTanTa OTBeuaeT CAYYAI0 OTTANKHBAHUA YacTHIHW OT CH-
JIOBOTO LEHTPa (Hanpumep, KYNOHOBCKOA CHJIe OTTAJIKH-
PauusA), OTpHUATENbHAA KOHCTaHTa — CJydalo NpHTAKe-
HAS 9acTHUH K LeRATPY (KYJAOHOBCKOA CRAC NMPHTAKEHHA
WM CHAe FPABHTALHOHHOTO B3aHMONEHCTBHA JNaHHofl vac-
THHH ¢ HeNOABHKHOH uacTHOeR, noMemaomeiicss B HeH-
Tpe MOAR).

B § 10 Mu ycrasoBRAW, YTO B UEHTPAJLHOM ROJE
OCTAeTCH MOCTOSTHHLIM MOMEHT HMOYJAbCAa YaCTHLL

M = [rp] = const.

BekropHoe npoH3BeAeHHe NepNeHARKYAAPHO K MJOCKO-
CTH, B KOTOpOH JieXaT nepeMHOKAEMEIE BEKTOPH. Orciona
CAelyeT, UTO DpH HEH3IMeHHOM HaNMpaBJeHHH BEKTOpa m
BEKTOp I BCETAa JIeXKHT B OAROH NJOCKOCTH, MEPNeRAHKY-
aspuofi Kk M, W TpaexkTopHs YacTAUHN ABRIAETCHA nAoCKoH
kpupofi. ByfleM ompenensTsh NOJONKEHHe HACTHUH C TIO-
MOIBI0 MOJAAPHHX KOOPAWHAT 7 H ¢, COBMECTHB HAuajlo
KOOPAKHAT ¢ UEHTPOM mond. B sTHX KOOpARHATAX dynk-
nua Jlarpanxa umeer Bufl (cM. PopMyRy (6.1))

L=Fm(P2+r¢)— 7

B ¢yuxunio L Re poun1a ABHO KOOPAHHATA @. 0600-
meHAHE XOOPAHHATH, He BXOAfAWAE ABHO B (QYHKUHIO
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Jlarpaka, HA3HWBAIOTCA QUKSULECKUML. B orcyTcreRe
jleloTesIHANbHEX CHA ypaBheHHs Jlarpamia, COOTBET-
CTBYIOLIHE IHK/IHUECKHM KOODAHHATAM, BRIIALAT clre-
aAytouun obpasom:

d aL
W 34: == Ov
Orciona
py == 35 = const. (11.2)

Takum ofpasoM, o6obiieHHEEe AMIYABCH, COOTBETCTBYIO-
Ulke AKAMUECKHM KOOPAHHATAM, OKa3HBAIOTCH MOCTOAH-
HLMH, T. € ABJAAIOTCA HHTErpajJaMH ABHMCECHHIL

B paccqaTpupacMofi HamMHA 3ajaue ypasuenne (11.2)

HMEET BRI
po =3 = mr*p =M= const. (11.3)

Jro ypapHeune MOXNO GHUIO HAaNACATH Cpasy, yuTd, 4TO
mr?@ ecTb MOMEHT HMIYJbCa YACTHUE OTHOCHTEABHO na-
yana KOODAHRAT, KOTODHA AO/MKeH COXPAHATHCA B UEH-

TPaJbHOM MOJE CHIL
ueprus HACTHUH B NEHTPAJIbHOM NOJe TAKKE AB-

Aserca MuTerpadom Apnxens, [TosToMy, NPOH3BEAS BhI-
uncaenusi no popuyae (5.11), MOXKHO HABRCATD

E=tm@4r¢) +p=const.  (11.4)

Jlns BaXOX/ACHHS TPACKTOPHM ACTHIH JyTlle HCXO®
auth H3 ypapHenudi (11.3) u (11.4), yem H3 ypaBHenu#
Jlarpanxka. Takoit oyTh npolle, Tk KaK ypasuenus Jlar-
panka cojiepKaT BTOpHE NPORSBOAHKE KOODAHHAT, YpaB-
nenns ke (11.3) u (11.4) — nepehle mPOH3BOAHEIE KoQp-

ARHAT 0O BpeMeHH. ; .
Ucknioyns w3 ypassennd (11.3) n {(11.4) ¢, moaysum

1 M2 a
E=gmi+gmt+T
dr | 2am M
f=7=;‘\/2’“5— e
U3 ypaenerns (11.3)

. _dg 1 M
=TT m A"

OTKYAA
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Hcknounr df W3 mocAeAHBX APYX ypasHemud, Hah-
JieM, 9TO
(M/r?) dr =

o

r

dp =

(Mjr®) dr

——— e

Bpeasa o6oaHaueBHA
wne+ ()=, F+ou (—far—d),

MOXHO HATHCATER

o du = 8
o= 57;1:-;? arccos -+ o,

rie (o — NOCTOAHHAA BETErpHPOBABHA.
Boaspamasch K NPEXBHM 0GOIHAYCHHSM, MH NOAY-
uAM ypaBHeHHe TPACKTOPHH HACTHUH B NOJASPHHX KOOP-

AWHATAX i
Pp— = arccos _________amlM = Mir ==
A/2mE + (am/ M)

1+ (M3/am) (1/r)
-_ - ] 35
arCCos (11.5)

Us ypasuenns (11.5) caenyer, 410 npw 3ajlaHHOMA Be-
JIMYAHE r PAsHOCTb (¢ — (o MOXET HMeTb JBa OTJHYAI0-
mHXCH 3HAKOM 3Hauenus (cos(—a)=cosa). Orciona
JIErKO 38KJIOUHTH, WTO KpHBas, ONHCHBaeMas ypashe-
nueM (11.5), CHMMETPHYHA OTHOCHTEJbHO MPAMOA, obpa-
ayiomiefi ¢ OCbio, OT KOTOPOH OTCYHTHBAETCH @, Yrol Qo

Uro6n BHSACHATL XapakTep KpHBOH, onuchiBaeMof
ypasuesueM (11.5), pBeneM oGoanavenns

M
i A (11.6)
1T F 2EMima® =.. (11.7)
Toraa ypapHeHHe TPACKTOPHH NPHMET BHA

b plc:

@ — @ = arccos —
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#AH, TIOCAe HecHOXKHuX mpeobpasopauui,

—_— - P
Gk b ey ) (11.8)

(nepxHufi 3HAK COOTBETCTBYeT C/1Y9ai0 OTTAJKUBABHA,
NHIKHHA — CAYHA0 NPHTSAKEHHA YACTHUH K WEHTPY cuAa).
MMoAyyenHoe HAMK YpaBHEHWE ecTh YpaBHEHHWe KOHH-
weckoro ceueHnsi (cM. [lpuaoxenne IV) ¢ Qoxanbnum
$APAMETPOM P H SKCUEHTPHCHTETOM e.
PaccMOTpHM CHauaJda cydall oTTankusanua (g > 0).
B stom caywae U >0, Tak uto nonnas sneprus E ne
MoXeT OHTh oTpHnatensHoi. ITostomy cormacuo (11.7)
¢ > 1. TakuMm o6pasoM, B cAydYae OTTAJKHBAHHS TPaeK-
TopHeli YaCTHUH MOXeT GHTb TOALKO runepGosa. Bssp
i (11.8) sepxuufi sHak (MHHYC), NOJNYYHM YpaBHEeHHE
TPAEKTOPHH
= =
T b—ecos(@— o)

r

Juauenne @p onpeAensercs BUGOPOM Havana OTCYETA @.
FcAn Yroa ¢ OTCUHTHBATL OT OCH CHMMETPHH KpHBOR (OT
npamoti, npoxoasuefi uepes POKycu), T0 r He AONKHO
HSMCHATBCA [IPH H3MEHEHHH 3HaKa ¢. HMeEeT MecTo
Awilb npH o =0 Ban @o = n. Monoxue o =0, noayyau
ypasHeHHe

= =p

I—ecosg "

r

copnapaomee ¢ ypasHendem (IV.14), koTopoe OMHCH-
WACT NPAaBYI0O BETBL THMepGoAHN (NpH YCJAOBHH, 4TO Ba-
WAJO KOODAMHAT, T. €. CHJOBOH WEHTP, NMOMENIEHO RO
niciupem (uesoM) ¢okyce rHepGOAH ).

[Mos0KHB Qo= H YYTA, UTO cos(@ —n)=--—cos @,
NOJYIHM ypaBHeRfie

= TFecose’

connagaomee ¢ ypapuenueMm (IV.13), omnchBaomuM
J¢ny10 BeTBb ramepGoan (NpH YCAOBHH, UTO HAYAJIO KO-
OpHHAT TIOMElleHo BO BHemmeM (mpasoM) dokyce rH-
itepGonn; puc. 11.1).

Tenepb ofpaThMcs K ciayuaio npuraxenns (e <C0).
limy cooTsercreyer B dopmyse (11.8) HmKkaRfi 3HaK
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(nmoc). CaegoBatenbHo, ypaBHeHRe TPacKTODHE HMeeT
BHA

e P OF

I =TTreny {11.9)
ana Q=0 #u

e Bl

=TT g (11.10)
AAT Py == 1.

Kak nokasano B [lpuaoxennun IV, ob6a ypaeHeHns
OMMCHPAWT ARGO 3AxHNC, AHOO0 ONHY H3 BeTBed runep-
Goan, JauGo napaGoay (cM. ypapsenus (IV.11) =
(IV.12)). C xakoit H3 3THX KPHBHX MH HMeeM XeJoO,
onpeneasiercd 3HATCHHCM &. '

lal /
ol o /

(ormmaarelfanis) /

]

R

N\ Cunadod
A yenmp

Pre~11.1

B cayqae npuraxenns U < 0, cneaopare/bio NoJHaA
sHeprua E moXeT 6HTh KaK MONOXHTENLHOH, Tax h OT-
pHIIATeNbHON, B YACTHOCTH, OHA MOMKET OKasaThCs pas-
Hofi myao. Kak caenyer us dopmyan (11.7), npu £>0
SKCHEHTPUCHTET OKashiBaercsi 6oJibille eHHHIH H TPaeK-
topus Gymer runepbosofi. Ypapuenne (11.9) naer npa-
BYIO BeTsb runepGonw, ypasnenue (11.10)— aesyio. Ilpn
STOM, B OTJHUHE OT CJYYaA OTTAJAKHPaHHA, HaYano Ko-

§ f1. ABM)KEHHE YACTHIH B HEHTPAJIBHOM NOAE CUR 47

OPAMHAT, T. €. UEHTP CHJ, mOMellaercsi 80 BHYTPeHHeM
aas AanHoi peren Qoxyce (puc. 11.2) 1).

[lpp E =0 SKCUECHTPHCHTET OKa3HPaeTCs DPaBHHM
cAMHRIE, B TpaekTopus Gyer napaGonofi. Stor cayuah
OCYIlleCTBAAETCSA, eCJd YACTHIIA HAYHHAET CBOS JBHXCHHE
H3 COCTOAHHS NMOKOA Ha 6€CKOHEUHOCTH.

\\\ y-al
\ ( npumescerie )
\
\
%
\ £E>0), amgpton .
\\ E=0), ngpatess
\ E<f, aaume 5
\
\ —s
\1 = .
\
|f1 @ \i
] R f
I \ /
’f b ~ 2 e i
/ Cunoliod
'l yeving
/
/
4
4 Y
/
4
7
Pre. 11.2

Haxouen, npu E <0 SKCUEATPUCHTET MeHblle efH-
HHIB, W Tpaekropus Oyaer saaumcoM. B srom cayvae
KpUBHe, onHchiBaembie ypasuenuamn (11.9) = (11.10),
OT/JHYAIOTCA MOJOXEHHEeM CHIOBOrO ueHTpa. KpHpas
(11.9) noayuaercs, ecid HeHTp cua (HAYANO KOOpAHMHAT)
noMmeinaercs B JesoM Qoxyce snaunca. Kpusas (11.10)
COOTBETCTBYET PpacloONOKeHHIO LEHTPa CHA B NpaBoM
doxyce.

1) Coaomunle KpHBhe Ha puc. 11.2 Baofpamenn NAf ORHOTO
H TOrO e 3HAYeNHMA MoOMeHTa HMOyJbca M, 8 crefoBaTeNbRO, BAN
ONHHAKOBOTO 3Havenns (oxanbhoro napaserpa p. llrpuxosol sa-
JIHTIC COOTBETCTBYeT MeHbimeMy sHausennio M. JLas Meunniiero smgge-
nin M Bepumna napalonn MONET OKA3aTRCA MpaBee BepIIHHEE
runepGoan, cooTeercrayiomed Goasmemy A.
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Ecan 1 4 (2EM?/ma?®) =0, 1. e. E = —ma®/2M3, 10,
Eak caeayer n3 dopmyan (11.7), skcuneHrpucHrer obpa-
iaercd B HYAb — TPAEKTOPHA npeAcTapiader coboft
okpyxHocTb. Ilpy sanansoM M Takoe 3sHaueHHe 3HeprHH
P HAHEOM CHJIOBOM TIONE ABAAETCS MHHHM2JbHO BO3IMOX-
HuM (MenbwiaM E oTBenaer MHHMOe 3HaueHHe é&).

Koraa vacTHua ABHKeTcH B OTpaHHuYeHHOA 06JacTH
npocrpancraa {YacTHHA Re YXOAHT B GecKOHEJHOCTD),
NBHKenMe Hasbpaerca pumurnoim. Ecnn gacTHua npH
NBHXKEeAHH YXOAWT B GeCKOHeuHOCTb, ABHXKeRWe Ha3H-
paerca unururAcig. [pnkeHne no 3ajuncy ABAAETCA
OHPIUTHNM (HAaNOMHHM, 4TO B TOM cayvae E < 0), nsn-
XKede no0 runepfone B mnapabode — HHOHHUTHHIM

(E=0).

§ 12. 3amava Apyx Tea

PaccMOTpHM 32MKHYTYIO CHCTEMY, COCTOSIYIO M3
EPYX B3aHMOEACTBYOUIHX YACTHIL C MAccaMu my R ma.
IloTeAunanbAas SHEPrus TAKON CHCTEMB 3aBHCHT OT pac-

CTOAHHS MeXAY YacTH-
NaMH 7, KOTOpOe MOXHO
paccMaTpHBaTh Kak MO-
AyAb BEKTOpa r, Npobe-
INeHHOro OT oAaHofi wac-
TRUH (Ckaddem, mg) K
apyroft (m): U=U(r)
(puc. 12.1).
Cucrema HMeeT
meerb crenenefi ceobo-
An. B kavecrse 0606-
Pue. 121 IeHHNX KOOpAWHAT
PO3bMEM TPH A€KapTOBH
KOOPAHHATH HEeHTpa HHepHH C cHeTeMH (KOTODHIM 3K-
BHBaJIeHTeH paAnyc-pekTop R Toukn C) n TpH npoexums
BeKTOpa I Ha KOOpAHHATHLIE OCH. BeRTOp r MOXHO npea-
CTABHTHb B BHAE

FP=T—T,, (12.1)

TAe r) H f; — paAYCH-BEKTOPH YacTHL, OTHOCHTENLHO LEH-
Tpa HHepRHH. B c0OTBeTCTBHA C onpefeieHHeM LeHTpa

MHepHHH
myty + mgry =0. (12.2)
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Peman cosmectHo ypapHenun (12.1) w (12.2), moxuo
nafiTy, 4TO

s T} B ae L L IHInSY
= I Pl (12.3)

Tlonoxenwe yacTHLD OTHOCHTENBHO HavaNa KOOpAHHAT

onpepensercs pekropame R4y 0 R 412
Hanumewm ¢ynkumio Jlarpanxa cHcTeMH:

L=%(h+i’,)”+%(ﬁ+f,)’—-b’(r).

OcymiecTBHB BO3BeAeHHe B KBAAPAT H NMPHHAD BO BHAMA-
Hue, 4to cormacno (12.2) myr -+ mor; =0, moay4um

L=ty By B U()

HaxoHell, 3aMeRHB r; W Fz Yepe3 T B COOTBETCTBHH C
(12.3), npHaeM K BHpaXeHHIO AAA L B NPHHATHX HAMH
«xoopAHHaTax» Rur!):

L=mimp by, (1249

po= Tl (12.5)

my + ma

— BEeJHYHHA, HA3LIBaeMas npusedensol Maccold CHCTeME,
dyaknua (12.4) pacmazaerca Ha ABa He3aBHCHMHX
cAaraeMhXx:

L=L{R)+ L(s, 1)

Ileppoe U3 HHX OMHCLIBAET NOBeAEHHE LEHTPa KHEPUHH
CHCTEMH, BTOpOE — ABHIKEHHEe YacTHl, OTHOCHTEJNERHO UeH-
Tpa MHEpLHH. :

Kaxk BuiTekaer H3 (12.4), koopanHaTa R OKa3HBaeTCA
UHK/AHYecKoA (OHA He BXOAHT ABHO B L; CM. npeAnaywiui
naparpad). CiexopatenbHo,

P = (m + n) R = const

(BMNYABC CHCTEMH COXPAHAETCH; 3TO MOXHO 6uo nped-
pHfeTh 3apaHee, n6o cucreMa 3amknyra). Llewrp nmep-

1) KooptunaTaMs Ge3 KOPHUeK FBAAOTCA He caMp eexTopd R
H I, a X NPOCKOER HA KOOPAENATHME OCH.
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AR CHCTEMW [ABHIKETCS NpSMORHHEHHO H PaBHOMEPHO
(60 NOKOHTCA).

JIBHiKeHHEe YACTHL OTHOCHTENbHO WHEHTPA AHEepLHH
onicuBaercd QyHKHHEH

L=4r—U(). (12.6)

Ee MOXHO paccMaTpHBaTh Kak dyHkunio Jlarpanxa yac-
THUR Macchl p, RBHXYuledcs B HeHTPaJbHOM TMOJE C He-
NOAPHKHHEM HeHTpoM. TTonoXKenAne YacTHUH OTHOCHTEADb-
HO CHJAOBOTO LEHTpa onpefensercs paliHycOM-BEKTOPOMT.
Taknm o6pa3oM, 3ajaya O ABHIKEHHH CHCTEMH H3 ABYX
B3aKMOAEHCTBYIOMAX 9acTHN (3aXaua ABYX Te)) OKasa-
nack cpelleHHOl K 3ajgave O ABHXKeHHH OLHOH UacTHIH
B UEHTPaJbHOM NOJAe CHA. ITY 3ajauy MBl PacCMOTpeNH
B NpeabiaylieM naparpage. Mul BHSICHHIH, 4TO B cayuae,
xorpa U = a/r, TpaexkropueR yacTunn Hyner KOHHUECKOS
ceuenie. ClenopaTelbHO, KOHEU paauyca-BexTopa r=
=f; —ry CKOAB3RT NPH ABHKEHHH HACTHI NO KPUBOH,
npeAcTapasiowedi coGoli konHueckoe cewenne. COracHo
(12.3) paguycH-BEeKTOPH Ty W Fp NPONOPUHOHAJNLHE pa-
Anycy-sexkropy r!). Taxum ofpasoMm, KaxAufi H3 3THX
BEKTOPOB TaKKe ONHCHBaeT KoHHuecKoe ceyende. B 3a-
BHCHMOCTH OT XapakTepa B3aumojeficTBHA (NPHTIKEHHS
Au60 OTTANKHBAHHA) W BEJHUYWHBI NOJHOH SHEPTHH CH-
creMbl Tpaekropuedt kaxmaofi u3 uactuy Gyser subo 3.-
annc, Au6o napabona, an6o ranepbona.

JonycTuM, 4To BemoMoratenbHas ooGpaxaemas vac-
THLA p ABHKETCA NO 3JJHNCY, ONHCHBAaeMOMY YpaBHe-
HHeM

P
ey 1—ecos@ ~
Coraacuo (12.3) Bsektop ry B ni06oA MOMEHT BpeMeHH
HMeeT TaKoe JKe HampaBJeHHe, 4TO U & (=), a Mo-
AyAb ero B my/(my + mg) pas Goapiie. ChlepoBaTeabHo,
YaCTHILA My ABHIKETCA MO 3AJUMCY:
= (12.7)

I —ecosq *
TAe pr = pmgf (m 4 ma).

1) Tlo stofi npAYRHe BoOGpANaeMHA CHAOBOA HeHTp, TOR Aed-
CTBHEM KOTOPOTO ABHUMKETCA UACTHRA W, HYHHO NpeaAncaarath moMe-
WAKITHMCA B TOR TOUKE, OT KOTOPOA OTKAAIWBALTCA BEETOPH Iy
H T3, T.¢. B NeHTPe HHEpIHA CucTemu C.

§ 12. 3A0AYA ABYX TEN 51

Bekrop r; B KaXAuA MOMEHT BpeMcHR HanpabJieH
OpOTUBONOJOXHO BekTopy P (cm. (12.3)), Tlosromy, ko-
ria BeKTOp r OpHEHTHPOBAR NOX YIJIOM ¢, BEKTOP fp
OpHeHTHPOBaH NOA YTAOM @9 =1 + ¢. Moay/ab BekTopa Iy
B my/(m -+ m;) pas Goavme. CregoparenbHo, YUTH, YTO

Pre. 122

Puc. 123

c0s (g — m) == —cOS ¢z, YPaBHEHHE 3IJJHNCA, NC KOTO-
pOMY HBHIKETCA YACTHLA iy, HYKHO 3anHcaTh B BHAe

e e (12.8)
e p2==pm/(m + ma).

B cayuae, coorserctpyiomem ypasHerunio (12.7), ma-
NANO KOOPAWHAT (T. e. nenTp WHepumd C) nomemaercs
i1 JdepoM okyce sanunca (cm. popmyay (IV.11)). B cay-
une, orpevaiomeM ypapHenuio (12.8), navano xoopam-
nar (Touka C) nomemaercsi p mpapoM ¢oxyce 3Jjaunca
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(cMm. dopmyay (1V.12)). CrenoearesbHO, TPaeKTOpHH
HACTHU BHIAGAAT TAK, KaK MOKa3aHO Ha phc. 12.2%),

[IpenocTapasieM YHTATeNI0 CAMOMY YGEAHTHCH B TOM,
YTO B C/IyYae ABHIKEHHA MO rHnep6osiaM TPaeKTOPHH 4ac-
THL, OYAYT BHIJIAAETL TAK, KaK NMOKa3aHO Ha pHc. 12.3,a
(B caytae B3aHMHOrO mNPHTAXKEHHA 4YacTHR), W Ha
puc. 12.3,6 (o cryuae OTTaNKHBAHHA).

§ 13. ¥Ynpyrue CTOAKHOBEHHA 9ACTHI,

CTOoNKHOBEHHEM HA3HBAETCA MPOLECC, 3AKMIONAI0-
WHACA B TOM, YTO B3aHMOZeHCTBYIOWME APYT ¢ APYroM
YaCcTHUL, NPHAA H3 GecKOHeYHOCTH (T. e. ¢ Takoro pac-
CTOSIHHSA, NPH KOTOPOM MX B3aUMOAcHCTBHEM MOXKHO npe-
Hebpeub), cOMMKalOTCR, a 3aTeM JHGO pacXoAATcA CHOBA
Ha GeCKOHEUHOCTb, JAHGO OCTZIOTCA Ha KOHEYHOM pac-
CTOSIHHH ApPYr o7 Apyra. B nepsom cayuae cTOJKHOBeHHE
HAa3LHBAETCA PACCEAKUECM MACTHU, a BO BTOpPOM — 3axea-
TOM uacTHU. O4eBHAHO, YTO 3aXPAT MOXKeT HabMIOAATHCH
TOJBKO B TOM CJAY4Yae, €CAH B3aMMOIEHCTBHE YacTHIL
HMeeT XapaxkTep NPUTAKEHHA.

Koraa rosopst o CTOAKHOBEHHSIX YACTHU, OTHIOAL He
NPeAnioNaraior, 4T0 HacTHUH NPHXOAAT B CONMPHKOCHOBE-
HHe, KaK 310 GhBaeT, HANPHMeED, MPH CTOAKHOBEHHH ABYX
1Hapos. Hmeerca B BHAY ANk TO, 4YTO BCJEACTBHE B3aH-
MOAeACTBHS YACTHIH H3MEHAIOT HANpaBJACHAE HAH XapaK-
Tep CBOero ABHIKEHHA.

Paccuo*rpuu ynpyroe cTOJKHOBeHHEe ABYX OTTAJNKH-

BalowHxcA yacTH. CTONKHOBEHHEe HA3HBAGTCA YRPyaum,
€C/IN OHO He CONPOBOKAACTCSH H3MeHeHHeM BHYTPeHHedn
3HEPrHH vacthu, CAeRoBareabHO, APH YNPYTHX CTOJKHO-
BEHHAX MeXaHHYecKas 9HEPrHf CHCTEMH CTaJKHBAIOUIHX-
Cfl YACTHIL OCTAETCA MOCTOAHHOM.

ITpowe Bcero mpomece CTOANKHOBEHHS PacCMaTPHBATH
B CHCTEMe OTCHeTa, CBS3aHHOM C UEHTPOM HHEPUHUM uac-
TAL (ee Ha3WBa0T Y-cuicremoft). OAHAKO Ha NpaKTHKe
Ha6/MoleHUA 32 CTOJIKHOBEHHAMH TpPOUSBOAMTCS B CHCTe-
Me OTCHeTa, OTHOCHTeNbHO KOTOpOil LEHTp HHEPUHH Yac-
TRI, ABHKETCA CO CKOPOCTBIO V¢, ITY CHCTEMY OTCHETa
Ha3ueawT JAalopaTopHoRf CHCTEMON WAH, KOpode, A-CHCTe-
moft, O6pnuHo B JAaGopaTopHON CHCTeMe OfHA H3 YaCTHIL
0 CTONKHOBEHHS fIOKOHTCA.

1) Pre. 122 u 123 punommenta aas mafme — 2/3; e =09
{puc.12.2) u e = 1.5 (puec. 12.3).

§ 3. YNIP¥THE CTOAKHOBEHHA UACTHIL

Mexny ckopoctbio i-fi HacTHUH B A-CHCTeMe (MBI Gy-
ReM 0603HAUATL ee CHMBOJIOM Vi) H CKOPOCTHIO TOH XKe
YACTHUN B 4-CHCTeMe (3Ty CKOPOCTh 0GOsHaumM v(©))
HMeeTCs OYeBHZHOE COOTHOLIEHHE

v, =V, + viO. (13.1)

M3 onpegenenns wenTpa Hepuun caeayer, uro

vy - msvs

Yeomy my - my

B HaabmefinieM MH OrpaHHUMMCH DacCMOTPEHHEM Cay-
Yasd, KOTAa B 4-CHCTEéMe BTOPAA YaCTHIA A0 CTOMKHOBe-
uus nokourcs. Toraa, obosuauns ckopoctb mepsoft wac-
THUN A0 CTONKHOBEHHA CHMBOJIOM V)o, NONYUHM, HTO

L]
Yo mV;o. (132)
[Moacraens 310 anauenne ve B Gopuyay (13.1), noayunm
CACAyIOWHEe BHPaXKEHH ANA CKOPOCTEA 4YacTHI, B 4-CH-
CTeMe A0 CTOJNKHOBEHHSA:
C Lie
vig = ot mg Vw

(13.3)

(e TN L R
v m + mz V10°

YMHOXHB mEpBYIO M3 3THX ckopocTefi Ha m,, a BTOPYIO —
Ha my, HafileM HMOYAbCH YacTHU RO CTOJKHOBEHHS
P §-cucTeMe:

PR =nv,,

s - _
S = —pv,

3necs p==rmymy/(my+m;) — upHBeNeHHAN Macca YACTHIL.

Kak 310 # a0nXKHO 6HTb, CyMMapKHE HMmyJbe vac-
THIL B #-CHCTEMe A0 CTOAKHOBEHHA paBeH Hyaw. M3 aa-
KOHA cOXpaHEeHHA UMNYJbCa CJAeAYET, 4TO H MOcae CTORK-
HOBEHHA HUMNYJAbCH 9aCTHIL B f-CHCTEME MOTYT OTMHYATh-
CH JHWb 3HaKOM: P = — p{C),

CyMMmapHas KHHeTH4ecKas SHEPrHs YaCTHI B Pe3yab-
TaTe YNPYroro CTOJKHOBEHHA He MOMXET HIMEHHTbCH (MM
CupTaeM, 4T0 A0 H NOCAE CTOJNKHOBEHHS) YACTHIH HAaxo-
AaTea ApyT oT Apyra HACTOJBKO AajeKo, 4TO HX B3auM-
Waf noTeHRHadbHas 3Hepras npedebpeXXuMo Mana).




B4 rJ1. 11l. HEKOTOPHE 3ANAYH MEXAHHKH

HOS'I‘OMY MOXKHO HanucaTh COOTHOLUEHHe

p_ 8 ]

2ma

P?o
2m L

{Mu onycruar Bepxuuil HHgexc «(C)» npu cCHMBOIAX AM-
nyabcos). B coueranun ¢ ycnosmew, uro |p{S|={9ig'}
n |p!|=|p{|, nanucansoe Kamu COOTHOIICRHE YKAIH-

BaeT Ha TO, YTO MMOYJAbCH (a CJIGNOBATEJILHO, H CKOPO-
CTH) YacTHL B pe3yJibTaTe CTONKHOBEHHS JHWDL NOBOPAE-
YABAIOTCA B 4-CHCTEMe Ha HEKOTOPHR yroJa j, OCTapasich
HeH3MeHHABMY o peauunHe. O603HaYNM CHMBOJIOM € eAiH-
HUYHHA BEKTOP CKOPOCTH MEepBOfl YACTUUH B 4-CHCTEME
nocne cronkHopenuA. Torfa B COOTBETCTBHH C Qopwy-
aamu (13.3) MoxHO HanucaTh AAA CHOpPOCTel 9YacTHiL
nocae CTONKHOBEHHS CAeAYIOllne BHpaKeHHs:

C) e T2___
vi 1 my D1t

Gl s
v = U1e%-

ot
my + my
Urofnl NOJYYHTH CKOPOCTH YacTHI NOCAE CTOJNIKHOBE-

HHS B A-CHCTEMe, BocnoabksyeMca gopmynoit (13.1), nox-
crapHB B Hee Bupaxenne (13.2) mas ve. B pesyabrare |

noJyuns
ity ng
Y R e e O |
Aty S0 gt A
\chadr oyl Uiy eyl t

Jas HMOYyJbeCOB YacTHI B A-CACTeMe Nochae CTOJIKHOBE- '
HHA MOAY4YATCA BHIpaMeHns |

o iy My
= m-l-‘l'- ms Pio + n, +m'2 P

4 s (13.4)
P = m, PO Tt m, Pt

IMoayuenunie COOTHOIIGHHS MOXHO cleslaTh OYeHb Ha-
IASAHBMY ¢ NOMOIBIO CJAEAYIOIIero reoMeTpHYecKoro
nocrpoens. H3o6pasum BERTOp P OTPE3KOM AD
(puc. 13.1) u ormerm Ha Hem TOuKy O, KOTOpas ACHAHT
ANMHY BEKTOpa B OTHOWEHHH my:mg. M3 Toukn O, Kak
W3 LCHTP3, NPOBeieM OKPYIRBOCTh, NPOXOAAMYID ueped

§ 13. YIIPFYTUE CTOAKHOPEHHA YACTHL B85

KOHEW BeKTOpa pyg. Paauyc T0ll OKPYKHOCTH paBeR
Poma/{my + msz). Ecan m; << me, TOuKa A mnonagaer
Bl-l}'u)h okpyxroctd (pHc. 13.1,a8); ecan my > m;, TOU-
Ka OKA3LIBaeTcA BHe
okpyxHOCcTH (pHC. 13.1,
6); npR my = my TOUKA
A NeXMT Ha OKpYXKHO-
cru  (puc. 13.1, 8). Orao-
MHM H3 Touknm O nox
YrAOM % N0 OTHOUIEHHIO
K Pio CAHHHYHEIR BEKTOD
€; HanpaeJeHud, B KOTO-
POM MO NPEeANOJIOKeHUI0
JIETHT OTHOCHTEABHO
i-CHCTeMH TepBas udac-
Tiua. Torna otpesok
OB O6yner usefpaxkarb
BEKTOP e pyoms/ (11 4+
+ms) u B qJ((::3-01‘3&101‘-
BHH ¢ MyAaMH
{13.4) otpesock I:‘lg gacr
BEKTOpP Pi, a OTPe3oK
BD — BexTop p».

¥Yroa 0, MeXAYy BeK-
TOpaMH ¢ H Pp Ha3H-
BAETCA Y2A0M PACCERHUR.
Ou xapakrepHsyer oT-
KMOReHe Neppod YacTR-
ne, HalawopaeMoe B
A-cHCTeMe, ¥roa 0, Mex-
AY BEKTOpPAMH Pz H Pio
HA3HAAETCA Y2A0M OT-
Oauu. Cymma 0,46, ua-
IHBALTCA YT ROM pas-
feTa WacTHL mocae
CTONKHOBEHHA. YTJaH
H 0; MOXHO BHPa3HTb
yepes y— yron OTKJO- 4
MeHHs NepBofl YacTHUbI Puc. 13.1
B f-cucreMe. Yurd, uTO
AnnRa orpeska OB pasna pemy/{m + mz), MOXHO Ha-
THCAaTh

tgﬁl =

[p1oms/(my + my)] sin %
pyomy/(my + ma) + [proma/(my 4 my)]cos y, *
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HAH .
tgels_l"h_s‘&_. (13.5)

U3 pasroGeapenHoro Tpeyroasiika OBD monyvaercs
COOTHOUIEHHE

ez=£;—*. (13.6)

Uz puc. 13.1,a Buaso, uro GoJiee Jierkas 4acTHua
MOXeT pacceNiThesl Ha Gosee Tsxenod (my << mp) B Ji0-
Gom HanpasieHuu (Touka B MOXeT HAXOLHTHCH B JI06OM
MecTe Ha OKPYXKHOCTH). YTOJ pas/jiera 4YacTHIL B 3TOM
cayuae Bceraa Goabiue m/2.

B cayuae, Korjpa my > mg (pHc. 13.1,6), yroa pac-
cesHHS He MOMET [PEBLICHTh HEKOTOpOe MpefelibHOe 3HA+
yenue Oymax (€My cooTBercTBYeT TOuka B’ Ha pHCyHke).
CuHyc 3T0T0 yraa paseH OTHOIIEHHIO OTpeskon OB’ m
OA, T e.

sin 6, m,=%:-.
Ipu m, = my yron pasjera YacTull BCErAa MeHbllte /2,

Ecnu Macchl YacTHI OAHHAKOBHW (my == mg), YaCTHUH
Pa3neTaoTcs MocAe CTOJAKHOBERHA NOJ NPAMBIM YrIOM
ApyT K apyry (8, + 8, =n/2; puc. 13.1,6).

ITpu sno6Gosom yaape 4acTHUB pasJeraioTcs Nop yr-
aom 6; + 6., paBHOM Ju60 m (npH My << Mg; PHC. 13.1, a),
anbo mymio (mpu my > my; puc. 13.1,6). Yron x npu
AoGosom yaape paser ;. Korja Maccel 4acTHil OAMHa-
KOBH (m; = mg), P1 OKa3nBaercd PaBAHM Hya0, a
p:=7pie (cM. puc. 13.1,8; B paccmarpuBaeMoMm caydae
Touka B coemnapaer ¢ toukoit A). Caenosarespfo, yac-
THIH OAMHAKOBOH Macch NpH J06OBOM ynape oGMeHH-
BAOTCH HMMAYJAbCcaMd. IJTOT Pe3yJabTaT JEerko MNOMy4HTB
Takike H3 popmya (13.4).

Moay4eHKble HaMH Pe3yAbTATH ABJAIOTCA CACACTBHEM
3aKOHOB COXpaHEHHs SHEpPTHH H HMOYJbCa H He 3aBHCAT
OT xapakrepa B3aumofeficTBUA HacTHI. [As Toro yToGH
onpeje/uTh, NOJA KaKHM YIJIOM ¥ pacceWBaercsi 4acTHIa,
HYHO 3HATh 3aKOH B3aHMOJEHCTBHA 4acTHIl ¥ HX B3a-
HMHOE pPaCNoioMKeHHe NPH CTOJKHOBeHHH. PaccMOTpenHio
3TOrO BOMpOCA NOCBALUEH chelyiowui naparpad.

§ 4. PACCEAHHE MACTHI i74

§ 14. Pacceanne wacTun

B § 12 6ua0 nokasaHo, YTO 3aaaua ¢ APHAEHHH ABYX
P3aHMOAfiICTRYIOMYX YACTHL CBOAHTCA K 3akaye O ABH-
KeHHH 4acTHHH ¢ Maccoli ¢ (p— NpHBeAeHHaR Macca)
B LeHTPAJBLHOM NOJIe CHJ, NPHIeM PacCTOAHHe 3Tof uac-
THIBE OT HEHTpa CHJA paBHO pacCcTOAHHID MeXay paccMaT-
puBaeMuMH wacTunami. Haftna Tpaexropuio pooGpaxkae-
MO YacTHIB MaccH p, JME€rKo HaflTH TpaeKTOpHH OGenx
YacTHL.

BocnonpsyeMcsi 3THM mpHeMOM [AA HW3yYeHHA Npo-
llecca pacCesiKks YacTHNW sy YacTHUeH mj KoTOpasd

Pre. 14.1

NepROHAYaNLHO HEMOABHXHA B A-CHcreMe. [Tlepefem
B 4-CUCTEMY H PpacCMOTPHM 4YacTHUY W, ABHXKYWYIOCA
B CHJIOBOM TNOJIe, HEHTP KOTOPOro COBMajaer ¢ UEHTPOM
uaepunn cucreMu €. Ha Gonplinlx paccTosHHAX OT IleH-
Tpa noje GyjeM mOJAaraTh CToab cNaluM, YTO ABHXKeHHe
YacTHUR BAAJH OT IEHTPa MOXKHO CUKTATh NPAMOAH-
HefHHM.

Beeaem B paccMOTpeHHE nplyessuoid napamerp Kiau
npuyeabroe paccToarue b, papHoe TOMY PaccTOARHIO, Ha
KOTOPOM npoJeresa 6 YACTHILA MHMO CHAOBOTO UEHTPA,
ccAn 6Bl noJe He OKAa3wBalno Ha Hee BO3defcTBHA
(pue. 14.1). ScHo, 39T0 yroJ OTK/AOHeHHA YACTHHHl €CThb
QYBKUHA NPHIENLHOTO paccroadna: y ==y (b), npuuem
ueM MeHblIe b, TeM, BooOlie roBops, A0JKeH OuTb 60Jb-
we y. OGpaTHp 3Ty GYHKUHIO, MOXKHO HamucaTh

b=1>b(y). (14.1)
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[Tpeanonoxnm, uro Ha caoBoft nesrp C manaer my-
YOK OAMHAKOBHIX YacTHL, JMeTAUNX BAAJH OT LEHTpa B
OZHOM H TOM Xe HAaNPaBAeHHH H ¢ ONHHAKOBOR CKO-
pPOCTbI0 Tg. STOT MyHOK MOXHO OXaparTepH3OBaTh NJOT-
HOCTBIO NMOTOKA YACTHL j, MOA KOTOPOA moApasyMeBaercd
YHCAQ YaCTHL, NPOJETAIOUIMX 33 CeKYHAY 4Yepes meprieH-
AUKYASAPHYIO K NMYYKY eIHHRYHYIO naowaaxky. byzem no-
J1araTh, 9TO NYYOK YacTHL OAHOPOACH, T. €. YTO BAAJH OF
PACCEeHBAIOINEro NeHTpa RAOTHOCTL NMOTOKA OLHHAKOBA BO
BceX TOUKaX NONepeyHOro CeyeHHs MyvKa.

YacTHuN NYYKA OTKAOHAIOTCA Ha pa3Hue YIau ¥
B 3aBHCHMOCTW OT TOTO, ¢ KAKHM NpHUENbHHM paccToR-
HHeM NpuHGAHKAeTeH K LEeHTPY Ta WAH HHAs 4YacTHua.
YacTHEH, NpHUeNBHOe PAacCTOAHHEe KOTOPHX OKaxercd
B npepenax or b no b 4 db, 6yayr paccesiiu B nNpegenax
yraoe ot § Ao y + dy. Obo3HaunM NOTOK TAKHX HacTHIL
{T. e uBclO YacTHU, pacceHBaeMhHX NOA YrJaMB OT %
40 -+ dy B eAkHHLY BpeMeHH) vepes dN,. OTHollenune

aN,

do= —7— (14.2)

Has3HBaloT Jupdepenuuaronoin spesTusitom cedernuem
(vnn nonepewnurom) paccesrnus. OAHAM A3 OCHOBAHMMA
AJsi TAKOro HA3BaHHA NOCAYXKHJIO TO 06CTOATENABCTRO, HTO
do, Kak caegyer ua (14.2), nmeer pasMepHOCTE NAOCINAJH.
Jlerko BugeTs, 4T0 do onpelenseT OTHOCHTebHOE KOJH-
YecTBO (00JI0) YAacTHO, pacceHDaeMHX B AaHHOM HHTep-
BaJe yrjos.

B caydae oAHOpOAHOrO MO CeveHHI0 NYYKa MOTOK Yac-
THLl, NPHUEJBHOE PACCTOAHHE KOTOPHX MOMajaer B npe-
Aenwt oT & no & 4 db, pasen j2abdb (nmoTok == nAoTHOCTD
MOTOKa X nAowaip). ITOT MOTOK pacceHBaercss NMox yr-
aamu or x 1o x -+ dy. Caemopatenvro, dNy = j2nb db.
IloncraBue 3to 3HaueHHe b popMyay (14.2), nonyuaus

da=w—=2nbdb

Han, nepeding ot nepemennoht & x g (cM. (14.1}),

do=2ub(x)|j—;[dx (14.3)

db db
Mbl B3AJAH MOLYJBE ——, UHOCKONBKY —— < 0).
4 dy dy,

§ 14, PACCESJHUE UACTHI{ go

Bennuuny dN, B popuyne (14.2) MOXKHO TPaxTOBATh
Kay MOTOK YacTHI, JeTAMX B Npeleaax TeAecHOro yrira
dQ = 2nsinydy (Takyl0 BelHUWHY ¥MeeT TenecHHR
yroJ, 3aKJ0UeHHBA MEXy KOHYCAMH C YIJlaMH pacTsopa
g ¥ %+ dy). 3amenns B (14.3) 2ndy uepes dQ/siny,
MoNcHO nprsecTd dopmyay ans audpepesunansHoro sg-
(eKTHBHOTO CEYCHHR PacCeaunn K BHAY

o818 |

il (14.4)

dopmyana (14.3), pasro kak u (14.4), aBaserca ca-
moft ofmefi —ona ompefenser auddepenuuansuoe sg-
(exTHBHOE CeueHHe paccefHHs B CJayvae Jio6Oro LeH-
TPaNbHOro pacceusalomero noas. Besuwuuns b(y) H
db/dy, onpeaenmioTCA XapaKTepoM CHJAOBOrO mond, T. €.
xapaxTepoM BsanMoaeficTBHA dacTui. CrefopaTenbio, de
onpeAeadercs BHAOM DAcCeHBAXOLIEro MOAA H ABASETCA
paxkHefleA xapakTepuCTHKON nponecca paccesauns. He-
cledoBas 3KCNEPHMEBTANbHO do, MOMHO MOJNY4HTHL CcBe-
JleHHsi 0 XapakTepe CHJIOBOTO NOAA.

Jo ckx nop wa pedb O paccesHHR MYYKa HacTHH
HAa OfHOM paccedBalolleM ueHTpe. [IpaxTHUECKU Xe Ha-
6.moAal0T paccesiHe HA COBOKYMHOCTH OAMHAKOBHX pac-
CCHBAMIINX LeHTPOB. B cBA3M ¢ 3THM OTMETHM CAelyIo-
mee odcroareanctso. Ha saMernnie yranl 3 OTKINOHAIOTCA
TOJNBKO T€ YaCTHUH, KOTOpHE NeTat AocTaTosHo GaH3Ko
OT pacCeHBAIOUIEr0 UeHTpa (AAS KOTOPHX NpHUeAbHOE
paccTosinne Mano). ITosTomy echn Ha NMyTR HacTAL OKA-
WKeTcd n OAHKAKOBHIX He NepeKpHBalIIMX APYr Apyra
H AOCTATOYHO pa3pelKeHHHX PacCeRBAOIAX UCHTPOB, TO
STH LEHTPH GYIYT OCYIIeCTBAATbL PAccefiIHHE HEe3aBHCHMO
ApYyr OT IpYra H DOTOK YACTHI, pacCeHBaeMLX B Npeje-
Jax yraos or y Ao -+ dy, 6yner B n pas GoJabille, ueM
npy HajAHYMH TOABKO oaHoro menrpa, Takum oGpasoM,
B cAy4ae n UeATPOB

dN,=njds.

MMepefizem OT YacTHIH ¢ Maccoft n, paccenpaeMoRt He-
NOABMKHHIM CHJAOBHM UEHTPOM, MOMELIAIOUHMCH B TOH-
ke C, x peajibHEIM YacTHUAM m; H mg. TpaekTOpHH 3THX
YaCTHIL, TEOMETPHYECKH MOAOGHHE TPAEKTOPHH YaCTHUH .
JleficteuTensHo, cornacuo (12.3) pammyc-sextop nepsok
yacTHIE, npoBefieHHnli u3 Touku C, B mg/(mi + mq) pas
AJNHEEE PAAMYCE-BEKTOPA YACTHHH J, TPOBEACHHOro M3

(14.5)
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Toft Xe TOUYKH, AHAJOTHYHOE COOTHOMIEHHe CNpaBeAHBO
H Aas BTOpoli yacTUUH, 3HAUHT, B §-CHCTEME YaCcTHIA My
OTKJIOHSeTCA Ha TOT XKe yroa y, 9To H wacthua p. B xa.
yecTBe MPHIETLHOTO PACCTOSHHS HYXHO GpaTh paccros-
HHe, Ha KOTOpOM npoJseresia Gbl nepsas 4YacTHUA MHMO
BTOpofi, ecan 6w wacTHNW He B3aumojeficTeoBaiu (pa-
AHYC-BEKTOp F YaCTHIB |, TPOBEAEHHHA M3 CHJIOBOIO
uentpa C, cosnajaer ¢ ry —rg).

Takum o6pasom, dopmyna (14.3) oxasmBaercs crpa-
Be/iHBOA (B y-cHcTeMe) H AJA MyYKa 4acTHI my, pac-
ceupaeMuBX uacTHued me. Has Toro 4robn nepedTH OT
y-cucTeMH k sabopaTopHOf cHcTeMe, B KOTOpO# HaGJiio-
Aaercsi paccesnue, HeoGxomumo B Qopmyae (14.3) me-
pefiTH OT nepeMeHHON ¥ K mepeMeHHOf 0,. 3ToT nepexoa
ocymectasiercs no ¢opmyne (13.5). @opmyna, KoTopas
NpH 9TOM mnoJyuaercs, B obuieM cayuae OKashHBaercs
oveHb FPOMO3JKOH. !

B yacTHOM cayuae, KOTAa my & my {(pacceHBaeMmple
YaCTHIH MHOTO Jierye pacceHBaomux), 8 = y (cM. dop-
myay (13.5)), rak uro popuyan (14.3) n (14.4) moxno
3aMHCaTh B A-CHCTEME:

da=2ub(9.)|§°il|de..

b(®,) | db;:
do = sin 6. d_ﬁlldg'

{14.6)

OTMETHM, 9TO B 9TOM CAy4ae | = mty T = ry (TpaexTo-
PHS QacTHUH m( MPAKTHYECKH COBMAaAaeT ¢ TpaexTopHel
YACTHUH ).

PaccMoTpuM cayuafi KyJOHOBCKOTO pacceHBaloniero
noas, T. . noaa supa U == a/r, noaaras m; < me. 3nep-
THIO paccenBaeMOfi YACTHUB MOJKHO TpeiCTaBUTh BHpPA-
wetnem E="Jym v}, rie v, — HavanbHan {H KOHeUHas)
CKOpPOCTb HACTHHB 7. MOMEHT MMNyJbca YacCTHIH 1y
OTHOCHTeJILHO LEHTpPa paccesnusn (coBmajaioulero ¢ vac-
THuefi mg) papes M = myveb (cm. puc. 14.1). IToacrasus
aTH sHauenna E u M B dopmyay (11.5), npuaem Kk co-
OTHOLLEHNIO: :

L+ (m,o56%[a) (1/r)

Af1 + (mcofa)t

Hs puc. 14.1 BHAHO, YTO NPH r = 0O HMEIOTCA ABA
3HavYeRHs ¢ — HyAb H 2¢o. B mepeoM cayuae AeBas 4acThb

@ — @, = arccos (14.7)
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dopuyan (14.7) obpamaerca B —@o, BO BTOPOM B o
IlosTomy, monowus B (14.7) r = 00, MOJKHO HaNHCaTL

1

A1+ (mpfa)

1
t + (mogpfa)®

Janee u3 puc. 14.1 caeayer, uT0 y = — 2¢9, T. €. Pp=
=gx/2—q/2=n/2—0,/2 (MH BOCMONB3OBAJNHCL TEM,
YT0 B PACCMATPHBAECMOM CJyuae MOXKHO IONOXKHTh
8, =y). IMoacTaBHB 370 3HaueHKe @¢ B Popmyay (14.8},
NONyYHM

Qo= |arccos

OTKYHA

cos? @y = (14.8)

FHOTREII S0 1 M
EERECE 0

Paspeminp 970 COOTHOWICHHE OTHOCHTEALHO b, HpHEEM
nocje HeCJOXKHHX npeo6pazoBanHfi K BHPaXXeHHIO

=b5(0)=-2 8 '

b=5(0) poe ctg . (14.9)
Duddepennuposanne no 8 naer
db a 1

) myvg 2sin®(0)/2) (14.10)

Haxoney, noacraeus Bhipaxenus (14.9) a (14.10) B

(14.6), noayunM popMyan aasa AHdPepeHUHANBHOTO 5¢-

(eKTHBHOTO CeYeHHA PpaccefiHHA YACTHIL MaccH nh

B KYJOHOBCKOM nmoJe, CO343apaeMOoM uacruueﬁ MAacCh
ma(ms % my):

do— n {2\ 208 (82)

(m,og sin® (0,/2)

do = LA e 3

(2""1"3) sin® (8/2)

My noJayunaHu H3BeCTHYWD H3 o6IMEro Kypea GHIHKR
gopuyay Pesepdopda ana paccesHNs @-9acTHHI Ha THA-
XKeanx aapax. B aTom MOXHO yGeAnTbes, 3aMEHHB @ 4e-
pes 2Ze* w ymuomus dopmyau (14.11) u (14.12) na
MIOTHOCTL NOTOKA Ct-YACTHIL ]' H YHCJIO aTOMOB pDAacCCeH-
BalOIEro BeHlecTBa £, NpEXOAsAUleecl HA eNHAHIY

de,, (14.11)

(14.12)
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NJONIafK NONEPeuHoro CeueHns myuxa o-dacTud. Toraan
Jiepofl uacTH OPMYyast NONYUHTCS REpaNKenne njdo, KOTON
poe maer dNg, — NOTOK @-YacTHl, PACCEHBACMLIM B HHS
TepBase yrsos or 0; mo ;- de;, anbo dNg — HOTOR
@-UacTHll, PacCeHBAEMBIX B TelecHut yroa df2 (cm. GOps
myay (14.5)).

3amerum, yTo HalileRNbic HAMH BIpameHna Ana deo
He 3aBHCAT OT 3HAKA 4, TAK YT0 MOAYYECHHHA pe3yabrat
CNpaBeAMHE He TOABKO JAJisl Cyuasd KyJAOHOBCKOTO OTs
TaJKHBAHHA 9ACTHIL A1) B #itg, HO H ANA CAYYAA HX KYJ/Os
HOBCKOTO MPpHTAXKEHHs.

§ 15. [imnikeHHe B HEHHEPUHANBHDIX CHCTEMaX
oTCueTa

®yuknusa Jlarpamka OAHOR YaCTHUR HMEST BHA

L—1ymv® —U (1) 5.1

TOJLKO B HMHepUMAJBHEIX cucTemax orcuera. Hafinem
BHA L B npousBosabHOA WeWHEpPUHAJLHOH CHCTEME OTCHEs
ta. Ha puc. 15.1 Hsobpas
JKeHa HHepuHandbHas CHs
crema orcaeta K M cHCTe:
ma K’, mauano xotopoR
(Touka () ABuKeTCHA BCHe
creMe K ©o CKOpOCTLIO
vo(?), a cama cuctema Ky
KpOMe TOTO, BpallaeTcs OT.
HOCHTeAbHO cHcTeMd K €
yraopoft - ckopoctsio @ (f).
Bupasum ¢ynxuaio (151
yepes pagHyc-BevTOp T
onpefeasioluli NojoXKeHHe YACTHIE B CHCTEME K58
gepes CKOpOCTh V' uacTHUM, HabmoaaeMyio B TOH e
cHucTeMe.

[MpeanonoxnM CcHauajpa, 4TO vo{f)=0 n navaza
ofenx cucreM orcuera coenanaior. Toraa mexay CKOpoOs
CTAMH HacTHUHN B ofeHx CHCTeMax HMeJoch OH COOTS
HouleHHe

Pue. 15.1

v=v' 4 [or']

{wacTula, HEMONBHKHAS B CHCTEME K’, umena 66l B CRH=

(15.2) %
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eveme K ckopocrs, pasayio {er’] 1)). Ecin xe vo(f) or-
ANMHA OT HyJas, coorHomienne (15.2) nmpumer BHA

v=v,(f) + v +[or'].

MoacTaBHM NOAYYCHHOE HAMH BHpaXeRue AAA V
B popmyay (15.1}). B peayarrate nonyuum

(15.3)

L= 2 v + 55— + Z [or'P +

+ mv, OV + mv, () [or’] + mv' [or’].  (15.4)
lNeproe cnaraemoe B 310fl GOpMyae ecTh 3a1aNHAA PYRK-
N BpEMEHH, KOTOpasi MOXeT GHTb NpencTapieHa Kak
HONHAS MPOH3BOAHAA MO [ OT HexoTopod Apyroil dynK-
. B § 7 Mu ycranopuan, uro ¢ynxuuio Jlarpanxka
cieldyer onpefensTh ¢ TOYHOCTLIO A0 AJAWTHBHHIX caa-
racMLIX, NpeAcTaBaAgomux coboft MOAHYIO NPONH3IBOAHYIO
{t0 BpeMeHH OT MPOH3BOJALHOM (HyHKUHA 06cOmeNHNX KO-
OpRUHAT B Bpemenn. FlostoMy caaraemoe (m/2)[vo(f}]*
cacAyeT ONYyCTHTD.

PaccMOTPHM UYeTBepTOe H NATOe charaembie B (op-
myac (15.4). BoHecs 3a ckoOKH ODIHA MHOXuTeNb, 3TH
charaeMbpie MOXKHO NMPEACTABHTh B BUAE

v ()Y + [or']} = mvo () {% + '%' "r]} i

—my, (e D (455

3necs d'r’ — npupamenne r’, Ha6aoaaeMoe 3a ppeMs df
»n cucreme K’ (HanoMHHM, u4TO V' — CKOPOCTh MacTHLLH,
wabaonaemas B cucreme K’), dg—yroa, Ha KOTOpHH
nosopauusaercsa cucrema K’ 3a ppems df,

Ecnn oOHa H3 CHCTEM OTCYeTa BpallaeTcd OTHOCH-
FeNLHO APYroft, TO npHpalleRHe HEKOTOpOro BEKTOpa a,
nabaioxaeMoe B o6eHx cucreMax, 6yAer HeOAHHAKOBHM.
10 JIeTKO TNOHATb, NPeANOJOKHB, YTC NO OTHOLIEHHIO
# ppamiapoluefics cHcTeMe BeKTOp He H3MeHsmercs, T. €.
MpupalieRHe BeKTOpa b 3TOR cncreMe (00O3HAYAM ee€
KR’) paBHo mymwo: d'a=0. Toraa nopupauicHHe BeKTOpa

')y 310 pupamende noaytaerca H3 dopuyan (VI 46), ecar
llﬂm;l‘l(l'l'l'b B Hefi a=~r" B pasfeNATh DOAYIHBLICECH COOTHOMENAE
a i,
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p uenoapkxuod chcTeMe (cucreme K) MoxHO sanHcamh

B BHOE
da = [dy, a]

{cM. dopuyay (VI.46)). Ecax xe uabaionaemoe BO BpRel
wialonieficsi CHCTeMe TpHpalleHHe BeKTOpa d'a OTAHYRG
OT HYJA#, TO TPHpalleRHe, HaGAOAaeMOe B RENOABHKHOR
cucreme, SyleT paBHO

da=d'a 1 [de, a] (15.6)

{nosious & = ¢’ u noieaus Ha di, MH NpAAeM K (op-
myae (15.2)). |
Conocrasup (15.6) ¢ Bupaxennem, crosniaM B Qu-
rypHHIX cKoGkax B mpapcfi sacti gopmyan (15.5), npu=
XOIHM K BHBOXY, YTO 3TO BLIpaXKeHHe MPEeACTaBJIseT cO-:
6oli npupaluenne BekTopa 1, HabnonaeMoe B cucreme K,
T. e. dr’. TakuM ofpa3oM, cyMMe 4YeTBEPTOro H MATOrO
caaraeMux popmyan (15.4) MOKHO NPHAATL BHA

d r
mv, (t) T‘;—.

IMpeoGpa3yem 3TO BHpaXKeHWe CALAYIOUUM OGPa3OM:

dre’ d dv,
mv, (1) T'; = — {mv, () '} —mr '&To' |

IMepsoe caaraemoe Kak NOJHYI0 MPOM3BOAHYIO mo f of
GyHKIMM KOOPAHHAT W BpPEMeHH MOXHO oTOpocutb. BO
BTOpOM caaraemom dvo/df ectb wy(f)— yckopeHne Ha-
yana koopauwHar cucremw K’, mabmopaemoe B CH:
creme K.

TakuM o6pasoM, Mbl TPHUXORHM K c/elyiolleMy Bil-
paxennio aas GpyHrUMH Jlarpanka B nepeMeHHuX ' H v

L' = mv’[2 + m[er' 2 — mt'w, () + mv’ [or'] — U (r').
{15.7)

Mu noayuuau obwuii sua ¢ynkuuu Jlarpamka wyac-
THIH B NPOU3BOJMLHOA HeWHEPLHANbHOH CHCTeMe OTCYera,
®yuxunio U Tenepb HYXHO CYHTATh 3aJaHHOA B Mepe-
mennux r’ (8 ¢popMyse (15.1) oHa 6usa 3ajaHa B nepes
Mendpx r). TlepexoX oT OAHHX NepeMeHHHX K ApDYTHM
ocyulecTRageTcs no popmyne

r=r, )+, (15.8)

rie fo(f)-— paAHyc-BeKTOp Hauana KoopAKHAT cucTeMu K
(cum. puc. 15.1). :
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QOrMernn, wro gaxe ecax e dynxumio (15.1) spems
fle BXOOHAO ABHC {OHO MOTJIO BXOAWTL B CHIOBYI PyHK-
umo U}, ro B Qyuannio (15.7) ppems GyideT BXOSHTE,
TaK KAK Wo B @ CYTb, BooOmie ropops, QyHkuMH f; Kpome
Toro, BpeMs BOWA2T ABHO B chaaraemoe [/{r’) B peayan-
TaTe nepexoja OT r K r’, OCYmECTBAIEMOrO MO ¢op-
myae (15.8).

Iipextpe ueM NprCTYNuTh K COCTABACHHIO YpaBHEHHS
Jlarpaua, 3saMedu¥ ETOpOe CJA2racMoe BHPAayKeRHd
(157} B coorpercTeMR c $opmynol (VI.G). B pesyns-
TATEe HOAYUUM
L) =’ [2 + mat?(2 — m (wi' V2 —

—mr'w, () 4 mv' {o'] - U (r'). (15.9)

Bocnoap3opaBilHACh unmnqecxoﬁ nepecmnonxoﬁ co-
muoxsnTenelt (cM. dopmyay (V1. 3)), npemnocnemee
caaraemoe, pastoe mv’' |or’], MoXeo GHA0 GH 3anHCATh

1 ByRjae
(15.10)

Vpapuenne Jlarpania B cHcreme K’ BHragauT che-
fylompM obpasom:

mve]r.

d JL” gL
T o (15.19
{cm. dopmyay (%9.3) R nomcTpouHOe NpHMeEvaHHe Ha
crp. 14). Wz eopamenna (15.9) caenyer, uro

oL v' 4+ m[er’],

e

Goreysaa
d_ oL ., - -,
a7 =MV + m[or’] -+ mer’l.

IlanoMHUM, 9TO ¢ TEX NOP, KAK MH BHpasuan L B nepe-
MCMIEX T° H V), MH <XABem» B cucreme orcyera K.

Cae08aTeAbHO, NMOA V' HYKHO NOHHMATh YCKOpeHHe

wicruns W, wabaoaaemoe B cucreMe K, a nox r’— cko-
fiocT wactHW v B Tofl xe cHcreme. Taknm o6pasom,

@ oL (15.12)

o mw’ 4+ m [air’i] + m[ov’].

W0 KACAETCA @, TO 3TO €cTh MPOH3BOAHAA TIO BPEMEeHH
diyukupn o(f), KoTOpan 3ajaHa HaM B CHCTEME A,

3 H. D. Capenpen, t. 1
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Ilpn sHuncnenns 8L’/0v/ Gynem npeanonarath, 4To
npefnocientee ciaaraemoe B (opmyie (15.9) npescrap-
Jeno B Baje (15.10). Toraa moayuum

% == ma’t’ — m{er'}e — my,(l) +m[veo] — gg 3
(15.13)

IMeppre kpa ¢haraeMbie B 3TOM BRIPAKCHHA NPeACTAB-
na30T  coboli  Hanucauroe no  dopuyne «Gan  MuHye
uabs> {cM. (VI1.5)) ApoifiHoe BeKTOpHOE NpPOHIBEZECHHE
mle, [i'o]]. Cregesarensno, Bripaxesue {(15.13) mMoXHO
32AMCETh B BHERE
oL’ ; au
Wﬂﬁl [0), [r':&j]r—mwo(t)—}-m[v’m} — '-é-r—,-
Tloacrasne Bupaxennsa (15.12) n {15.14) B ¢op-
myay (I5.11) m pponasema npeofpazopannn, npujieM
K YPaBHEEHIO NBHMEHMA uwacTROH B cHcTeme Kt

mw = —aUor — mw, () + m[r'e] + m [o[re]] +
4+ 2mfv'e). (15.15)

Mu BRAHM, 4TO YCKOpEeHMe YacTHUR B cacreme K’
onpefensercsa, kpoMe oOYCNOBAeHHOH CHACBHM NOJAeM
cHAH ~— U /01’, psigoM JONONHMTENEHEX CHA, lla3nwipae-
MHIX, KAK H3BECTHO, cuAQxmi LHepyult.
mlo [re)] Raer yenrpobexnyio cury wuepuvy, a cna-
raeMmoe 2m[v'e] — xopuosucosy cusy. Cuna mlr'e]
CBf3aHA C HePaBHOMEPHOCTbIO BpaAULEHHA; OHA CHelRalb-
HOIO Fa3BaAHA He HMEeT.

Ecau crerema K' mBHMeETCA OTHOCHTENBHO CHCTeME K
nocrynatensHo (B 3ToM cayuae o =0, a suauuT, H
w=0), B ypaBHeHHe ABHXEHHA BXOIMT TOJLKO OfAHA
CHN2 WHEPUHR, paBHad

Po = —mw, ().

(15.14)

(15.16)

3aMeqaTeNbHO TO, 4TO 3Ta CHAA, KaK H CHJAA TAMECTH
mg, NPONOPUHOHANLRA MAcCe YACTHUH. 370 O0GCTOATENb-
CTBO JeXHT B ocHoBe ofutell TeOpHH OTHOCHTEJNLHGCTH,

B caywae paBHOMepHO Bpaumaiomefics CHCTEMH KOOp-
NAHAT, He HMewuiell DoCTYnareAbHOro  YCKOpeHnS

(wo(£)=0, » =0), dpynkunus Jarpanixa uMeer BEA (CM.
ae) Qy rp (

L' =mv"[2 + m[er' P2 + mv' [er'} = U. (15.17)

Caaraemoe’

i e—
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HafineM BMnyAbc, MOMEHRT HMNYALCA H SREPrHIO YACTHILK
Ina oToro cayuas. B coorsercrsin ¢ dopuynof (.5)

4 aL’

oV -

B3as npouzsommymo or dyusxuen {15.17), ncayaum
p =mv 4+ mler)=miv 4 [or]}. (15.18)

Leau cucrema K’ He HMeeT ne TOALKO OOCTYOATENLUOND
YCKODEHHS, HO H NOCTynareibHoli ckopocTH (v, = (), To,
Kak Bumpo Hz {15.3), pupamedue, croamee B {15.18)
8 QUTYPHRIX CKOOGKAX, €CThb CKODOCTH YACTHIIN V OTHOCH-
Tenblo MHepuxaasuof cucremnm K. Takum oGpasowm, p’
OK23HIBAETCA PABHHM MV, T. €. COBNAJAeT ¢ HMNYJABCOM P
MACTHIH B HHePUHAALHON CHCTEME!

p =p. (15.19)

Haanee, ecan nauana cacrer K u K’ copnagamor (cM.
puc, 15.1), TO coBmamalT M PaAHYCH-BEKTOPH r U r’.
Orciopa ¢ yuerom (15.19) phiTexaer, ¥TO MOMEHT HM-
nyasca M =|[r'n’] B cucTeme R’ coBnagger ¢ MOMEHTOM
HMnyjabca M =—|[rp] B cucreme K:

M =M. (15.20)

B cooreercreiH ¢ Gopmyaoit (5.1) aneprkA wacTHIN
B cucTeMe K onpenensaercs BHpaXenuem

oL

E=Y2#—-L,
A

FA¢ X; — KOOPARHATH (ReXapTOBh) WACTHUH B CHCTEMeE
K’. Coraacuo (4.17) OL'Ja%; ectvb p; — npoexuEs HM-
nydvca YacTHUW P’ Ha (-} KOOPAWHATHYIO oCh; £ —
POeKIHA Ha TY JKe och CKOpocTH wacTHRK V. Caefopa-
JeALHO, BHPaXKeHHe AJI 3HePTUH MOXKHO 3anHcaTk B BRAE
=pv — L. (15.21}

ltoncrasns ciofa snavenune (15.18) ana p’ u Bupaxe-
e (15.17) paa L', nonyunM caeayoiyio GopMyJy:

Ef -~ _mv:S
2

+ U — F-[er'P (15.22)

“]}.‘Illlell}le CACTEMEl OTCHYeTa NPOABHAOCH B NOABJIEHHH
n BnpaxKeidHH A aHeprud HONOAHHTEADHOro, He 3aBH-
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CARero OT CKOPOCTH YaCTHL B U', cjlaraedoro
Uys = — 5 [ar'P. (15.23)

3Ty ACNONHNTENLHYIO «NOTCHUHANLHYIO® 3Hepruic HasH-
BAlOT UEHTPOGeKHOI.

3amennm B hopmyae (15.22) v" vepes v—[ar’] (cM.
{15.3); nonaraem vo(f) =0). B pesyabrare noayunm

E'=mv¥2 4+ U — mv|er’]. (15.24)

Ilepene apa cnaraeMbie A210T SHeprHI0 yacThuH E B cH-
creMe K. Ecan navana cucrem K uw K’ copnapaior, r’
MOXHO 3aMenHTh uepes r. Torfa nocneannfi unen B
(15.24) ¢ noMolbi0 UAKIHYECKOR NEpecTaHOBKH MOXHO
NPHBECTH K BRAY

mv ler]=o[r, mv]= oM.

Taknm o6pazoMm, mempay sHeprusmu uacThuel E (B cn-
creme K) v E' (B cucreme K’} uMeercs cooTHOWICHRE

E=FE— oM. (15.25)

Hanomunm, yto sta dopmysna nonysena s npeanososxe-
HUH, 9TO Havyala oOerx CHCTeM OTcYeTa copnapalor. Cie-
AoBaTesbHO, BMecTo M 8 dopmyae (15.25) moxno nu-
cath M (cM. (15.20)).

Hrak, ecan cucrema orcuera K’ pasHomepHo Bpa-
IIAeTCA OTHOCHTEALRO HHePUHANALHON cHcTeMH K W Ha-
Yana OGeHX CHCTEM COBMEleHH, TO KMIYJbLC ¥ MOMEHT
HMNYAbCA YacTHIH B OGeHX CHCTeMaX COBNajaioT, a
3Heprus 4acruun B cHcreme K’ Menbllle 3Hepruw B CH-
creMe K Ha BEJHYRHY CKafAPHOTO NPOH3BEACHHA BEKTO-
pos @ H M.

Faasa lV
MANBIE KONEBARIY

§ 16, CeoGopne KoNeDanuA CHCTEM §e3 TPOiaK

PaccMOTpPHM CHCTEMY ¢ OAHOM cTeneHbld cBOGOAH,
B KOTOpOH OTCYTCTRBYIOT cial Tpeuusi. [lorenunanbrasn
SHEpPrHs TAKOH CHCTEMH HMeeT BHI U=U(g), rre g—
obobiernan koopaunata. HasecTHo, yTO B NOJOMEHHH
yCcTOHYHBOTO PABHOBECHA NOTEHIMAJNbLHAS HEPTUA HMLCT
MinuMyM. Dynem OTCYHTHEBATE ¢ OT 3TOrO HONONEHHS.
Pazaoxum dynkumio U(g) B pai no cTeneHAM ¢ B Ma-
A0f oKpecTHocTH Towkd ¢ =0. Bsufy Majoctd g orpa-
HHYMMCS NEPBHIMH YICHAMH pasoXkenns:

U(gy=U O+ U 0 ¢4 LU (0} 4"

Hs ycaosus papaosecks U’ (0)=90. Ycaopumea otv-
CUYTRIBATh NOTEIHAANLRYI0 3HEPTHIO OT NOQJIOXKEHUA pas-
nopecHs, 1. e noaomuM U(0)=0. Hakonen, nbeiem
o6osnauenne: /" (0)==x (HANOMHHM, 94T0 B TOUKE MHHH-
MyMa BTOpas NPOH3BOJHAS MOMNOKHTEALHA; CAEI0BATEIb-
o, % > 0). B nrore NpuIeM K BHpaKSHUIO

2

U(g):%-, (16.1)

ByzeM cuHTaTh CBASH CTAlKOunapunMda. TorRa co-
raacgo {8.7) 4
T=v(0)d".

Ipa DpPOXOGNACHHH 4epes NOJONKEeHHe paBHOBecHA T e
eGpamaerca B Hydab. Caenosarensuo, y(0) oramuHa of
wyns. Pasnowue y(g) B pAA M COXPAHHB BBUAY Malo-
CTH § TOALKO HYAEBOH WieH pasfoXeHHs, MOKHO Ha-
1IncaThb =

= P (16.2)

rpe p==2y(0) (me nyraTe ¢ npupefecHkofi Maccofil).
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Cocrapum Ppynxnnio Jlarpanxa:

= uék 2
L=5% -5 (16.8

Ypasuenue Jlarpauxa:
pj-tng=0 namw §4 aig=0 (16.4)

(@} = (/u) > 0) npeacrapasier cobofi AuHefiHOE OAHO-

poigoe auddepenunanbioe ypaBHeHHe BTGPOre Nopsiaka
¢ MOCTOAHHEMU ko3(duuneHTamu (cMm. Tpunoxerue V).
Tlpumennp NOACTAHOBKY ¢ ==eXp(Af), NpRAEM K Xapak-
TePHCTHUECKOMY ypashen:io ')

AP+ @y =0.
Kopnu 31oTC ypapReHHA paBHu Ay = t-iwp, A2 = —iwg.
CrenoraresbHo, ofliee pereHne HMeeT Buj

¢ =C,exp {iagt) -+ Coexp (—ingf), (16.5) 3

rae €, n C; — KOMNARKCHLE IOCTOAHHBIE BeAHYHHE,

3uaueHnd ¢ HOAXHN OLTh BeleCTBEHHBIMA, 3TO 3Ha-
YHT, YTO AQMKHO BHNOAHATLCA YchoBHe ¢* =g (¢* —
BEJIHYMNA, KOMIJIeKCHO-conpsaXenHaa ¢ ¢). Tloacrasup
E 3T0 ychosue Bupaxenne (16.5) maa g, noayunm

C exp (—iagt) 4- C: exp (ingf) =
= C, exp (ingf) + C, exp (—iwpd).
IMonyvuernoe coOTHOWEHAE BHNOAHAeTcA, ecar C, =C:
(cooreercreenno C]= 2)- YuTs 3TO, NpencTapHM lxosq: ]
tunpentn Cy u C; B Buje
Ci=(a2)exp(ia), Cp=(a/2)exp(—io) (16.6)

(¢ B a—nponspoJBHNE BellecTBEHHHE NOCTONHHHE).
Tfoacranonka sTHX 3nauennh B popmyny (16.5) maer

g =5 {exp (i (oot + )) + exp (—i (f + )} =
=gqacos{ay +a). (16.7)

Hrak, clioﬁo.unoe DBHKeHHe CcHCTeMb BOAH3M nono-
JHCCHAA YCTONUUBOrO PABHOBECHS HOCHT XapaKTep rapMo-
HnYeckoro KxoneGaHma (pasymeercs, Opd YC/IOBHA, YTO
B nponecce ABHKEHHA ¢ OcTaercs Manofl). !

') Cu. popmyan (V.7) 8 (V.9).

§ 17. BATYXAIOUWHE KOJEBAHHA 71

Kz obuero kypca ¢u3NKH H3BeCTHO, YTO ¢ HA3H-
paercsl aMIJANTYACH, «—— HauanbKod dasof koneHanug;
@p — €OGCTBEMHAN YACTOTA CHCTEMH ).

[peoGpasyeM eupaxenne (16.7) no dopmynte na
KOCHHYCA CYMMHI: :

g = a(cos o cos af — sin a sin @y)

# Bsefem 0003HAUCHRA
¢ =acoesa, c;=—asina,

Torna pewenne ypasieausn (16.4) moxuo npeicTaBHTD

B BHJE
g = ¢, cos 0y + ¢, sin @y, (16.8)

rge ¢, KB Cp— BelllecTBEHHKE NOCTOSIHHHE, 3HAYeHHS KO-
TOPHX ONPENENAIOTCH H3 HauyadbHHX Yeaosufi (M3 go

i (¢)o).
Haxoneu, npHseies emie oauy dopMy 3anfcy rapMo-
HHYecKkoro kosaeGaums ?):

g = Re {4} = Re {Aexp (iny)}, (16.9)
(16.10)

rie 5
A =aexp{ic)

_TaK Ha3HPaeMas KOMIVICKCHAs aMOAHTYRA; ee MOAYID
pageH OOHYHOH aMmIHTyAe, a apryMeRT — HavaJbHOA
thase konebauus. IMoncrapus B (16.9) anavedne (16.10)
Il B398 BEINECTBRHHYIO WaCTb NMOJYHHBIIErOCA BHPaMXKeHus,
npngem Kk dopmyie {(16.7).

Wrak, rapMoHnyeckoe xoneGanne mMoxer OHTb MpeR-
c1aBaeHo B BHAe Jiofoii Ha Tpex popmya: (16.7), (16.8}),
{16.9).

§ 17. 3avyxaicuine xenedHannn

Bo BcAkoi#l peanbroli KoseGaTesbHON CHCTEMe nei-
€THYIOT CHJAH, TOPMO3AiNKE ABHIKEHHE CACTEMH H NpHBO-
JUllIMe K NOCTENeRHOMY YMEHBIUCHHIO pasmMaxos (3aryxa-
o) konebauuil. Mexannyeckas SHePrus CHCTEMH NpH
%) Kak npapuno, M He GyAeM UPHBOAWTL TeX cBefeHRl 10
pACCMATPHBAEMOMY BOTPOCY, KOTOphle Moryr ObTe HaBIeHH B yet-

unKai obwedt drsnka.
M Kpuhweukolt Haa Sykeoll um GyaeM cfoanavuare XoMIAeKC-

e DEJINYIIIH.
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STOM mNepexoAHT BO BHYTPEHHIOI S3HEPTHIO CHCTEMH M
OKpyxXawomeH cpefn (o6HYHO KpaTKo, HO He BNOJHE
CTPOro roBOpAT, WTO SHEPrHsa MNepexoAHT B Tenao). Ta-
KOH nponecc HasnBawT miccunauueﬁ BHepI‘HH.

Mbl OrpaHHYHMCS pacCMOTpEHHEM CJydaep, Korja
TOpMOSslllan ABMIKEHHE CHCTeMW o6obmeHHas cuaa Tpe-
HHA npomopnuHORaAbHA 0606IleHHON CKOPOCTH CHCTEMBI:

Q=—rq.

STa cH/Ia HENOTeRUHAJbHA, NOSTOMY ypaBHeHHe Jlarpan-
xa Oyaer umerb BUR (4.15), npuuem B kauecTse L HYXHO
B3aTh Qyukumio (16.3). Hrtak, saryxaiomue koaeGanns
ONHCHBAIOTCA YpapHEHHEM

Bj + xg=—rg

(CMHCA BEJAHYHH B ¥ % TOT XKe, YTO H B NpeAHAYIIEM
naparpage). Ipeacrapem 3To ypapHeHHe B BHAE

G+ 28§+ alqg =0, (17.1)
rae
|4 3 r
WG=-5>0 20= T
Toacranopka g = exp (Af) npupoant K XapaKkTepHCTH-
YEeCKOMY YpaBHEHHIO
A2+ 28A + @l =0. (17.2)

Ilpu ycnoemm, uto B2 < @2, XKOpHA XapaKTepHCTHYECKOTO
YPaBHEHHS OKa3HBAKTCA KOMIIECKCHEIMH:

Ay =—B+iqjaf—F, 2’2=_ﬁ“im‘

OGwee pemienne ypapuenns (17.1) umeer Bup
g =Cyexp (M) 4 Cyexp (Aof) =
= exp (—f) {C, exp (it} + C, exp (—iat)},

Tae w=.\/@o—-ﬁ’. Hafigennoe Hamm pemenne orau-
qaerca or pyuxunu (16.5) muoXuTeneM exp (—pBt) n sa-
MeHOR wy Ha @. TpeGoBanne pemecTBEHHOCTH g NPHBOJAUT
K ycjoenio C, = C,i- Beeasn oGosnauenns (16.6) u npo-
H3BEAA SJeMeHTapHHe npeo6pa3oBaHusd, NpHZEM K M3-
BECTHOMY K3 OGMIEr0 Kypca QHIHKH BupaXennio A

$ 17. SATYXAIOMIHE KONEBAHNSA 73

HATYXAOWHX KOJNeOaHuil:
g = aexp{—p¥) cos (wf + a). (17.3)
B cayqae, korpa f? > @}, KOpHH XapaKTepHCTRUECKOTO
ypasHeHHa (17.2) 0Ka3HBAIOTCA BeLIECTECHHHMM:
by=—f+ AP —of=—a,
b =B — P 0} =,

(l'IOCKOJIbK}" .\/ﬁ2 — @ < f, BeAHUHHA o NOJOKHTENbHA;
BCIHYHHA &y TaKKe TNOMOKHTENAbHA, NPHYEM ag > o).

7

- SR

Pre. 17.1

Peitenne b 3ToM cayuae nMeer Bua
g=Cexp(—ayt) + Cyexp (—ay), (17.4)

rae €, n C, — pewnécTBeHHHE NOCTOAHHEE.

Hrak, npn cAAbHOM TpeHuH {npu f%> oj) koaeGa-
HUs He BO3RHKAIOT — BHIBeJeHHAS H3 NOJOXKEHHS PaBHO-
BECHA CHCTeMa BO3BPAllAeTCA b 3TO NOJOKEHHE acHMM-
TOoTHYECKH. OKa3bBaeTCA, YTO ABHIKEHHE CHCTEMH MOKET
HMeTb xapaKTep, ONHCHiBAeMbii AHGO KpuBo#t [, AuGo
kpuBofl 2 (puc. 17.1). B noceaneM caydae cHcTema BHa
4ane MPOXORHT Yepe3 INOJOXEHHe PABHOBECHd, OTKJO-
HACTCA B APYIyio CTOPOHY H TOJbKO NOTOM npHOAH-
#aeTcs ACHMOTOTHYECKH K MOJNOXKEHUI0 pPapHOBECH:.
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Taxoe JsuMeHHe cHCTEMH HasmBaercs anepuocuye-
Crum') saryxanues (MnE anepuoOuveckus npoyeccom).

Kax Gyner npoucxonuts BO3BpalleHHe CHCTEMH B NO-
JI0KCHHE DaBHOBECHS (B COOTBETCTBHH € Kpupoll | MuH
C KpHBOR 2), 3aBMCHT OT COOTHOWIEHHS KO3 (ppuuenTOB
Cy u G, xoropoe B cEOIO OYEpe/p OTIPENEJISIETCS HAYalib-
HEIMH yc/IOBHAMH (T. e. 3HaueHHAMH 0606UIeHHOM KoOp-
AHHATH g ¥ 0006UeHROA CROpOCTH vo=(§)o B Hayan-
HEIi MOMEHT BpeMeHH).

BHACHAM YCHOBHSA, NDH KOTOPHX anepHOZHUECKOE
ABHMCCHHEe HMeeT TOT JHOO uHOA Xapakrep. Bupazum
koo puunents Cy u C; uepes go # v, IT0M0KHB B (17.4)

{ =0, noxyunm
Go=C, + C,. (17.5)
Ilpoaudoepennnposar (17.4) no BPeMeHH H TNOJCKHB
B NONYYHBLIEMCS BHpPaX(eHHWH ¢==0, wafizem, uro
Vo= (¢l = —a,C, — @, Co. (17.6)
Hs ypasrennfi (17.5) n {17.6) crezyer, uro

%G+ 7y — _ mgad v
C,-_—az—!'-_Tl-, Cy== ST (17.7)
[ipupasnsien Brpaxenye ( 17.4) nymo:

C; exp (—af) + Cpexp (—ay) =0. (17.8)

B cnyuae, woraa anepropuyecxoe 3aTYXaKle NPOKHCXOLHT
B COOTBETCTBAN C KPUBOH 2 (cm. puc. 17.1), yparuchne
(17.8) nomzuo nMerh KOHEUHOE HOIOXKHTOABLROS pelire-
Hue. Peilia 3TO ypaBHEHHE OTHOCHTOALHO f, LDOJAVIEM

= l——En(—-%’i . ==L

) Gz — o Qo + o
(M noacrasunn swavenus (17.7) nns Cy u Cs). Paa-
HOCTh oig—ay Oosbite myast (cMm. Buime). [Tostomy f
GYJET MONONKHTENLHEM, KOTLa BHIDAXKEHHE, CTOASE N0
aHaxoM Jnorapu¢pma, Goavme --1. TMocsenmee yeaosue
COBMIORALTCA, €CAH BHPAKEHHS (a1go+v0) u (02go+v0)
HMECIOT OAHHAKOBLIE SHAKH M, KPOME TOID, MOAYJb nep-
BOTO BHIpaxedusi GoJbUIe YeM MOXYJib BTOPOro )

sign (90 -+ 20} = sign (a9, 4 0,2,
loygo + o) > [ aagy - vy |

ot

(17.9)

1) To ecth uenepnosnuecknm.
*) Camnoxn sign osmaaer «3waxs,

§ 17. IATYXAIOUIHE KONEBAHHS 75

Kosppuuments o) u aq OOJIOMKHTEJILHE, npHYeM
oo > . [109T0My ANS BHNO/NHEHHS BTOPOro M3 YCAOBHHA
(17.9) neoGxoaumo, 4TOOLL go K Uy HMENH pasHbe 3HAKH.
JTO HMEeT MECTO, eC/iH HauaibHas CKOPOCThL HanpaspJieHa
K NOJOXEHHIO paBHOBecHs (KOrjga cHcTeMa OTKAOHEHA
Brpaso (go > 0), ckopocTh Hanpasiera Baeso (vg << 0)
i HaoGopor). Ha puc. 17.2 nokasaum rpaduxu hynxuni
I == &ido+ Vo M y=azqo+ 7
+ vo. Tpaduxu nocrpoenw .
A go => 0, n03TOMy Ug < Yo~ tul%
< 0. 3nayvennn, npoberae-
Mife go, NOApA3AENCHH HA
TpH obaactH. Jlerko pH-
AeTb, 9T0 o06a yclIoBHA
(17.9) puinonualores aums 0
B ofnacty /, 7. e. npw o,
He MPeBHIIAIIIHX —Ug/aty. A
B obaactu Il we cobaio-

/]

[
AaeTcA neproe 3 ycnosud, | ! !
B o6aacth [1l we cobm0- | grmms | Qacermdf | Qoearne B
Aderca BTOPOE YyCJAOBHE, i ;
Takum o6pasom, ane- Pre. 17.2

PHORHYECKOE  3aTyXauMe
!IPOHCXOJHT B COOTBETCTBHH C Kpusofi 2 (puc. 17.1) B
TeX CIyYanX, KOTA3 Go K ¢o HMEIOT pasHuie 3Haxkd H,
KpOMe TOro,

ool <22l sy (o> amlgl (1710

(nanomnum, uro a=p- ,\/}'j"' — @),

Chenyer ocofo pacecmorpers cayuaH, Korjma xapakre-
prcTHIeckoe ypasHenue (17.2) umeer kpaTHme KopHH.
IT0 NPOHCXOAUT NpPH YCJIOBHY, TG p*=wi. Torpa Ay =
= Ay = —f. Coranacuo gopmyse (V. [1) o6mee pemenue
ypasuenns (17.1) umeer B 31oM cayuae sug

== Crexp(—Bf) + Cof exp (— ) = (C, + Cof) exp (—p¥)-
llponenas coorsercrayomme BRIKAAAKY, Ralfiaem, 4TO
Ci==q, C,=Pfqy+ v,
H3 ycaosua ¢ = 0 noaywaerca (kpome ¢ = o) snauennme
c gy
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D10 3uaveHHe GyReT NOMOKHTEALHNNM, ECAR

Fo 0 Bgo
———— HIH —— 0
Bao -+ vo < Bgo -+ g =

(yMHOXelNe na B He WaMenseT 3HAKA BEANYHHN, TaK

Kak B >>0). Ilocneanee ycaoBse BHNONHAETCH, KOTAR

SH2K Ug NMPOTHBONQJCIKEH 3HAKY gy W, KPOMe TOTO,

logl> Blg,l. (17.11)

Takum 0G6pasom, n B cnaywae KpaTnux KOpHe#l anec-
PHOANYECKOR 3aTyXanHe MOXKET NPOHCXOANTL KAK MOHO-
TORRO (xpusas [ wa prc. 17.1), Tak u c NPOXOIKACHHEM
uepes noJoxeHre papHepecHs (kpupas 2 Ha puc. 17.1).
Tocnennnit cayuali umeer MecTO, ec/ii BLIBEAEHHAS H3
NOAOKEHHSI PABHOBECHA Ha o CHCTEMA NONYYaert TOSYOK
K NOAOMEHHIC PABHOBECHA, COGOGIAIOMAR efi A0CTAaTOUHO
Gonbiyo HavasbLHYIO CKOPOCTHL (ckopects, ynopaerso-
pomyie ycaosuio (17.11)')).

§ 18. Buryxpennnie KoaeGanus

Ilyers Ha cucremy, paccMOTpeiiHy0 B npeAHAywEM
naparpage, neficteyer NIEPHONHYECKN H3MeHSIOmAsACcs
BHellNAA oboblieHHas cHaa

Q" =Qycos (f + a), (18.1)

KOTOpYI0O MH OyjieM A1 KDATKOCTH HASHIBATH BHHYX-
Aaiowedt cunof. Toraa ypasuenne Jlarpanxa (4.15) pm-
TAAAUT clefyiomuM obpasom:

1§ + %¢ = —r§ 4 Qycos (of -} a).
IlpeoGpasyem ero k Bupy
G+ 2B + 3g = f, cos (of + a), (18.2)

rae fo==Qo/pp, CMBIC/ OCTANLHEHX BeNHYHH W3BecTEH H3
NpeRuAywWwHX naparpados.

Mu mpuuwn k aunefinoMy HeOAHOpORHOMY nudde-
PEHUHANLHOMY YPRBHEHUIO € NOCTOAHHBIMH KOS(DHLHEH-
TamH. Corzacro teopeme (V.6) ero oBuee pelieHue
MOXKHO TOJIyulTh, NpHGaBuB K OflteMy pelIeHHIO COOT-
BETCTBYIOLIETO OXHOPOAHOTO YPaBHEHHS, T. €. K (PyHKIUH

f) B cayuse pashmx KopHell CcHOpPOCTh A0ARHA YROBAETHOPATD
FCROBHID (!7.10).

§ 18, BHHYXKNEHHHE KONEBAHNS 77

(17.3), xakoe-anGo uacThoe pemeHne ypasuenusi (18.2).
Jlis HaxoXNeHHA YACTHOrO pemeHys NOCTYMHM B COOT-
BETCTBHH €O cKasandeiM B KoHHe [lpunoxenus V, a
NMCHHO: npuGaBEM K mnpasot uacrh (18.2) wmuuMmyo
Pynxuuio ifosin(of 4+ @) u Gysem HCKaTh KOMIIEKCHOE
pelucHne § nonyuMBHIErocsi ypapHeHHs; Hafiaa §, BO3b-
MCM OT Hero BeHIeCTBEHHYIO 9acTh; OHa H OyHer npef-
CTABAATL co0oli peuwlenne ypapHedus (18.2). Hrak, 6y-
A¢M peliaTh ypaBHeHHE

G + 2B + ofg = f, [cos (wf + @) + { sin (af 4 o)].
Iiro npapyio yacTh MOXHO NPEACTABATbL B BHAE

foexp (i (@t + a)} = f, exp (int),
fo= foexp (iw), (18.3)

KOMMJIEKCHas aMIVIKTYAA ') BuHyXKAamoumed cuan (Toy-
fice, CHJIbl, AeNIEHHOR Ha §, HO MEl JJIA KPATKOCTH Oynem
naseisath Q*/p npocro cunofi). Hanuwem auddepennn-
0/1vHOEe YPaBHEHYE B HOBHX OG03HAUCHHAX:

G+ 284 + wig = foexp (iot) (18.4)
(4106u He yCnOXKAATL 0GO3HAUEHHH, MH ORYCTHAH KpH-
WICUKY HaK q).
Byzem uckath peinenwe ypaeuenus (18.4) » prae

g =4aexp (iat), (18.5)

Fic & — KOMIVIEKCHa aMNAHTYAa kodeGauna, Hudde-
penuHpys [o £, Hatigem

§ = indexp(ial),

§ = (io)* d exp (o) = —a’d exp (iaf).
Mu BHAHM, 970 NPH KOMNJIEKCHOM 3aNHCH rapMOHHYecKN
USMEHSIONLHXCA BeANYHH nHpPepesuupopanue NO Bpe-
MCHH CBOAHTCA K YMHOXEHHIO BeJHUHHE! HA iw (npH BH-
T¢rPHPOBARHH — K JCJICHHIO HA o).

[Mopcrasup B ypasuenwe (18.4) smipamenna (18.5)

# (18.6) u coxpatup Ha o6mufi muOoKHTenb exp (iwf),
IPHACM K YP2BHEHHIO

—a'd + 2ipod + 038 = f,,

1) Cp. c (16.10).

rne

(18.6)
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K3 KOTOPOro HaxoaumM
4 fo

= (mﬁ — mg) -+ 2ifw 1

Mpencrasum Komnaexcnoe umcao, CTOfIee B 3HAMe-
HaTese, B BHIe

(@ — @) - 2ipe = p exp (i), (18.7)

TAC p— MOAYADb, 4 @ -— APTYMENT 3TOTO Yucaa. Toria

. fo 1

a5 oexp (ig)  p XP (—ig) fo- (18.8)

Hs coornomenns (18.7) britekaer 1), uro
p=Af(G— Y&, tgo=—"2. (189

2
@y

Tloacrasus & (18.8) snauewns p u Jf, (ch. (18.3)),
NOAYSHM AN KOMIACKCHOR aMNJMHTYAR KoAeGaHES che-
Ayolmee BHpaXKeHAe:

48— fo
Y [y

Haxkoneun, noactasup suanenue & & dopuyay (18.5), uaii-
AeM KOMIUIEKCHOe BhpaXKelne Aas g

4 =aexp{i(eat + a —q)).
Ero BellecTBEHHAR 1acTh COBMARZET ¢ HIBRECTARM H3 0f-
HIET0 Kypca (PH3MKH BHPaX(eHHEM YCTAKOBHBLINXCA DH-
HYXAeHHWX koheGannit:
fo
’\/(“'3 e mz)a + 4p0?

(s yuebnngax obmedl Ppu3nKE OOMIRO HOXATRIOT =0).
O6uee pewrenye ypasnenus (18.2) nonyeum, cnoxsn
@yrkunn (17.3) u (18.10). Ananusom srorc peHicHEA H

exp{i(a — 9)} =aexpfi{a—q)}.

q‘:-'..

cos{w +a—q) (18.10)

') Hanomsam, uTo KOMINEKCHO WHCHO MOMET GLiTh H30Gpaxe-
HO TouKoi P Ha niaockocTh; aGemmucca STOM TOUXM X paRHa Belne-
CTBEHHOR uACTH uHCAA, OPAMNATA Y — MuuMOf uacTs, Monyib KOM-
MAEKCHOTO 4YNCAA PABEH MORYMIO [ pAAHyCcA-BekTopa Toukn P, a
APTYMERT @ eCTh yron, oO6pasyeMmsili pajMycOM-BeKTOPOM € GCbIO
Gennce. Orciopa caenyer, uro p == /12 + 2 tg g =y/x.

§ 19. CNIYYAA MHOTHX CTENEHEA CBOBOAH 70

paccMOTpeHHeM SBAeHHA pe3OHaHca MH 3aHHMAaThbcA He
CTAHEM, MOCKOJALKY 3TO AeNdercs AOCTAaTOHHO NOAPOGHO
B Kypcax ofuteit dHIHKA.

§ 19. KeneGanua cucTeMul
CO MHOFHMB cTenenaMu cBoGonm!)

PaccMOTplM KOHCEDBATHBHYIO CHCTEMY C § CTEMCHAMH
¢30004H, 006J34a0LYI0 NORONEHHEM YCTOHNYHBOTG pas-
wonecnd. B 3TOM NONONKCHHH NOTCRUKANbHAA SHEPrHA
cicteM U=U(q1, g2, ..., ¢s) nmeer munumym. O606-
HICHHBE KQOPAMHATH ¢; 6yAeM OTCMHTHBATL OT MOJAOKE-
itss papHoBecHd. HMen B BHAY, 4TO MK OrpaH{MYHMCH
PACCMOTPEHHEM MAABX KoMeOGaHWA, pasjaoKuM NMOTeHIH-
AALHYIO 3HEPTHIO B PAA MO CTEMEHSM ¢, NpUYEH npeHe-
GpeixeM unenaMHu Gostee BHCOKHX NOPAAKOB MAJIOCTH:

U=U,+ tz (3—;}‘)041 + %% (-f%%’:)o G p-

B oonodenus pabHoBecns Bce oGOGLIEHHHE CHAH

" 3

& =— %) paBhh Hyao. duepriso Uy taxke noso-
£/70

WHM paBHOA Hyaw. C yuyeTeM CKa3aHHOrO BHpayieHHe

AAA NOTEHILHANLHOR 2Heprud MOXHO TipeACT2BATD B BHAR
1
U==53 %udis (19.1)
L&
e
T (e
& BT 0g: 092 Jo

CYTh NONOXKHTEAbHNE BennuuHLl (B MHEAMYMe EBTOpHe
npousnoansie Gospute nyas). Tlockoabky U orvcunth-
BACTCE OT MRHHMAJNLHOIO 3HAYEHHH, NPHHATONO 334 HYJb,
kpagpatnanad  ¢opMa  (19.1) nozoxurensno-onpepe-
JACHHGHA,

B caydae cranuonapHuX cBsdeli KHHeTHYECKAA SHep-
(W) ONpeReNseTCR MOACKUTENBHO ONpeleNeH ot KBaapa-
THIH0fl popmofi nepemennux §; (cM. (5.10)):

1 =1
T=3) pudde (19.9)
ik

') Tlperuie weM NpHCTYAHTL K WTeHKIO STOro maparpada, clie-
ayer odnakoMaTecA ¢ Hipeaomenunmu VII, VIH p IX.
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riae

B = Yir (0)

CYTb HyJieBHe WIeHH pasnoxensa koadpn, nenros vir(g).
Coraacro dopmyne (5.8) v == yu, cienOBaTENBEO,
Pis = Mzi.

Briyra u3 (19.2) supamenne {15.1), nosyuum ¢yax-
o Jiarpanxa:

1 7y 40 1
L= 5 Z Pudde — 5 2‘ TediFe- (19.3)
& ik
Hro0m HalTW npol3soAHNe L 10 g; M §;, HanHeM BH-
paxcense noxrore auddepenunana Gynxuua (19.3):

i1 i 1 4
dl = Z Biefs dde + & Z Pieds difs —
ik 0k

1 1
-5 Z Hiuds dGs — < 2, s dg
Lk ik

HunekcH § 1 & ABAAIOTCA HEMHMH, NOITOMY KAXKIWHA H3
HHX MOXHEO 0803HaynTh Mobof Gykeod. BocmosbzoBae-
WHch STHM, NOMEHsieM MeCTaMH WHAEKCH { A & B NepBofi
H TpeThefi cyMMax:

1 ; 1 - Sl
dL—— meqk dgi+ 5 Z Widrdgy — 5 Z Wi Ay —
Lt ik B

1 .
-5 Z *ixGe dg, == Z Burdls s — Z *gs 44,
L%

ik L&

(HanoMunmM, YTO pe: = e, %er = %;z). Tlonyyennoe namn
BLIDAXKEHHE MOXIHO DpeACTaBHTh B BHAE

dl=2 dgi (2 ruts) — L dgi (X xage).  (19.4)

B Bupaxennu noanoro aupdepennnana GyHKuHH He-
CHKOJLKHX MepeMeHHHIX MHOXHTENb NpH AH((epennnane
KaKoH-1M60 nepeMenHofi papeH HacTHOA NPOH3BOAHON
¢ynkunn no stofi nepemensof. Crefosarensuo, u3 (19.4)
EBHTEKAET, UTO

aL oL
F i ;: Buafu Gor=— ; %G

§ 19. CIIYYAR MHOTHX CTEMEHER CBOBOAM 81

TlocKONbKY BeAHYHHEL i, CYTh KOHCTAHTH, MPOHRIBCA-

d aL "
Has oy ; Beedy - TlosTOMy ypapredns Jlarpanma

BETAARNT TAK:

Zé Bxife 4 zgufkq,,mo (i=1,2 ...,5 (9.5

{cp. ¢ ypasneunen {16.4) nas oAnoH nepeversoli).

Mul nprEan K cHcTeMe JHHEHHBIX ONHOPORHMX AH-
tepennNaNLABX YpaBHeHU! ¢ NOCTOAHHLIME Kosthduun-
eATaiy. [MonpoGyem HCKaTh HeusBecTHHE GyHEKIMA ¢y ({)
B BHAe (cp. ¢ (16.5))

g, = C;; exp ({wf), (19.6)

rae Ci - KOMIOJGKCHHE NMOCTOSHNEBE, KOTOpHe Tpebyercs
onpekeants. Pyaxunn (19.6) xomnnexchHwe, 0§o6LULeH-
HEe JKe KOOPAHHATH ABAAIOTCS BeiltectBeBHHMH. [TosTo-
MY, 3apeplluB BHIYUCACHUSA, HYKHO OYIer B3fAThb Belle-
crBeHibe yacTH PyHxuni (19.6) (cm. Tlpraoxernue V).

floacranoska supaxennt (19.6) B ypasuenua (19.5)
Jaetr

; B (—0) Cpexp (iof) + ; %xCp exp ({of) =0
({=12 ..., 9.
CokpaTnp Bee ypaBHeHHS Ha exp {iwf), noayuum
2; (2, — 01 y) C,=0. (19.7)

Mmu npHman K cucreMe s JHHefIHHX OAHOPOAHHX aj-
re(panyeckux ypasHehnl c Henapectumu Cy, Gy, ..., Cs.
ﬂﬂﬂ TOre ytofHW 3Ta CHCTEMAa HMEJAa HCHyJiepoe peuwie-
HUe, HEDﬁXOIIHMO H ROCTATOYHO DABCHCTBO HYJIO €e onpe-
BEeTUTENA:

] Ay %11 — 0y iz — @y ... Ky — 0%
Ny — @y ey — OFPop ... Has — Dy 0 (19 8)

.......... L S T

Hgy — Ogp  Hsz — 0Py ... Hos — OFfhgg

(cm. Tpunoxenne VII, texer, cnenywouuét sa dopmy-
aof (VIII. 26)).

Ypasuenne {19.8) BasHBAaETCA XAPIXTEPUCTUHECKUM.
Odo npeacrabager cobofi ypaBHeHHe s-fi CTeNeHm OTHO-
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cutenpbHo ©2. B ofuiemM cayyae STO ypapHeHHe HMeeT
§ pasNMYHBEIX |} BelIECTBEHHKWX MNOJONKHTENLHHX KOpHef:
o}, @, ..., @. Hafilennwe TakuM cnoco6oM BelHUMHH

e (=12 ..., §) BasHBawTca cofCTeeHNbIMU 4aC-
TOTAMt CHCTEMHL

JoxaxeM BellleCTBEHHOCTb M MOJOMKHTEILHOCTb KOp-
Hell ypaBHennsa (19.8). C aroil uenbio yMHOXHM Kaxjoe
H3 yparnednd (19.7) ma C; (T. e. Ha BeqHYHHY, KOMN-

JNEKCHO-CONPAMEHHYIO Koaq:q:munemy Ci), a sarem cio-
JKHM BMeCTe BCe ypaBHeHHsA. B pesysnbraTe moayunm, yto

§ (%ip — 0, ) C1C, =0
Han
j§ %y CiCy — :.Zk RuCiCy =0,

OTKyIa

& BCiCr

B yucaurene B 3HaMeHaTese HafiAcHHOTO HAMH BHIPAlKe-
HHA CTOAT KBajpaTAuHHe ¢opmu pupa (IX.21). Kak
noxazano B Fpuaoxenuu 1X, Takas dopma parna cymme

KBafipaTHUYHRX GopMm Z; Hipydy -+ Z pDib), cooTBeT-

(19.9)

CTBeHHO Z [P ¥ P Z Beebyb, ..( @; — BeLlecTBeHAARA

qacte C;, b, MHHMas qa(:'rb C:). Tocaennne xe dop-
MH, BO-MEPBHIX, OYEBHAHO, BeMlecTBEHHH H, HBO-BTOPHIX,
NONOKHTEALHG onpeneneHine (cM. {19.1) u (19.2)). Ta-
KHM 006pa3oM, MM LOKAa3aiM, UTOC YHCJIHTeAL H 3HAMEHa-
Tenb BHpaieHusa (19.9), a caenonatenbHO, H @? Bellge-
CTBEHHH W MOJOMHTEJNbHEL

Hrak, pemwne xapakrepucTHyeckoe ypasHenne (19.8),
MuE HafiteM s COOCTBEHHHX YacCTOT CHCTEMH: @), @3, ...
.-+, 0, [Togcrapnas noowepenHo sHaveHHS @’ B CHCTEMY
ypaeHerHft (19.7) H pemas sty cucremy, Hafizem Cg,
OTBeYaloIHe Pa3JHYRHM ®g EciAW paHr MaTpHubl cHCTe-
Mul (19.7) Oylder papeH s— 1 (uTo oOHUHO HMeeT Me-

$) B 9acTHHX cly4afix MOTYT DOAYYHTHCS HPATHEHE KOPDHH.

§ 15, CIYYAR MHOTUMX CTENEHEA CROBOAM 83

av0), 10 cornacHo (VIIL 28) pewenus cucteMst umelor
i

c=c, A%,

Pile Co— APOH3BOALHAS KOMIVICKCHAS ROCTORHHAfA, AL} —

e —_— 2
anreBpanyeckoe ONONHEHRE ssieMeNtra %, —o2p . B
GlupepeanTene cuereMs (m BRONP2eTes NHOU3BOJABHO, HO
tax, Mro6H x0T O6u oaHO A} OHAG OTANUHO OT HYJAS).
llockonbky Bce sAeMeRTH STOrC ONpefennTe]s pellecTBel-
i, nesnsnaa AtS) Takke GYAYT BelllecTBEHHBIMH.

Taxum obpasom, ans kaxaoli ofoGilenrol KoopAn-
NATW g, NOAYHAETCA § PAINWYHIIX pellleHHH BHAA

9= c Ak expling) (@=1, 2, ..., s), (19.10)

rae A% — BeilecTBeHHHE NOCTOAHMHE, OnNpefesiseMue
IWANCHHAMA KO3)OUUHEHTOB ;5 H Mip, 2 TAKKe 9ac-
TOT Wy,

QO0mee pemeine HONYSHM, CJACKHB BCE BHPAMKEHHA

(L9 10):
ga= 2, coARrexp(iog).

llepefinsd Kk PelecTBEHHOHi YACTH 3TOTO BHIPaXKeHHs, MO-
AyUHM

gy == RE{ ; coAlhexp (fwuf)} = ; A%k Re {cq exp (i)

tlaxoneil, NPeACTaBHB €y B BHAE dg eXp (i8g) (@q— MoO-
Ayab Cq, T. €. BElleCTBEeHNAas NONOKHTeAbHAsA BeJHYHHA),
npraeM X BHpaKeHHio

g = El ASla, cos (ot + 8,). (19.11)

CaeoRaTeNbHO, H3MeHReHNe KaKpoh oGobueHHON Ko-
OPARHATH ¢y CO BPEMeHeM NpeAcTaBAsier cofoll HanoMXe-
Nie § rapMoBHYCCKHX KoNRGaHnd, 4acTOTH KOTOPWX paB-
b COOCTECKHSM YACTOTAM CHUCTEMH. Besuunnn aq H &g
GNPSACAIOTCA B3 HAYAAbHHIX yenonHit.

{1pa cueunanpHoM BHGOpe 0600IIEHHEX KOOPAMHAT
wiwpaxesus  (19.11) Moryr OLTbL CHALHO YNPOIIEHH.
B Hpunowenns 1X nokazaHo, yTo B ciygae, KOTRa HMe-
INTeS Jise KBajpaTHYHHeE GopMHl—o0IHA OT NepeMeH-
NWYX a, 2 BTOPAR OT NepeMeHHHX ¢y, IPHYEM Lepead H3
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HHX [OJOXKHTENBHO ONpeleieHnasn, TO CyIecTByeT TaKoe
JHHelHOe 1peobpasopanue MEePEMEHHKX ¢p, KGTOPOE fpH-
BOAHT 0Ge (POPMH K JAHArOHAbHOMY BHAY (CM. cXemy
(IX.37)). IlepefizeM ¢ nomoubio Takoro npeodpascsa-
HHS OF NepeMeHHMWX ¢, K NepeMedWnM E,. Torma keag-
patuuible dopmu (19.1) un (19.2) crawyr auaroHadb-
HEIMH:

. 1 : 1
r=3z Y& U=3Y A5 (19.12)
R ]

B nopuix nepemennnx ¢ynxuns Jlarpanxka umeer BHR
1 22 1 2
- TE-3 D0
& &

a ypasHenus Jlarpahxa 3anuulyTci CAenyiOmHM 06-
pasomM:

Bt ME=0 (k=1,2...,5.  (19.13)

Takum obpasom, B xoopaAWHATax E, ypaBMeHHS ABH-
MEHH pacnajalorcsi Ha § He3aBHCHMHBIX APYr OT Apyra
ypaBHeHHH, KaA0e H3 KOTOPHIX TOXAECTBEHHO ypaBHe-
Huio (16.4). OTmeTnM, YTO B CHJIY MOJIOKHTENLHONA Onpe-
JAEJIEHHOCTH KBaApaTHUHOH GopMH, BHpaMaiomel noreH-
nHanbHylo SHepruio U, Bce kosd@uuuents A, NOJIOKH-
TeabHbl. [103TOMY HX MOXHO NpeACTaBHTH B BHAE

Ay =wf,
rae &y — BellleCTBeHHNEe BeAHYHHH,
Hanumewm pemenns ypasnenufi (19.13):

Ee=ascos(mf+3,) (k=12 ...,5 (19.14)

(cM. dopmyay (16.7)).

Mu Haiam, yro o6o6meHHHe KOOPAHHATH Ep coBep-
WAlOT He3aBHCHMO JpPYr OT Jpyra NpoOCTOe rapMOHHYe~
CKoe KoseGaHue, Kaxaas co cBoed 4acTorofi w. Omnpe-
JesieRHNEe T4K OGOGIIeHHHE KOOPAMHATH HAILBAIOTCS
ROpMARbHOIML (HAH 24Q6KMbIMIL), 2 COBEpIIaeMble HMH
NpOCThIE rapMOHHYECKHE KOJNeGaHHA — HOPMAABHBIMY KO-
AC6anUAMY CHCTEMB.

OrMeTHM, 9TO HOpMaJbHHE KOOPAHHaTH &, CBAIAHH
€ NPOM3BOALHEHMH 0G0GLUICHHEMH KOOPAHHATAMH ¢ C MO~

§ 20, CBASAHHBIE MAATHHKH 86

MOLLBIO THHEHHHX npeofpa3zoBaHuii, T. e. npeobpa3osa-

nilk suna
h=;hm (19.15)

CAiecpoBaTenbto, £ MOXHO NOAYUNHTD KaK JHHERHYIO KOM-
OUMALHIO KOOpAMHAT .

§ 20. Coazannse MasaviiKy

PaccMOTPHM MaAble KONeSAHAS CHCTEMH H3 ABYX OfiH-
HAKOBHX MATEMATHYECKRX MAATHHKOB, CBA3AHHHX HeBe-
comoi npyxauofi (puc. 20.1), Npeanonoxum, yto mast-
HIKH MOTYT COBEpWIaTh KoJaebalua TOABKO B NJAGCKOCTH
NCpTEXKA, TAK MTO CHCTeMa HMeeT fiBe CTeleHH CBOOGOJN.
I3 kauvectpe 060GUICHHDBIX ;
KOOpAHHAT BHOGepeM @, R —_
)y — YIAE OTKJCHEeHHsI Ma- :
HTHMEOD OT BEPTUKARBROrD @y
Nanpaesenns. JJBEa Kax- '
JO1Q H3 MAATHHUKOB pasHa
I, macca m. KoHun npyxn-

NiM 3aKpenJyiedbl Ha Crep:K-
IHX MAaATHHKCE Ha paccro-
ABR b OT TOYKM noAReca.
llpy:xnna nopoGpana Tak,
910 NIPH @) = Qg ee HaTA- Pac. 20.1
Actike papio HyAlo.

HanaweM BHpadienue A% NOTeHUHANbHOH 2Heprau
cucremn U, nonaras U B NMOJAOKEeHHH paBHOBecHs pas-
HOH HYJIO:

U == mgl(l —cosq) 4+ mgl(l —cosq;) +
<+ 12k (b sin ¢, — b sin q,)%

Ipi Manbx gONeGAHNAX MOXKHO TOJOXKHTH singp=g,

cos9=4/1 —sinp =4/1 —g?=1—9%. Tloatomy
nupaxkenne gaa U npumer sua

U Vymgley + Vomgigl + Vo kb? (9, — ¢, =
=1z [(mgl 1 kY°) 9} — kb9 .9, — Rkbq,0, +
-+ (mgl 4 k6% @3],  (20.1)

|
\
}
]
:

Pl

m
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KuteTuueckasn aHeprus B TOM e NPHONHIKeNHH
pagHa
T=" [ml¢} + mig3). (20.2)

CparHenue pupaxennii (20.1) u (20.2) c BHIp aX<e-
HuaMu (19.1} n (19.2) npaer ans xosdduumenton uy
H s CAeQyOUHe SHAYEHNS:

Wy =Ugp =gl + kE?, 2y == 2y = —hb?,

20.3
By = WPgp = ml, Rig=py =0. ( )

IMoacranoska sTex sHaueHn#t KosdpduuKenTop B YpaBHe-
HHA (19.5) npasonur k aArddepennnansabim YpABHEHHAM
mi, 4- (gl + kb 9, — kb, =0,
mi§y — kb’ + (mgl + kb?) g, = 0.

Dyaem HckaTh pellienns 3THX ypaBHeHHE B pHAe
¢ = Cexp (iat), g.= C,exp (inf). {20.5)

[Nogcrapum 5TH BHpameHHs B ypaBHeHus (20.4). ITocae
COKpaileHdst Ha e'®' W. NpHBeJeHH NOJOOHWX WYJIeHQB,
HNOAYUYHM CHCTeMY YpaBHEHHIl NJAA onpeiefeHHsT NMOCTCAH-
HHX C) u Cy:

(mgl + kb — m!zmz) Cl - kaCQ = 0,
—bC, + (mgl -+ kb® — ml%a?) C, = 0.

Has Toro uToBH 3Ta cHcTeMa HMena HEHYJeBOe pelleHHe,
Re00X0HMG PABEHCTBO HYJNIO ee OnpejefHTeNs:

mgl + kb — mPo? ~k? o
—kb? mgl + RB® — mi2@?|— ?

T. €. A0TXHO BHIIGAHATLCA YCA0BNE
(mgl 4 kb — mlPPe®? — (—kb?)? = 0.

Iocnenree ypapHenne nocae HECHOMEBIX npeofpasopa-
HHA MOMHO NDUBECTH K BAAY
(0% — 2[g/l + (k/m) (6*/1)) @* 4

+ 180 + 2(g/t) (k) (8*/3)) = 0.

ME npnwaw Kk KBaApaTHOMY YpaBHeRHIO OTHOCH-
TenbHO ©?. Kopuu s1oro ypashenna paeun

wi=gll, of=g/l+ 2(k/m)@&P).

(20.4)

(20.6)

§ 20, COAZAHHEE MAATHUKM a7
CAepOBaATeNBH0, COGCTBONHEIMA  YACTOTAME CHCTEeMH
rl.., v Iy'l‘

=gl B o=+ gl FIEMGIF). (20.7)

Hoacraram 8 ypasrenua (20.6) smecto o? KBajipar
HepBOR COOCTREREGH YaCcTOTH, T. e. w}. ITocae ynporme-
i ciicrema (20.6) npuunmMaer pua

ROPC) — ROC, =0,
—kb'C; + EHC, =0,
Pewenns 2Tol CHCTEMIT OUeBHAHN:
C, = Cy=¢)=2a, exp(id,), (20.8)

rie ¢) — NPON3BOSLH2A KOMIUVIEKCHAs! NOCTOSRHAA, @) —
G¢ MOAYAL, §) — APTYMEeHT.

Iloacranoska snavenns (20.8) 8 (20.5) zaer xomn-
ACKCHbE  pelierts  RuddepeBuMaAbHEX  ypaBHeHUN
(30.4), cooTBercTBYIOmNE YaCcTOTE w;:

o =¢, exp (fof) =a, exp {i(of + 5)}
¢l == ¢, exp (fo )y =a exp {i (o + 4.3}
Basts peliecTBeHHYIO YacTh OT NaBigeRHHX HamMy dyuk-
Hitt, noayyum
¢ =a, cos (of + 8,), @ =:a, cos (o 45). (20.9)

Teneps nozxcTasiM B ypasHenne (20.6) BMecto @2
MRARDAT BTOPOH COGCTBEHHOR 4acToTH, T. . w:. B pe-

IYALTATE HOMYUNM
— kOC, — BVCy =0,
— kEC, — kB3Cy = 0.
CHeTeMa YAOBACTBODACTCA SHAYCHUEMH
Cy==—Cy=cy = aexp (ib,).
CeorpercTBesHe yukuny (20.5) Gyayr paBhu
@7 == ¢, exp (io)zt) = q, exp {i ("’;—t - 62)},
@ == — ¢, exp (io) = —a,exp {i {0t + 62)},
it MK BEMCCTRERNbIC ACTH
o ==, cos (ol - 3,), @P==-—a,cos (o +8,). (20.10)
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Obuwee pelienne cHeteMu (20.4) NOAYYHM, CAOKHB
pewenns (20.9) n (20.10). Cnepoeatennto,

9, = 0"+ ¢f? = a, cos (0,f +8,) - a, cos (w,? -+ 3,),
=0+ =q, cos (mlt + 6.) —a, cos (cnlt + 62).

Ilepefinem or 0606IEHHLIX KOOPEHHAT @ H @2 K HO-
BLIM NepeMEHBHM E; U §2, KOTOpBIE ONpeACTHM TaK:

E=Ya(p+ o) E="(p— )
C yyerom (20.11) noayuaem
E = a cos (@ + 8),
£y = a, cos (@ + 9,).

Takum o6pazom, nepemeHnnte £ u & cyTh HOpMaAbHEE
KOOPAHHATH CHCTEMH CBA3aHHHX MaaTHHKOB, OGofmeH-
HhH¢ KOOPAHHATH ¢; H ¢ BHpaKawTca 4yepes E; H &y
¢ IOMOIBK JHHEAHHX COOTHOLIEHHF

o=8+8& @=F§-—E. {(20.13)

[lpeanonoxum, 4ro B CUCTEME COBEDIUAETCS TOJBLKO
neppoe HOpMaJbHOe KoaeGaxnue. 3T0 3HAYHT, yTO £y = 0,
Ha (20.13) BHTexaer, 4TO B STOM cay4ae

¢ = ga=§; = a, cos (0 + §,),

T. €. 06a MaATHHK2 KOAe6AIOTCA KaK OMHO [eNoe ¢ Yacs
TOTOH ), 6YAYYH B KAXKAWA MOMEHT BpEMEHH OTKAOHEHH
B OOHY H Ty e CTOpO-
HY Ha OAHHAKOBHN yrod
(puc. 20.2, a). Ipyxuna npH
3TOM He ZedopMHpopaHa, TaK
YTO KAaXKAER MAATHHK KoJeb-
AeTcy TaK, KaK ecfik 66 BTO-
poro MasTHHXKa He OHJO
@ ¢ (@ = Vgfl).
Puc. 202 Teneps NpeANOAOKHM, YTO
B CHCTEMe COBepIIaeTCH TOJb-
KO BTOpPOS HOpManbHOe KogaeGanue. Kax cnefyer W3
(20.13), B sToM ciiyuae

O = — =5 =a; cos{af 1+ &,).
B xamanfi MOMEHT BpeMeHH MAaATHHKH OTKJACHEHH HA

OAHHAKOBHIA NO BeJHYHHE YrOJd, HO B NPOTHBONO/OKAHE
cTopoHK! (pHc. 20.2, 6).

(20.11)

(20.12)

§ 20. CEA3AHHBIE MAATHUKH 89

Consb MEKAY MasTHHKAME MOMHO OXAPaKTePH30BATh
¢ HOMOHIBIO KO3(OUDHEHTA XecTKOCTH NpyxKHHu k. Ha-
anheM ero Kosgiguytenrom ceasu. PaccmoTpuM cayuait
canbol cesisd, T. e. manore k. Ecaw k/m < g/l, pas-
noeTh COOCTBEHHHX 4acTOT GyAeT MHOrMO MeHbIle CaMHX
URCTOT

Wy — iy & @y, (20.14)

OrpeseM mepBHil MaATHHK HAa YIOJ @0 = &, BTOPOH Ma-
NENWNK TIPH 3TOM YACPKHM B HYJICBOM TMOJOMKESHHH. 3atem
NPEAOCTABHM CHCTeMe cOBepluaTk KoteGanus, OQueBHAHO,
WrO NavaJbHble YCJAOBHA B 3TOM CAYYae UMEIOT BHA

Prp==¢&, QPyp= 0’ ('j’l}o = 0! (¢2)0 =0.

Haiigem aHaueHHs NOCTOAHHKWX 4, &, &; U &2 aa
a1oro nonoxum B (20.11) { =0; B pesynsraTe noayunm

=qg=a,Cosd cos 0,
$ro 1 1 +a 3y (20.15)
Py = 0 =g, c0s &; — a, 05 8s.
‘Tenepn npoandpgepenunpyem prpaxenns (20.11) no spe-
MCUN A TTOICKHM B NOJAyyHBID#xcs (opmynax ¢ = 0, 3ro
iPNBOAHT K COOTHOLIEHHAM

(@1)o= 0 = — a0, 5in & — amw, sin 8y,

(§2)o= 0= — a0, sin §, 4 a,o, sin . (20.16)
Pemnn copmectno ypaerenns (20.15) u (20.16), nafigem,
LN K]

a|=a2=a/2. 6l=62= N

Taknm oOpa3om, B pacCMaTpHBAaeMOM CAy4Yae KoJe-
OaINH HMEoT BRI

@ == o (cos oyt + cos oyf) =@cos 220 ¢ cosﬂ;;—“l"-r,

o - + i1}
0y -%(cosmlt — cos wgf) = a sin 2’—?—'-!- sm’—;-l i

B3 cayuae cnabofi ¢pazu (we— o) € {024+ o) (cm.
(20.14) ). CnenoBaTebHO, MOMHO CUHTATh, UTO KaXAHMA
#1) MAsTHHKOB COBepllaeT rapMoHHUYECKoe KoaebaHue yac-
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70T {ws -} 01} /2 = @) ¢ MeRNeHHO MeHAoileficT aMnaH-
Tyuof. 3HauuT, ABHMCHHEC KAXKAOIO H3 MAATHHKOR HQ-
CHT Zapakrep GHeHnii. AMONNTYAH HIMEHSIOTCH €O CADH-
rom no ¢ase pa n/2. Korpa aMnautyaa oAEOro B3 ManAT-
HHKOB JocTAraer Hanbonvuielt pesiHYARD, AMIANTYHEAE
BTOpPOTC ofpauiaercd B HyJib H HaoGopor. B npouecce
KoneGanuii npoHexOoOMT KAk M mepexayka 3Mepruy oT
ORHOFG MASITHHK2 K APYTOMY.

B Tex cayuasx, xoraa Bo3SYKIEHO TONBLKO ORHO KOp-
MansHoe Kosebarve Ey WA §y, NEPEXOfA IHEPIHH OT OA-
HOrO MasfATHHKA K APYroMy He HPOACXOANT.

Il'napa V
MEXAHHKA TBEPHOCIO TEJNA

§ 21. KupremaTHra Teepporo reaa

Paslne cnroumyoe TeepAGe TeNCo HA SNSMSHTAPHHE
abemit Mmacen pdV (p— NAGTHOCTD 7¢4a), €ro MOMKHO
NPEACTABUTL KAK CHCTEMY YACTHIL € FKCCTKHMH CBA3AMMH.

I'vepaoe Teno, Kak H3BeCTHO, OSAALAET WIECTLIO CTe-
HEHNAMY i‘!!liﬂl'}ﬂ_h!—T|'}EM>E DOCTynarTeJgbHLIMH H TheMn
npatiEaTeNbHBIMH, ﬂ‘-’!ﬂ ONHCaHuA JABHIKeHHA TBEpIoro
foai subepeM HHepUHaapHYIO cucreMy orcuera K (c ocs-
wil Xy, X, X3), KOTOpYyI0 GyleM CUHTATH HENOABHIKHOM.
€ TenoM CBAMKEM JKecTKO APYFylo cuctenmy K’ (¢ ocamu
Ni. X3, X3), TOMECTHS ee Hayano B Touxy A tena. B ka-
deetne 0GOOGUIEHREIX KOOPAHHAT, ONpPeReNAIOMUX NOA0-
e Tena, YAOGHO B3ATh TPH KOOPAWMATH HAYyaja cH-
creme K7 (um oTBeyaer paanyc-BeKTop Ra) B Tpu yraa,
ABIAKTEPHIYIONHX OPHEHTAaNHI0 Oocell x|, X», X3 NG OTHO-
mewnwo g ocam Xy, Xp, X; Hassangwe ocm o6paayior
hpyr ¢ IpYroM ACBATE YrAOB, OIHAKO He3aBHCUMLIMH
GIANWMDBAIOTCA TONLKO TPH H3 HEX, OCTAJABHBE HIECThL MO-
'V OuTL BHpaXeHH uepes 3HAYCHHA NepBHX Tpex !).
LGNYHO B KaYyecTBe TPeX YIAoB, ONPEAeliAlomMX B3aHM-
iyl eprenTaunio ocelt chcrem K u K’, ncnoabsywres
Vi raoniBacMule 3RJepoBH yraw ¢, ¢, ¢ (cM. crenyro-
i naparpad).

JhoGoe anemeHTaptoe nepeMeuleHHe TREpPROTO TeJsa
MOMIIO NPEACTaBHTL KaK CYMMY NOCTYNATeAbHOTO nepe-
MUILCIASL, IPH KOTOPOM Bce TOUKH TEAA CMeIIaloTcs Ha
OinakoBwl oTpesok dRs, B nosopor mHa yroa dd Bo-
Kpyr oc, npoxoaAesd yepes Touky A.

'} Mexny KoCHHYCAMHA STHX YRAOB Qu FMEOTCS WieCTh COGTHO-
wignf (ew. opayay {V1.39)):

2 By =8, (L h=1,23; k)

n

(s == con(x;, Xp)).
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TlockONLEY CKOPOCTH TOUeK Tea v B cHcreme K7
papeel HyJuo, dopmyaa (15.3) Ans CKOPOCTH TOYKH, MO-
JoXieHue KoTopoil B cucreMe K’ onpejelnsiercsl pajnycoM-
BEKTOPOM F(a) '), NPHAHMALT BAR

V=Va-|louwral (21.1}

rle V; — nocrynaTeabRas cCKopocTk Tena (CKopocTh To¥-
kn A, nab6aiogaeman B cucreMe K), oy = d®/di — yr-
JA0BASsT CKOPOCThL BpALiCHHHA TeAda BOKPYr OCH, HpPOXOA#-
wed vepes Touxky A. ITepsoe cnaraemoe B 3Tof (opmyae
OABHAKOBO OJ# BCEX TOYEK TeJda, BTOpoOEC ecth J.:p}-'lil(iihﬂ
TOYKH.

Ecau 6 MH NoMecTR/AH Hauano clictews K B RpYy-
Fyl) TOMKY Teda, ckaxeM, B Touky B, ¢gopuysa {(21.1)
pHIMIgAeAa OB caeaylollyM ofpascomM.

V=Vs+ [aeruml, (21.2)

rae Vp — ckopocTh TOuku B, HaGamonaeman n cucrevie K,
@¢s) — YIOBAasA CKOPOCTb BPALLEHHA TejAa BOKPYT OCH,
npoxoasei yepes Touky B.

1) ¥Yenommmcs 06 ofosnasenusix. B aToft roase mnl GyneM
TOAL30BATECA HHAEKCAMH JiByx BHaoB: 1) sumexcamd Ge3 ckoOOK H
2) MRACKCAMH, BIATHMH B cKoOke. Mupexch Ges ckobok OyayT cays
XHTb AAA YKA3aHHs QACTHIE HJIM TOUKH, K KOTOPOH OTHOCHTCA A
Hafs benwuuua. Hamnpuuep, #g — Macca YacTHOW ¢ HOMEpoM o,
Tq — Ppaauyc-fekTOp TOR e uacTHUW, R4 — paauyc-BeKTOp TOH-
Ke A.

Munmexed p ckobkax GyAyT yKashpaTb TOUKY, M3 KOTOpPOR Tpo-
Befen paaMyc-BeKTOp, JinG0 TOUKY, OTHOCHTeABMO KOTopodl Gepercd
MOMEHT, A T. 0. B 3aBHCHMOCTH OF OOGCTOATENLCTE 3TH HHJEKCH Mbl
GyneM pacnojiaraTb TO BHH3Y, TO BBepXy COOTBETCTBYIOHIEr0o CHMs
sona, Tax, manpumep, T4y #na ™) Gymer obo3uadvaTe panHyc-BeK-
Top, nposeaennuifi w3 ToukH A; My man M@ — moment aMIynbed
oTHOCHTeAbHO ToukH A. OrcyrcrsHe npH ceMBoje r uad M ungexca
B cKofkax GYAeT o3HauaTh, YTO COOTBETETBYIOILAs BeAHUHHA Geperci
OTHOCHTeAbHO UenTpa uiepuun Tena C. Taxum ofpasoM, paguycs
BekTOp, npopefenuulii W3 Touks C, Mu Gyaem obosHasate JAHOO
CHMBOJIOM [(gy, A#G0 NPOCTO F, MOMEHT OTHOCHTelbHO Toukda C—
cHMpofaMit My a M m 1. A

Cumvponom R mu OyneM NoAb3OBaThCA TOALKO B ONHOM BHOAHG
ofpefenelron ciydae — A oGo3HAuEHAs paniycd-BeKTepa, mpobe:
AEHROTO H3 HauaRa HenoABAMHON cHcTemu kKoopawnar K (c ocsamn
X, Y, Z). Tlostomy B fankom chydae Her HanoOHOCTH B HAAEKES
B CKOOGKax ¥ Mbl ero mHcaTh He ())’.ﬁCM.

Manwmmn Gyksamu (r, ¥, g, 2 0 7.4) uMu Gyaem obo3nanars
paruychi-BeKTOpEl, NpOBEleHHNE H3 Hauana CcHCTeMbE KOOpPAMHAT K',
HECTHO CBR3auHOf c TejoM, KkoophHHaTH B cucreme K B 7. A

§ 21. KHHEMATHKA TBEPAOTC TEJA 93

IlonoxeHue NPORSBONLHON TOURH Tena B chHcTeMe K
wipojlenderca B 000HX cAydadX OAHHAM H TeM XKe Dalny-
UOM-NEKTOPOM:

R=Ras+ry=Rstram.

O1¢104a CAeAYeT, 8TO pAAHYC-BEKTOP I'(s) MOXKHO Opef-
CrannTh B BHIE

re =a+ ra), (21.3)

it 8 = Rs—Rp €cTb pauyc-BeKTOp, NMPOBEICHHLIA H3
JoMkn B B Touxky A, T. € BeJIHYHHa, He 3aBHCAIAA OT
yoro, ANA KAKOR M3 TOYEK Tena MBH NuliieM ¢opmyny
(21.3).

[loncrapus 3nauvenue (21.3) B dopmyay (21.2), mo-
JSyanM

V =V; + [o)a] + log rw). (21.4)

I} 4TOM BHIpaXKeHHH TNepshle fpa claraeMble ONHHAKOBH
JUIR BCEX TOMEK Tena, Tperhe ecTb QPYHKUUA TOUKH.

®opmyawt (21.1) u (21.4) onpenensioT OARY H Ty Xe
neAHYHHEY — CKOPOCTh paccMaTpuBaeMoil TOYKH Teja B
encreme K. CaenosarenbHo, npu Jio6om r¢) DpaBeie 4a-
¢tu 9THX (OpMYN JOJIKHE COBNAAaTh. DT0 BOSMOXHO
Ny YCAOBHH, UTO

V=V + [omal, (21.5)
[0t ] = [z ra] (21.6)

(anak TOXAeCTBA NOAYCPKHBAET, YTO PABCHCTBO AOJKHO
HMCTD MeCTO MpH JMOGHX Fa)).
M3 ToxAecTea (21.6) sHTekaer, 4T0

By = O,

T. ¢. 4TO YIVIOBAA CKOPOCTh BPRUIEHKS BOKPYT M0G0 och
Ol H Ta Xe B MOXHO IOBOPHTh MPOCTO 06 yriaoBoR
CKOPOCTH Tena @, 6e30THOCHTeJABHO K BHGOPY CHCTEMH
orcuera K’. TTocTynaTtenbHas xe cKOPOCTh, KaK BHAHO H3
¢cootnomenna (21.5), He umeeT abcoNIOTHOTO XapakTe-
pd-—OHa 3aBUCHT OT TOJNOXEHAss Havaja CHCTeMH
K’ (V455 V).

OnycTHB HeHYXHHH AHAECKC NPH @, 3aNRINeM COOTHO-
menne (21.5) caeayolnm obpasoM:

Vp=V,4— [ea]. (21.7)




94 T V. MEXAHMKA TBEPAOIO TERA

Bosmoxru npa cayuas: 1) mektopm V4 u @ B3aHMHO
NEPNEHARKY AP HEL, 2) eKTOPH Vs 1 o 0bGpasyior yrom,
OTIMYEBIA OT 7t/2. Merko 3a ETHTB, 4TO B nepsoM cay-
dae Bexropn Vi n [wa] HOMIIanapHuw. CaenoBaTesnsHo,
GyAyT_Komn.naHapHuMH Taxxke BekTOopH Vz u V.. 3nas
98T, BeKTOp V,; kak Bexrop Vju, Nepres tuKyaspel
K BEKTOpY @. Orciofa Moxuo SAKJIOUHTD Cchaefyioniees
€C/H BeKTOPH V4 M @ mzaumuo NCPNEHANKYASAPHE NPHY
KakoM-TO BHIbOpe Havana cuerTemy K’, 10 ath BEKTOp &L
GyAyT B3anmuo NEPNCHANKYIIPHHIME U NPH J1060M ApY=
TOM BhiGOpe Haua/ia cHcTemb K’ (npu s1060m Apyrom
BEIOOpe Toukn A).

Tenepy obpatumes Gopmyne (21.1),

B BHle
V= Va4 [ﬁ)l‘(n) ].

H3 nee cnenyer, uro NpH B3auMHOK NEPNEeRAHKYIsip HO
CTH BeKTOpoB V4 u @ (koTopas, ecan HMEeT MecTo, TO
Habmonaercst npu mobom BRIGOpe TOUKH A) pextopm ¥V
H V4 Gyayr KOMIJIaHADHEIMH, npuyem ckopoctH V Bcex
TOYEK Tesa Jexkar g FIOCKOCTAX, NepnesAuKyASpHEX
K BeKTOpY @. Baprupys BRSOp Touka A, mMoxno ROGHThESH
TOTO, 9TO6K

(21.9)

3dNIHCaBs eg

(21.8)

V=V —[ory)]

cTana pasuok wyaw') (npu stom royxa A moxer oxa-
3aTbC BMe Testa). B mrore ABHXEHRE TBepAOro Teia
OKaXeTcad npeACTaBAeRHWM gax OQHO JHWYL BpameHpe
BOKPYr' OCH, KOTOPYIO HasnBalot MrHOBeHHOH ockio Bpa-
Wenns Tena (cm. (21.8)).

Koraa sexropw V, n o HE NEPNERANKYASPHN APYD
K Apyry, Touky A MoHo BEIOPATh TaK, YTOGM STH pexs
TOPH OBUIH KOANHHEADHHMH, B HTOre ABHXKeHHe Tend
B KaOXAWH MOMEHT BpemeHH Oymer HanoxeumeM IBYX
ABHXKEHUN: Bpallenus BOKPYr HEKOTOpOH ocy ¢ yriiosoft
CKOpOCTBI0O @ M nocrynarteabnoro ABHICEHHS CO CKO-
POCTBIO Vi BlOAIL T0A e och, Ha AOKazaTesincrBe 3TOrg
YTBEDKACHHS MH OCTaHABJIHBATHCS He Gynem,

Ormerum, uro PopMysn AMHaMuky TBEPAOTO TeNa
NPHHUMAIOT ocoberHo IpOCTOR BHR, ecan Haksano cpcre-

_—

!) O6a wujena = Npanok "acTH BMpamenns {21.9) sBasoTcy
OyBKOUAME TouxH Tena (V —ckopoers Touxy TeAa B chcreMe K,
F(a) — panuyc-8ekTop stoff rouxm p cHcteme K'). Pasnocts swe symx
WIEHOB J/isi BCEX TOWeK Tena ofna ® Ta e H paBua V,.

§ 22. ANNEPOBW YIJIH o5

Mu K” coBMeCTHTH ¢ meHTpOM uHepuud TeAa C. B panb-
neiilteM MB 06BITHO OyLeM nmocrynath HMEHHO Tak. Mo-
¥roMy popmyay (21.8) Gyaem nucats B BHAE

V=V, + [or]. (21.10)

§ 22. Jiiaepozr yrawm

OliNepoBH yram onpefensiores caeayomim obpasom.
llyeTs nepsonavanbuo ocu cessammofi C TEeJOM CHCTe-
m K’ ¢oBnafanu ¢ ociMu cHeremyy K. 3arem teqo co-
IlCPITHJIO HEeKOTOPHA HOBOPOT, B PE3yAbTaTe 4ero opHeH-
Tauns oced K’ B npocrpaHcTse H3MeHHNACH, JloGok
THAKOH NHOBOPOT MOH{HO OCYIIECTBHTL ¢ NOMOIRLID Tpex
I0BOPOTOB, NOKA3aHHKIX Ha pHC. 22.1.

o
Lhz

¥
i
//\ Mt Yeael 4

i'/ ?‘"\"
Y s

Pue. 221

I. Tlosopora Bokpyr ocu Z ua yron @ (puc. 22.1,a).
Hanpasaesne n, KOTOpO€ NpHMET HPH STOM OCb X, HA3K-
Baerca AuRued ysaroa.

2. Tlosopora Bokpyr
(puc. 22.1, 6).

3. Ilosopora BOKpyr ocu 2z na yron ¢ (puc. 22.1,8).

Hanpasnenne kaxporo us TOBOPOTOB CBA3AHO ¢ Ha-
lIPABJICHHEM OCH, BOKPYr KOTOpPOR OH OCYIIeCTRJIACTCH,
paBHJIOM TIPABROro BHHTA.

Hs puc. 22.2 suamo, uro aunus Y3/I0B ecTh He u4TO
HHOE, KaK JNHHHA nepeceueHus KOOPDIOHHATHHIX NAOCKO-
crei XY u xy. Yron ¢ o6pasoean ocbio X H Juumed y3-
JIOB, Yrodl P -— nuHHeH yanoB H Ocbio x H, HaKoHel,
yron & ectb yroan mexay ocaimu Z u z. Yram & H ¢ CyTb
in_r.:mp:{hze KOOPAMHATL: TOUKH MepecedeHus oCH z co cie-
ol elMHHUHOrO paxmyea. STy TOUKY HASHBAIOT AHEKCOM.

yroa @

JHHHH Yy3J0B Ha
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Hns rore uroGu mabop yraoe ¢, &, ¥, onpegessio-
DWH RKABA Deadbhuil MOBOPOT, OHMI OLHO3HAYHHIM,
NPRANMAIOT, YTO YIALI @ H Y MOTYT HMETb 3HAYEHHA OF

ByAa A0 2r, 3HAYeHHS Ke
yraa O orpanysisaor um-
TEPBAJOM OT HVAS A0 JN
Ecan 6ut yray & raxxe
fnsl0  pazpewieHo  uMeTh
sHauenua or 0 zo 2w, To,
HampuMep, H30oOpaxKeHHMIH
#a puc. 22.3 nopopot MoxK-
BO OwVI0 OB OxapakTepH-
302ath Jufo mabopoM yr-
How: @ == nf2, == n/2,
v =090 ({(BepxHaa nocnaeno-
BATEABHOCTE  [OBOPOTOB;
och X, Y, Z Ha pucyHKe He
llanbl, HX OpHEHTALHA COB-
Nnajaer ¢ HCXOAHON OpHeH-
TalHel ocefi x, y, 2), In6o
HabopoM: @ = 3n/2, % = 3n/2, p = n (AnKHAA MOCHe-
JOBATENEHOCTL NIOBOPOTOR).

K|

Pue. 22.3

HonycruM, yto och Z manpasiesa mo BEpTHKAaJH, a
cucrema K’ cBiaaHa XecTKo ¢ BOJYKOM (rupockoriom),
IpHYEM OCh 2 COBNA/aeT C 0Cbi0 COOCTBEHHOrO BpauleHNs
Bosuka. Torpa serko BHAETh, YTO H3MEHEHHE yria 1+ co-
OTBETCTBYET COOCTBEHHOMY BpALICHHIO BOJYKA, HIMEHe-

§ 22, SANIEPOBH ¥TNH 97

iie yrjia ¢ — rnoBOPOTY BepPTHKAJNILHON MJOCKOCTH, B KO-
10PO NeXHUT OCb 2, T. €. NPeneccHH BOJYKA H, HakoHel,
HiMeHeHHe yrsia € — ABHIXEHMIO OCH BOJIYKA, HasuwBae-
MOMy Hyrauuefi'). B COOTBETCTBHH ¢ STHM yroan ¢ Ha-
INBAIOT yraoM npeueccHH, yron ¢ —yrioM Hyrausm,
i yroan $ — yrioM coGCTBEHHONO BpauueHus (HAH yraoM
‘Hieroro Bpaienus) 2),

CkopocTs M3aMeHeHHst yraia ¢ MOXKHO OXapaKkTepHso-
WATH BEKTOPOM YTJIOBOH CKOPOCTH @g, HANPABJEHHHM [0
ocH Z (cm. puc. 22.2); momyab 3TOro BEKTOpa ecThb .
PA3JI0XKHM BEKTOD @e HA JABe COCTABAAIOLIME, OfHA H3
KOTOpHX HanpasjeHa (10 ocH 2 (ee MOAYAbL paBeH
% cos®), a Bropas nepneHAMKY/ASpPHA K OCH 2, T. e. Je-
MHT B 0JOCKOCTH xy (ee moaysb pasen ¢ sin®). Oue-
WHIHO, NTO STa BTOpasi COCTABJSIOMIAA NEPNEHAHKYsAp-
WA K JIMHHH y3JI0B m H, cllefloBaTeNbHO, ofpasyer ¢ ocs-
MH X H gy yrau /2 — u Y. M3 cKA3aHHOrO MOXHO 3a-
KAIOWHTh, UTO MPOeKIHH BEKTOPa @q Ha OCH cHcTeMu K
panun

{@gh = ¢ sin B cos (n/2 — $) = ¢ sin ¥ sin ¢,
(¢}, = ¢ sin ¥ cos ¥, (22.1)

{p)y == ¢ cos ¥,

Cxopoers uamenenns yrna ¢ XapaxkTepHayercs Bek-
TOPOM Wy, HANPABRJICHHNM 110 JHHHH Y3J0B; ero Moaynb
oot B Jlwnun yanos NEPHNeHaHKYIsIPHA K OCH 2, a ¢
OCHME X W g oOpaayer yran ¢ u p-n/2. Crenosaressno,
HPORKIUNE BeKTopa @p Ha ocH cucremst K7 umelor 3Ha-
RIETd[]]

(00)) == # cou ,
(), == ® cos (P -+ n/2) = — & sin ¥, (22.2)
(g = 0.

Hakouen, cropocrs namenenus yrra + xapax-
{EPHAYETCH  BCKTOPOM @y, HANPABJEHHHM 110 OCH 2

') B wypeax obwef ¢usnkn ofuuno paccMatTpuBaeTci TONBKO
TR Hadkbaeman peryaspuas npenecesd, nng |m'ropoﬁ XapaxkTepHo,
AP0 YIOJ ME@XCAY OCbI0 BOJMKA H BepTHKaJALIO OCTaeTes HEHIMEHHBIM.
I nelicTonrensHocTd och Boauka, Kak NpaBHO, COBepUlaeT KoJje-
DANNE B IJIOCKOCTH ZZ OKOJIO HEKOTOPOro CPelHEro IOJOMEHHS.
"0 Konebatine H ecTb HYTalHA.

*) Hnorna Gyksofi ¢ oGosmauaior yron npeueccHH, a Gyxsoft
) == yrosn coGcTBEHHOrO BpalleHHs.

4 H. B. Careanen. . 1
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{ero moayap ecTb ¢). TNpoekuun s10r0 BeKTOpPA Ha OCH
cAcTeMH K’ papusl

@ =0, (@h=0, (og)s=1. (22.3)

Bekrop yri10Boft CKOPOCTH @, C KOTOpPO# Bpamlaerca
TeNI0 OTHOCHTEMbHO cHcTeMul K!), MOXHO NpEACTaBHTH
KaK CyMMYy YTJIOBBIX CKOpOCTel KaXAOro u3 Tpex ppaules
Hyfl, OTBENAIOWAX W3MEACHNAM SHNCPOBHX YrI0B

© = 0 | Oy | By,
TlosToMy AnA npoekndfi yrnoBod CKOPOCTH % HA OCH CH-
cremu K’ ¢ yuerom dopmya (22.1), (22.2) u (22.3) no-
JAY4aloTCA CAeAYIOUHE 3HAYEHH:

w; = ¢ sin ¥ sin P+ B cos P,
@, = ¢ sin ¥ cosp — & sin P, (22.4)
@y = ¢ cos &+ ¥

Dri QopMyAB HaM NOHAAOGATCA B AaJibHefineM.

§ 23. Temzop nuepunn?)

IMycrs MB HaGAOAaeM ABHXKEHHe TBEPAONO TeJa B Hes
noaewxKHON cncreme koopaunar K (ocH koTopol OyAeM
obosuauath X, Xe, X3 uau X, Y, Z). B coorsercreHd
co ckasauHuM B § 21 cBAXKeM JKECTKO ¢ TeJOM CHCTEMY
koopauHat K’ ¢ ocAMu X, X2, X3 (nnu x, y, z). Pasobbed
MBICJICHHO TE/IO HA YacTHIH MACCH g ?). CorsiacHo ¢pops
Mmyae (21.10) ckopOCTb YACTHUH ¢ HOMEPOM & 3AUBIICTCH
caeayinaM oHpasoM:

Vo= V¢ + [or,]. (23.1)

BLUHCAKM KHHETHUECKYylo oHeprrio Tena. OHa paBHa
T=1, Z m‘,Vf. =1/ Z Me {VC -+ [or,] }2=
[+ § (1%
=1, 3, mVe + %] meVe [ora) + s g ma{or.]’
[ 3

1) OTHOCHTENBHO CHCTEMH K’ Teno BCErja HenofiBHACHO.

*) [Ipexcie weM NPHCTYNHTH K H3YHEHHIO 3TOrO naparpaga,
HYMHO 03HAKOMETLCH C TIpmaoxenueM X.

3) Mupekc o yKasupder HOMEep WACTHIH. JlaTunckre HHACKCH
i, & I ... M HcnOAb3yeM JAf HYMEpALHH KOOPAHHATHLIX oceils
KOMOOHEHT BEKTOPOB M T. M.

§ 23. TEH30P HHEPLIHH 99

B nepsom cnaraeMOM MOXKHO BHIHECTH 32 3MAK CYyMMM
unokutear V4. B urore 310 cnaraemoe npHMer BAX

Mun Ve, rae m= ). my — Macca Tena. Bo sTopom caa-
tHeMOM MPOH3BEAEM LHKJIHYECKYIO MEPecTAHOBKY COMHO-
mnrenefi (em. (VI.3)), nocsae yero BHHECeM NOCTOAH-
Wil MUOXKHTENb 32 3HAK cYMMH. B pesyanTaTe moayunm
srapiienme Ve, @] 2, mofe =V, @] mre, rae re — pa-
Jnyc-pexTop uenTpa KHepudi C. Ecau noMecTHTH, Kak
MW YCAOBHANCB, HA9aN0 cBcTeMu K’ B Touky C, TO BTO-
jto0 caaraemMoe ofpaiaercsl B HYAb.

Takum o6pasoM, KHHeTHueckas B5HeprHA TBepAOTO
feha pacnajgacted Ha npa caaraembix. Ilepsoe charaemoe

Troer =1/ 2mvzc (23.2)

apeacrananer cobofi KUHETHUYECKYW 3HEPriis nocryna-
YeNLIOro ADHXKCHHA, BTOpO& cJaraemoe

T opan = e ; my [or,]? (23.9)

sUill WHNETRUCCKAR 3HEpFHA BpallaTeNbHOro APHIKeHHA.

eguepunem, 4To ofie 3TH 3HEPrdH COBEPIIEHHO He-
SHMIMId - QA 3ABUCHT TOABKO OT V¢, BTOpam —
LU TR T T hJuIl’Oﬂ.apﬂ COBMCLUEHHIDO HAaYaka CHCTC-
M R° ¢ rouxol € charaemoe, B Kotopoe BXoiuau ¥ V,
it o, OBPATVIAGEL B WYL,

lpuoOpasyem nupaxenne (23.3) k apyromy BHAy.
Tlpsaciis weato 9aMennM KBagpaT BEKTOPHOTO NpoH3Befe-
HIK 8 cooraerces ¢ (V1. 6):

rwum Y %14 My {021‘?: i (mru.):}‘ (23.4)

Laneps apnminem 10 BLpaXKeRne, UCNOAb3YA NPOEKIHH
PBUTOPOD @ W r, ua ocu cacremn K’ [Mpoekunn r, Ha
aul CHETeMId K pasi npocTo KOOPANHATAM YACTHIIL:
Mig, Noge Ngg. OGOIMAYHM NpOEKNHH BEKTOpPa @ Ha OCH
vhereMu K7 CHMBOAAMA @), @2, @ Toraa shHpameHde
(3.4} B KOMDONENTAX BEKTOPOB NPAMET BHA,

Wi,

' 2 (% ) (3 #he) —(% o) (5 owe)}=
= 5 me{( 5 1) (3 #ie) — B omerictia)

.1'
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(nanoMHUM, YTO HeMOA WHACKC MOMXHO OGO3HARATh JIIO-
Goi 6ykeoii).

B nonydyernHoM HaMH BHPAaXXe¢HHH BeIHYHHH o; H O
He 33BHCAT OT HHAEKCA ¢ H HX MOMHO 6LI0 06 BHHeCTH
32 3HAK CYMMH N0 o (OAHAKO 3TOMY NPENnsTCTBYEeT TO
06CTOATENLCTBO, YTO B NEPBHIA YJIeH BHPaXKEHWS BXOLHT
CyMMa KBagpaTos ®f, 2 BO BTOPOH 4ieH—cymMma npo-

H3BEACHKHA oy 3TO NPENATCTBHE MOXKHO YCTPaNHTD, 3a-
MEeHHB CYMMY BeHYHH @f BHpaeHHeM § aod, A Ko-
15
TOpPOE, OYEBHAHO, SKBHRAJEHTHO z o, Torna dopmyasa
[}

ANA BpallaTedbHOA 3REPIHE NPHMeT BHA
Tnpam= '!2 § Mg {(f§ (0:"’&6!#) (‘2 xﬁa) St § mgmkx“,xh}
(23.9)

(3ame'mm, uto 3, X2, €CTh IPOCTO HEKOTOPHII CKaAAp ‘),
1

3aBUCALIMH OT HHAEKCA o; HAXK/0e U3 CAATaeMBX 0;wxbis
YMHOXaeTcsd Ha 3TOT CKaJasip ).

B Boipaxennn (23.5) cuauana npousBOAHTCS CyMMH-
POBaHHE MO HHJAEKCAM i H k., a 3aTeM yixe MO HHAEKCY C.
Hamenum nopsjox cyMMupoBanus Tak, 4To6u CyMMHPO-
BaHHe MO HHJAEKCAM { H k2 OCYLLeCTBJAANOCH B NOCJAENHION
ouepeab, T. €. nepennmenm (23.5) crepywomum obpaszom:

TBNN. =1/ sz Wy, g g {‘5u (; x%a) — xinxku}-
Ecan BBecTH 0o6o3zHavenne %)

Iy = ; my {csu, (; x'r:.) — xmxn} s+ (23.6)

BHPaXeHHEe ANA KHHEeTHYEeCKOH SHEePTrHH BpPalllaTesbHOTO
ABHIKECHHA MOXKHO 3aNHCATE B BHAE

Topam =2 2 1 (0,0, (23.8)

) Z x%a=r§=inv'
[]

%) TIpu BHucaenpy sesnuad fiy QAR CDAOWIHOTO Teda HYXKHO
BMECTO Mg B3IATL pdV o CYMMAPOBAHHE 3aMEHHTH HHTErpHpOBAHHEM,

Torgza
Ty = S {ou (Z x; ) — ”sxk} pdv, (23.7)
1

§ 23. TEH30P HHEPUMH 101

lfesanunna, onpeaenseman Qopmynot (23.6), ects ne-
ROTOpOR MRCAO (HO Be MHBapHaHT!), 3aBHCAWee OT WH-
flewcon § M k. Beero uMeeTcs KepsTh TaKHX uHcen. Bua-
o, 4T0 COBOKYMHOCTb BeAHYHH [i» 06pasyer TeHsop pro-
foro padra ). DeficTuTenbH0, npoHzBEfcHHe cKaaspa

)’, Vi« HA COHHHUHBIN TeH3op &, GyAeT TeH30pOM (CM.

popmyan (X. 17) u (X. 19)), npousBescHHS XigXpy CYTh
HPOMIDCACHHA KOMITOHEAT BEKTOPA Py, T. €. TOXe TeH30p
(¢m. (X.16)). Haxonen, pasmoctb COOTBETCTEYIONIAX
HOMIGUEHT ABYX TEH30DPOB TaKXe A2ET KOMNOHEHTH He-
wovoporo Tensopa (cm. X. 18)).

Hrak, senamunnn (23.6) cyTh KOMTOHEHTH TeH3cpa.
WTOT TEH30D HA3BIBAIOT Tewsopom umepyuu. Tpu nepe-
YTalODKe HHAGKCOB { M &k Beanyurn (23.6) He name-
suiorest. CeloBaTe/IbHO, TEH30P WHEPUHH ABASETCH CHM-
HErPHTH M (hg =fg;).

HauneM xoMnowenTH TeHzopa HHepunw, NPHMEHHB
OfwIHe 0603HAYEHRA ACKAPTOBHX KOOPAHHAT:

2o+ — Y may — 3 maz

(f0) == | = 3 myx 2@ +2) — Y myge
~ Y mzx — Y. mzy Y x4+
(23.9)

{47066 ne ycaomuaTe GopMya, M ONYCTHAH HHACKC o
Hpn At 0 KOODAHHATAX X, ¥, 2, BCE CYMMH GepyTca no
1TOMY HHAEKCY),

lrarosaZbHbie KOMNOHEHTH TEH30pa HA3HBAWOT OCe-
auimit MOMERTAMU urnepyun. OHY COBOAZAIOT ¢ H3BECT-
MIMIE W3 Kypca oOuedl GU3NKH MOMEHTAMH WHEPURH Teaa
CTHOCHTEAbHO  COOTBETCTBYIOUIMX KOOPHHHATHHX OCef.

'} K aroMy BuBoly mMomuo Takxe NpPHATH NyTeM CASAYIOMNI
puccysnenni. [lpencrasum srpastenne (23.8) B pHpe

Tnpaul,= Yz z‘: @y ; ll’kmk‘

Hutincaunoe uamu pupaxenne MoxeT GHTe HHPAPRANTOM nEME P
VM CAYNAe, ecAH BeAUdHHM Zk: TN GyAYT i-MH KOMIOHeHTamH

Hekotoporo sektopa (cw. TMpunoxenne VI, Texer, creaylomust sa
dopmynoft (VN 28)). Tlocnenuee, B cBoto cuepe/ib, BOIMOXKHO TOAL-
B U TOM cayqae, Korna BeaHuHHbl fix GYAYT KOMIIOHEHTaMH TeH3opa
tom Tpwnomenne X, TEKCT, pacnonoxennbid Mexny dopMynamu
(A 2) w (X 23)).
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Hepnaronaabisle KOMMOHEKTH HA3WBAIOT yenrpobexc-
HEIMI MOMEHTAMU UKePYUU.

TeoMeTpHueckuM 06pasoM CHMMETPHUHOTO TeHsopa
SBASETCH SAnuNconA. B paccMaTpuBaeMOM HAMH Clydae
57O ecTh SJUIHICOMA MHeplw. Hanpasjenns B TeJe€, €O-
BRajalomHe ¢ MOJYOCAMH S/NHOCOHAA WHEPIHH, Ha3bl
BAIOTCH  CAGGHLIMU  OCAMU  unepyuu  Teja. TH
OCH nepecexaioTcs B UEHTPe HHEPUHH Teaa. Ecau wanpa-
gHTh OcH cucremn K’ (T. e. ocH X, y, 2, HanNOMHHM, HTO
OTH OCH JKECTKO CBA3AHH C TeJOM) MO IIaBHLIM OCAM
WHEpIMH TeNd, TO TEH30p HHEePIHH OKAMKETCH npHBeieH-
HLM K ABAroHa/ALHOMY BHAY

Lo 0
Um)=(° Iy 0)' (23.10)

¢ 0 I

3uauetus hy, fo, I3 ABATOHANIBHHX KOMMOHEHYT TeH-
30pa (B TOM cyuae, KOria OH JpHBeACLH K JinaroHagb-
HOMY BHIY) Ha3HBAIOT 22a6RbIML MOMEHTAMY UHEPHUL
cesia {nx MoxHO ObLIO OH 06Go3nayuth camsosiaMi [,
Iy’ lz).

Ecan B KauecTBe CBA3AHHLHIX C TeNOM ocell x, Y, 2
Bubpal rnasHHe OCH WHEPLVE, pupaxenne (23.8) ans
KHHeTHueCckofi 3HEPrHH BPaUlaTebHOTO ABHXKEHWA yNpo-
maerci cAeAYIolUlEM 06pasoM:

T, =y (I} + 1,9} + 103 {23.11)

pa
aubo ity
T = Vo (1,05 + 1,0, + 1 a?) (23.12)

(HanoMHHUM, 4TO @), Wz, @3 CYTb NpoeKLHs Ha OCH X, Y, 2
BEKTOpPa @ — YrJIOBOA CKOPOCTH BpauleHH: Tena, HabAO-
naemoro B cucreme ¢ ocamu X, ¥, Z).

B cayuae, KOrja BEKTOp @ COBMaAaerT ¢ oAHOH M3
rRaBHNX Ocell HWHEpIHH, BAOJb KOTOPOH Mb HAMPABHM,
CKaXKeM, OCb 2z, BHIPAKEHNE IR SHEPTHY CTAHOBHTCA elie

npome:
Topam = el 0. (23.13)

BupakeHHe, 3HANOTHUHOE (23.13), nonyyaercA TaKkKe
B TOM cayyae, KOria Telo BpaulaeTci BOKPYT NpOXoAfi=
1Mefi yepes HeHTP HHePUHM HKCHPOBAHHOW OTHOCHTENLHO
tena ocn'). Hanpasup BAOSD arofl OCH, CKameu, 0Ch 2,

1) Echu 3Ta Ochb He COBNALaeT HH ¢ onnofi 3 ThapHHX ocefl
HHepUUH, TO €2 RYKHO YAEPKHBATE C NOMOILLIO NOAINIKITHYKOB,

§ 23. TEH3OP HHEPUHH 103

Mid Epayuim, 1To Wy =0y =0, a o,=6. Toraa H3 pe-
nuin canraemux gopuyan (23.8) OoTAHYHLM OT Myas
¥ 0T TOJBKO OANIO, B KOTOPOM { =k ==z, T3K 4YTO

T o = Vel 0% ="al 0, (23.14)

cia .., noofiue ropopa, He ABJARETC OAHHM H3 TABHHWX
kG ON lllll‘l)ll"l‘l.

CYMeEruM, YTO, HANIpHMEpP, ¥ TaKoro Tena, Kak ofgHo-
(ovinedl wap, SNAHNCOHE HHEPUHH BHpOXAaercs B che-
BY, LAsaonaTeasHo, rAaRHEE OCH HHEPUHN OKAa3hBalOTCH
#t PHUCHPOBNHSWMR OTHOCHTENLHO Tena. 310 3HAYNT
Wi B KhdecTe TNABHEXY ocell MOTYT GHITb B3ATH Jl!OﬁHt;
Ui RARNNMIO HCPRCHAHKYARPITRE OCH, NpPOXOAsALUHe dYe-
pid neurp mgpa, B stoM cayvae pee rjaBHHE MOMEHTH
HHOPHIN  OKNAWMAMIOTCH oaunakopumy: Ji ==/l =1
# tdian HINCEPIHN MOJKHAO 3dNHCATH Tak!

(Fiy=1- (). (23.15)

tiho (B} eamnsnwh  Tensop (em. X.17)), a I—
LA ) 'Illp

Hde 70, 170 MW CKASAAN B OTHOMICHHH Wapa, OKaaH-
HROTCH CHPARCIANDIM W IPHMCHHTENLIY K OABOPOAROMY
eyhy, Hehctanreanng, aam Hero, GIeBHAN0, CAPaBeiHBO
cernoeine (23.1H). Cactaonareanto, 300HICORA HHED-
iy iy6a npoxaacres s cpepy. [lostomy noban ochb
(4 09 YONGKG BCE CHMMETPHR), HPOXOAAILaAd 4€pe3 UERTP
Y, MOHGT PRECMBTRIROTLCH KAK TA2BHAN OCh HHEp-
i, o svah ppaiune gyh napasy ¢ tiapoM H APYTHMH
VaABMIH, ¥ ROtopux fee fyes ]y 123KBAIOT IAPDOBHM
fsdisiaing ')

Toao, ¥ mOVOporo pamiod Apyr Apyry ABa TAaBHEX
Masonea pnepunn  (uanpumep, f ==l 5= 1), wasusaioT
DHMMET PN RO RO M Hinonen, Teno, ¥ KOTOPOIrG BCe
VieM PABNEEE MOMeNTiE HItCpUHg pasauiRn, HadueanT
kM I|‘Il'lllli“ B HROM

e vnia R, POCEMAT IR TeiDap HHC¢PUHH, ME
AVPS A Wi Wadadn  choasannolk ¢ TeaoMm  cH-
drvusie A GOMEHIEBETUR W HERTRe WHepUA Tena C. Oll-
ek TOOfe MNGENH MUSKTD GDPENeAHTh 11O dopmyne
(U060} varme W D OTOGUEENNIG K CRASAHHOA ¢ TenoM

I Naa mispimorg o004 i
. PEHN RCECHLA DI PAMAETCH My~
UL | "l HAD, sipesin i £ CARAYET 00NUIMATL CRAAAPHLLIR E!}I(I)g}l(;-
(e waagriblll B aMpaMelDe TeNlopa HUEPIHH (23.'5}-
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cucreme K, ¢ HauajoM, NOMEIAIOMUMCA B IPOH3BOALS
noii Touxe A. KoMnonenTs Tensopa B 3TOM ciyyae GyAyT

paBRul
1 =T m, (o[ T (7] — si252). €310

3navenus f{{) OKa3HBAIOTCA CBA33RHBIMH DPOCTHMH €O
OTHOUTEHRAMH ¢ 3HaYeRHAME [; KOMNIOHEHT TeH30pa,
onpefensieMHx NO OTHOWIEHHIO K CHCTEMe K{; © naua-
@ JgoM B To4Ke C H OCAMH,
¥ napaifesbREMU OCAM ~CHs
creMu K, (puc. 23.1).
Jan Toro uroGe HaBTH 3TH
COOTHOUWIEHAR, O0003HAUAM
CUMBOROM A pajfHyC-PeK-
Top ToukH A B cCHCTEME
Kl Toraa ans soGof
TOYKH TeNa Ty =Tr—a H,
caeloBaTeNbHO,

B =x —a, (23.17)

Puc. 23.1 rhe @; €CThb i-91 KOOPANHATA
Toykm A B cucreme K.

Moacrabum adavenna (23.17) B dopuyny (23.16):
I = ? m, {"’m [; (xm-—a:)’]——-(xm—a‘.) (xku_ak)}=
= S o ()~ 5t +
+ T (34) ~n) -

= E mad, Z 2xiats + g Mg X oy + ; Mg Xpaly-

Tepsas u3 nata cyMM ectbh Jix. Bo BrOopofi cymme HU

OfIHA M3 BeNHYHR B QUrypHHX CKOOKaX He COAePIKHT HH-

mekca «. KpoMme Toro, ), ai ecTh KBajpaT BekTopa a,

T. €. a2 T[To3TOMY BTOPYI0 CYMMY MOXHG NpeACTaBHTH

B Buae m{a%d;.— a;a,). Tperbio cyMMy MOXHO Hanu-

€aTh B BRAE IZ 28,0 Z MgXy.. Ho Z MoXie = mxy =0,
- a E

TAaK 4TO TpeTbsi CyMMa papBHa HyJA0. AHZJOrHYHO, BH:
Hecsl B UeTBEPTOA M NATOH cymMax He sapucAmufi or &

§ 23. TEH30P HHEPLIMH 105

MHOMATEN 332 ckOOKM W MpPHHAB BO BHUMaHME, 9TO
Yai ¥ e 0, ycraHoBHM, 4TO 00€ 3TH CYMMH TaKXKe
jrenitid wyaio. HTak, Mbl NPUXOAHM K COOTHOLIERHIO

D=1, +m(a'd,, —aa.), (23.18)
winapoe  apeactanaser coboft TEH3OPHYIO 3amMHChL Teo-
pise Ellrehnepa, Yro6u yGeanTbea B 5TOM, HaflleM KOM-
oty 1§ = {9, Cornacho {23.18)

s, b m(@E—a)=1, +m(a+a)=1,+md,,
(23.19)

VAl i PACCTOSHUE MEXKAY OCAMH 2z 1 2W).
IViaHRCAHM KHRCTHYCCKYIO 9HEPTHIo T¢Aa, Bpallaloume-

Fasm ¢ yraonoll CKOpOCTBIO @ BOKPYT Hemoaswxkno# (s
vooiuMe K) ¢uxcupoBaniodl OTHOCHTENbRO TeNa OCH, He
fpiaoiefl  yepes ero nentp HueptMn. Ecanm uenTp
WU W XOANTCR OT OCH DPAIEHHA Ha PacCTOAHHH &) ,
weas anopocts Ve == way. CoelopaTeabHO,
o !
HocT A Tz. m(l)."ﬂ!l,

rs Mmacea rean. Bpamatensuylo 3NEPruie HafiaeM
s Bopmyse (23 14}, manpaam ock z NApaNAaenbiHo He-

wonnainod ocn ppanenin. Caomns ofe 3HEprw, no-

Wy

! :ﬂlllll’ll.'l ) ,; f"llb?- : _:,(ma’l } ’zx)w2= %’g’(ﬂ!
(23.20)

loa u,mnuynv (25.19)). M npuiuan onathk K Pop-

By ‘_,'| 14}

Fannm sbpiason, popmyan (23.14) aan kanerTudeckoR
P E B BRPADLOIETOeT Tead cnpapeaanpa He ncerna,

Wovaanger w o dryx odaydani; 1) keraa veao ppamacTca
T TR R T L NG LI LS S ELTLLLLE R Ocell MnepnHH (cMm.
Prageasy iy (2 1Ap), 2} wovan Telko ppAMMETCH BOKDYFR
O TR T | (L ool nonem ock {¢M. popMyanl
P ) ow (RO} )

0 wagsresning nafinesm Bl TENopia HNEpPIHd B cay-
el B A CEROE O LA W ROODJTHITETHRX ocei&, CKaKEM,
Goa @ somnanaer o oauofl Bs rrangx ocefl pHepUHR
voia Llopuana o cddreM, e OCH KOTOpOA COBRANAT
§ pdGHIMN UM, | anTepecyinell wac cucteme ocy-
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IIECTBJAETCH NOBOPOTOM BOKPYF OCH z Ha yroa ¢. Jlerko
ybenutsea B TOM, uTo Tabanua koadpuuneHTOB nmpeod-
Pa30BAHRSA BHINAAAT B 3TOM cAyvYae cJAeAylowHuM of-
pasom:

Qg g O —singp cosqg O
0 0 i

@ Oy 0 cos @ Siﬂ@ 0
L1 0 1

KoMnoHeHTH TeH30pa WHepUHH B MATepecyoiled mac
CHCTeMe KOOPAHHAT DOJYYHM H3 KOMIIOHGRT TeH30pa,
TNPHBEAEHHOTO K FIaBHHIM ocsiM, o Gopmyae npeobpaso-
pauna (X. 10). INpencrapum koMnonenTH Texzopa (23.10)
B BUAe [im = 8ylm. Toraa, 0603HAUMB KOMIOHEHTH TeH-
30pa B HOBOH «IUTPHXOBaHROA» cHcTeMe mpocto [, (Ges
IITPAX3), MCR{HO HAMACATD

Iyp= If: Lo 570, PO PR P Z CimCrmd -
« M m

Coraacno 3708 hopmyne
I,= X o[ =al +a%),=cos?el, + sin’l,.
n

AHaJiorHuHHe BHKJAAKH AA0T, uto [op ==sin?gf, 4
4 cos® @iy, Iss=1Is, Iyg=In=sin@cosg(la—1), 1 3=
=I5 =0, log=1I33=0. Takum 06pasom, TeHIOp HHep-
LHH B HOBOH CHCTeME HMEeT BHJA,

l’ll llz 0
(a’a)=(f=- Iz 0O ) (23.21)
0o 0 I

OrMeTHM, 9TO B cayyae, koraa [y = [, =1, w3 noay-
YeHAHX Hamu ¢opuya suTexaer, yto [y = [y =1, [1;—
=1/l =0, T. . UT0 HORWH TEH3OP He OTJHYAETCA OF
"cxoAuoro. Tak B A0AXKBO GHITh, NOCKOJABKY NpPH paBeH-
CTBE MOMEHTOB /i B [» rnaBHHeE OCH X H y OK43HBAWTCH
He (PHKCHPOBaHHbLIMHA.

§ 24. MowmenT HMnyabca TRepAOro Tena

Kak ¥ B npeasiayviinx naparpadax, 6yaem paccMar-
PHBaTh ABHIKEeHHe TISQPRCITO Te&Jla B CHCTeMme KOOpHAHHAT K
c ocamu X, Xg, X;. C Tenom cBsKeM XKeCTko cucremy K,
HayalJio KOTOpPO#A cHayasa NOMECTHM B NPOH3BOJbLHYIO
Touky A. Ocu 570/ cHCTeMBl 0603HAUHM X, Xp, X3 (HJH
X,Y,2). Teno pasobbeM MBICACHHO HA YaCTHIIH MaCCH M.
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Coraacno gopmyne (21.8) cropocTs HaCTHIW € HO-
WajssM @ 0 cucreme K papHa

V, =V, 4 [ord], (24.1)

vig Vi e ckopocts Hawana cucremu K’, @ — yraopan
sGpoeTs Rpamenns tena B cucreme K, o — panuyc-
MR BCTHI, TPOBCeHHR w3 roukH A.

Msfijiem MOMENT WMnyanca Tena Mes) OTHOCHTEABHO
kanana cocremn K7 (otHocurenbsio touxw A). Pammyc-
G TR ||pnm'm-ulll.lﬁ W1 TOUKH A K udacTHoe ¢ HOoMe-
jesnn @, vore oY Caeponatensio,

Mg T (10, Vo]

Mskarabonia » 970 vupamenue 3uavenns -(24.1) nasd
\ o omi
A ) ¥ BENTA M E > |r[;“, m, [mr[;‘)] ] (24.2)
Y ELs

g vapraesoe o (24.2) npeacravaser cobof suade-
el M ERTOpoE WMea G MOMENT (P YCHOBHH, HTO
sitdn A Braas O denopmpkig. CHesoBATeILHO, M;‘n
bh esmsnd, OOVEROWEGHIGEH TOALKO BpAUIeHKeM Tead.
HpaaBparyos qeppoc CAaracMoe n (242). soCnoJb-
BARING L ARCYEROYTHRIIOCTRIO . BERTORHOTO 1IpOR3Be~
AN

A, m VL) )3 [ 06 V] = I%: m, i, VA]T:

| i, V] = lrg‘), mva].

bAseh Moo waves dean, MY FAANYC-BEKTOD  ILEHTPA
UHHE B CluTeMe & {2 RO BERTOD, |||‘:(||I(?J[(‘Itllhlﬁ

LOuis UM, sk mioninin (F4.5) MO0 NpuEaTL

M M et mv ) (24.3)

Wwmiw M WAN s yELe arseiiaan, 00yCIoRIero
WHEM toan Dro MOMGID HELERTE CODCTOCHILBIM MO-
Woean Nopoe niraemo oOyCnomIeno nocTyna-

I LM MMM Tean
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Ecan nauano cacremu K’ (7. . Touky A) nomectuth
B LEHTP WHEpUWH Tena, ri Gyler papeH Hyaio, BeAeld:
cTBHe uYero u3 (24.3) noayuvaercs M(C)=M;C). Orciona
caexyer, yTo Habajogaemuiii B HEMOABHKNOH cHcTeme K
MOMEHT MMNYALCA TeNa OTHOCHTEJBHO €0 UeHTPa HHep-
UBH COBNANAET ¢ COOGCTBEHHLIM MOMEHTOM, T. €. Onpefe:
JAETCH TOABKO BPANIEHHEM H He 3aBHCHT OT TOro, ABH-
JKETCH HEHTP HHEPUMH TeNa HAH HOKOKTCA.

Hafinem Bmipaxenne ansi MOMeHTa uMnyJabca') Tena
OTHOCHTENIbHO UeHTpa HHepuun. Eciu Touka A copnagaer
¢ C, meppoe cnaraemoe B (24.2) ofpamaercss B wuyab.
CiepoBatensHo,

M) = Z mqfa[ord] ] (24.4)

{HANOMHUM, 4YTO Fo — PAAHYC-BEKTOP YACTHIH, TPOBe/CH-
HEf 43 Touky C). TlpeoGpasyem 3710 BEpaxeHHe no ¢op-
myhse «6au mpnyc nab» (cm. (VI.6)):

M = ; m, {mr';; -~ (mra)} —
=S fo(T )~ (Tom)}

(MH BHpasusM ckanspHHe NpousBefieHUs Yepe3 NPOSK-
IOHH COOTBETCTBYIOUIRX BEKTOPOB HA OCH CBSI3AHHON C Te-
JiomM cucTeMb K').

Buuncaum xomnonentw BekTopa M, no ocaM cH-
creMtd K’ (B panbHefiinx gopMynax nuaexc «C B cKol-
Kax» MH OnycTEM). A KOMNOHENTW no i-i ocu mno-
JAydaemM

Ml ST g mu {(0‘ (; x?a) == xia ( Zk: mkxkc)} *
IlpescTaBum w; B BHAE

W, = ; bik(oh‘
Torna

M= 5 (3 5) 50 3 o

) Ha6moaaemoro B chcrene K. B cucreme K’ Teno nokouren,
Tk 9TO MOMEHT BEMNYJALCA B 3TOf CHCTEMe BCerfa PaBen MY,
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MEainaa, siipenin HOPSAOK CYMMHPOBARHA NO BHICK-

PR g3 o A
=N L] 3 = T
Al LT : >. iy ("‘u; ( Z.x'fa) o xfﬂxku)} -
1] LI} j

B il i aniiidg i KpagparTHx ckobrax ecTh KOMAOHCKTA
spssas b wnapiinn £ (em. popmyay (23.6)). Takum 06-
Pl eshs, i npockiluil nekropik M ona 10 och cBA32HAOMA

(R HCGPRAATION CHCTEMI NoaYy aeTcs chelyiolliee
I R

Mown ) fooe  (i==1, 2, 3) (24.5)
]

THANUMUHEM, 9T0 g N[HHKINS BERTORD o HA f2-10 OCh
Bl taMe A)

M popumyan (24.5) purexaer, 1o pektope M n e,
WO ronopa, e koanMneapn apyr apyry. Ecan och
WeleM AT (1 e 00l X, ¥, 2) RANPRDHTH 1O MAABBEM
LHM Miepe vdin, popmyaa {24.5) ynpoutaerca cae-
Ly M ofhpaaoM

Mywe Finy  ({wm x, y, 2). (24.6)

LA f Pt PORNHLI MOMEIT MDCPIHEL
PEyein 2ond afeilifacTon Bowpyr, HaHpHMep, TPeTheH
FOARBIOE G m it Farmh o, ay "_ Gy = o, TAK

M M, {0, f .

P Apiiee gTnoienie MOMNHO 30NHeaTL n I'.i‘KTUI}IIUﬁ
| L

M o {0 (24.7)
L papsy i (24 6} oo, 4TO B CAY1ae mapoBoro
A L e il s wnTapore fy==Iy=:1) pPeK-

P W W o Tl BYTY RGAaAdneapieMn,  RPpHYCM
1] ™

FOl b0 B AR e Boupye (pudcnponannotl n HeM
m U OB el G 0 onoRt i PAanitidy  ocel
NN, T iy [ T w, Lo  dopmyna
{98 N Aaed
Wi l..n, A dom, M f. 0,

FROAME PRI, N0 ONM i M o WiIoM cAayuae¢ He KOJA-
LHNADEH & BERTOpPOM & D ||ailnali.l'll’ll-'ll""(‘“ IIUI([lyI‘ Ha-
MR N o MBS Qe X oty
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Ipoeknna esektopa M Ha ocs, IPOXOASUIYIo Yepes
TOUKY, OTHOCHTEIbHO KOTOpo#l onpenenes M, HasupaeTcs
MOMEHTOM HMNYJALbca OTHOCHTENBHO 3TOM ocH. Chexopa-
TeMbAO, MOMEHT MMNYJbCa OTHOCHTENLHO, Hanpumep,
OcY Z papeH

Mz=1,.0, (24.9)

B sakmoueniie paccMoTpuM cayuadi, koraa Tejo Bpa-
laercas BOKpYr HenoABwXHOA (B chcreme K), ¢puxcupo-
BaKHOA B HeMm OCH, He npoxopsumed Yepes ero LeHTp
uHepuuu C (puc. 24.1). Bosp-
MEM Ra OCH BPaUIeHHS TIpo-
B3BOJAbHYyl0 Touky A. Ipose-
AeM H3 3TOR TOUKW B TOUKY
C BekTOp, KOTOpHIE 0603Ha-
YHM cHMBOJIOM a&. Torha aas
Ka)Kpofi K3 yacTHn TeJsa

TLA) =a + ra* (24-9)

rae v{" — paruyc-sexrop 4ac-
THUE C HOMEPOM «, Ipope-
AeHHHHA H3 ToukH A, rg — pa-
AHYC-BEKTOp TOH e vac-
Pyc. 24.1 THUH, APOBeAEHHHA H3 TOU-
ku C

ITo npeanosoxennto ock Bpamenns wenogpuxkua. Ilo-
STOMY cKOpocTe YV, papHa Hymo. HafiteM MOMEHT HM-
HnyAibca Tena OTHOCHTENbHO Toukh A, T. e, My, B coor-

BeTCTBHK C Gopmynoli (24.2)

Mg,= é" [r&®, m, [ord] ].

Honcrasnm ciopa anavenne (24.9) wns P
May=2 [a-tr1, mplo, atr)].  (24.10)

BocnonbsosaBuiach  AHCTpHGYTHBHOCTBIO BEKTOPHOIO
NPOHSBEACHHS, MOXHO NOC/E HECJOXHHX npeobpasopa-
Hufi puBecTH BHpaxenue (24.10) k Buay

Moo —lafoal) (X m) +[a[o. T me]]+
+ [; Maly, [ma]] + ; fre. maforl].  (24.10)

§ 4. MOMEAT HMMYALCA TBEPAOTC TEMA 111

PIioARIY 3, mgly == mre="0, BTOpoe W TpeTbe Ciia-
dauMie i UOAYUEHHOM HAMY BhHIPAXKCHMA DanHhl HYJIO.
Hpupencnue (gopMmyan <«6an MHBYC naG» W 3ameHa

) i, Moccoll Teaa mopespallaeT mepeoe caaraemoe B

i |[oat - a{wa)l =m [(aﬁ +adt)e— -‘Iuﬁ)a]'

et

CHY COCTADANIMILAN BeKTOopa a, napamienbtian o,

) - COCTABANIOMAN A, NEPHeRAHKYAApHas K o (ay ecTh
PRCCTONIIE MEKAY OCbI0 BPAUIEHHA W napanjenbHol ef
Wenio 2, nposeaentoi yepes Trouky C).

Haxoneu, cpanHenue ¢ dopmynofi (24.4) nokasu-
waer. wro nocaennee cuaaraemoe B (24.11) ecrn Mgy —
MOMOHYT UMOYAECA Tena oTHOCHTeanHo Toukk C. Takum
i sonM, 1 Ha0Gpaxennom Ka pre. 24.1 cayuae
M, == m (o} 4 @) o — maea + M, (24.12)

IndaeM MOMEUT HMIYJbCA TeNd OTHOCHTENbLHO OCH
npadionnn (xoropylo Mnt Gyaem 0603navath (}ysuac'm ®).
flas  »1oro UyMHO cOpoekTHposats Bextop (24.12)
Wa o o [IpoekuHs  depROro  CAaraeMoro p.:smua
s o e Yo, Ipoeknmn wrOpOre chAaraeMoro papHa

s i miye.  Cornacuo dopmyne (24.8) mpoek-
Wis Tpereero craracmoro ects [, rae /() — MOMeHT
Bk Yeld OTHOCHTENLHO OCH 2, NPOXOAsUIER Yepe3d
vty O e nopatensHo,

M 7] {rl‘: } u?l ) = maﬁm + ;("C)m =
=19+ mat)o=IPo. (24.13)

baais 18 o onpeaenesnnit no reopeme Ulrefikepa mo-
ST WIGPIGIN TEAA OTHOCHTENbHO OCH ®, npoxojsulei
vilge s oy A

fann oOpazom Kak 66 HH Owsa BbiGpaHa Heno-
sabie el 9aa sl RPALLEHAA, JHECTKO CBH3AHHAA © TeJ0M,
aricEesiied AR ARG Tead OTHOCHTENALHO nmﬁpaﬂuoﬁ GCH
el el e G e e MOMENTa HHCPU.“H Tesa OQOTHOCH-
Vs sl ool A MOLYRDL YRII0BOA ckopocTH {eM. ¢op-
sifdite (HAH)Y 0 {24.13)). OrMmereM, 4TO, €clH O¢b, HA
Bransapiiee AERETHPYCTCS MOMCHT, H BEKTOp @ Hanpas-
satkd 1 POTURGIOAGHEWE CTOPpOHN, TO B lpopmy.ne
(80 1Ly susiniTeH anaKk Munye.
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§ 25. Ceofiognme ocn Bpamenns

CBOGOARHMH OCAMH BPAILEHHS Tena HAZLIBRIOTCH, KaK
A3BECTHO, OCH, KOTOpHE COXPAHAKOT CBOE NONOKEHHE
B DPOCTPaHcTBe Oe3 ROsAefiCTBHA HA WWX BHENIHHX CHJ.
B sToM naparpage mu nckaxem, 970 cBOGORHHIMH OCAMH

BPAEHH MOI'YT OWTbL TONLKO TJap-
@ HEe OCH HEepUUR Tena.

Honycrrm, uyre Teno ppamaercs
€ YrJ0BO# CKOPOCTHIO @ BOKPYT HEKO-
TOPOH CBA3AHHOR ¢ HHM HENOABHIK-
Hoii ocu (phe. 25.1). Ilpn sTom kak-
AOA uacTHLE Tena AOCKHO GHITL CO-
O6LICHO YCKOpEHHE

Wo = — @%p,,

rae po— MEPNCHAUKYAAPHAN K OCh
BPAllleHHA COCTaBARIOWlas palnyca-
BEKTOpA Ty AAHHOH “acTBUR (f NPO-
Puc, 25.1
BefeH H3 Touku O, Aexaumed Ha ocH
Bpamienns 1)),
JLag Toro yTo6H COOBIHTL YacTHIE Takoe YCKOpeHHE,
HeOGX0AUMO NPHJIOKHTL K Hell cuny

Fa =g Wy = — ma(ogpm (25 l)

MOMEHT KOTOPOi OTHOCHTE/ILHO TOyKkH 0 paped
Ne =[rg, Fo]l = — my0®[r,, 0l (25.2}

Cnoxus sece chanst (25.1), monywam Pe3yALTHPYIOLLYIO
BHEIDHIOW CHAY, KOTOpas HAOMKHA OHTh NpHACHKEHA
K Teny, 4ro0HW ofecneduTs BpalneHHe ero BOKDYr pac-
CMATpHBAEMOH OCH 2):

F=2 Fo=-a ) mgp,. (25.3)

1) B coOTDeTCTBHH ¢ NPHAATHMH HaMn ©603nAYeHHAMH 3TOT

BEKTOp CJENORANO0 6l 0603HAYHTL CHMBOJIOM r‘é'). Onkako, no-

CKOJIEKY B 3ToM naparpade HaM He BCTperaTes palRyCh-BEKTOPH,
NpOBEACHHNE U3 Toukn C, MH, UTOGH He YCAOKUATH 0Go3HAYeHUM,
OHYCTHM viygexc «0 B ckoOKax» DPA CHMBOJAX BeKTOPOB H KOOp
JHHAT.

?) Cuant Fg BRAIONAWT B celd Kak PHEWNYE, TAK A BHYTPeHHAS

CHIH, HO pe3YAbTHPYIOUIAA BHYTPRHWHX CHN), KBK H3BECTHO, pabHa
HYJID.

§ 5. CBOBOIHHE OCHU BPALIEHWA 113

P eayabTHPYIOIHE MOMCHT BHEIIHAX CHJ ROJIKER OHTD
pmoci cyMMme MOMeHTOB (25.2):

N=2 No=—0? 2, o {fa, Pa)- (25.4)

CpstlKeM € TeJOM CHCTEMY KOOpPAHHAT, MOMECTHB €€
#Wianito B Toury 0, a ockb 2z HaNpPasHp BAOJbL BEKTOPA .
HimMnOHCHTEL BEKTOPA Pg MO OCAM TAKOHA CHCTEME papHH
iy, fiw, 0. CnenopateabHo,

ey ¢y €
[ro, ) =|%s ¥o 2zal,
%g ya O
AN NTO KOMIIOHEHTH BeKTOpa [rq, po] paBHM:
Ifa palnp. 2 =Ya 0 — 2040 = = YoZ.
[Far Polap. p = ZaXa — %o - 0= X2, (25.5)

fu, pl:]np. 2= Kalfa = YaXa =0.

Peacph  HANHINEM KOMDOHEHTH  pesyJbTHpYIouleh
vk ' n peayastupywoumero momenta N. Cornacro ¢op-
sy (20.3)

Fomm =@ Y mgr, = — olmxe,
LL]
F, = — o 3 maye = — o’myc,
T
I
U | 7 KOGPAIDATIL IENTPa BHepuun Teda. Ecan
et SpAHCHHE DPOXGANT ueped HeNTp HHEpLHH, 3TH KO-
Wt vt Dy oy nyanmMin, TaK YTo pce KOMMNOHEHTH CHMAH,
# LnanT W cama P Oyayr papi nygaio.
Capaacis hopuystam (25.4) 1 (25.5)
g 05 5
N, w' ); g | !’fu"nr] - W I‘\'g.fzr
N Pl T L L
A i :'._ i, ) 1),
[T w f. mlllpufu'mm.lv MOMCNTI MHCpUHN TeAa
Loan epeapenayiny (L)) Llean 0ot 2, BOKPYD KOTOPOH l'IpO:
HUGHABY Bpaa e, SORHENeH oAneft w3 raaBHWX OCeH

g i, e EpeGeIge MOMerrd L w2 paBHM HYIIO
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(cm. (23.21)), Tak 4TO BCe KOMMOHEHTH PE3YALTHPYIO
liero MOMEHTa cud, a 3Ha4ut, ¥ cam MoMenr N Gyayel
PABHEIMA HYJIO.

Htak, MH A0Ka3a/iu, 4T B cayuae, Korga Tedo Bpa-
llaerc BOKPYr OAHOM H3 CBOMX TMI3aBHMX OCell HHepuLith,
PE3YIbTHPYIOWAS BHEUIHHX CHA W PesyNbTHPYIOIHA MO-
MEHT 3THX CHJI PDABHR HYN10. 3HAYHT, SAA TOro uTGOR
TAKadA OCh BPAUICHHA COXPAHANA CBOE NOMONKEHHe B MPO
CTPAHCTBE, HEOGXOAHMOCTY BO BHEWHHX CHAAX HET.

§ 26. Ypasnense xpuKenns TBEPAOTO TeRa

Bosbmem B KavecTBe 0GOGILEHHBIX KOOpAHHAT, Onpes
ACTAOIHEX MOJIOXEHHE Tesla B HENOJABHIKHOM cHcTeMme Ky
ACKapTOBEl KOODAHHATH ueHTpa uHepuud X,c, Xzc, Xao
(um coorBercTBYeET paanyc-sexTop Re) u sfizieposn yriu
P, O, ¥, NpHYEM OCH CBSA3AHHOA C TENOM CHCTEMEI K’
HanpapuM Mo raaBHbIM OCHAM HHEPIHH Tena.

B § 23 mb ycraHOBMAH, YTO KHHeTHuecKas SHeprug
TBEPAOTO TeJa CJAraercs H3 SHePrHH MOCTYNATENbHOND
ABuXenus (23.2) W sHepruum BpAaLIATENLHONO NBH¥KEHHS,
KOTOpas npx cpesnanHoM Hamu BeiGope ocelt K’ onpenes
aserca gopmynoir (23.11). Takum obpasom, aas PYHK-
uuH Jlarpamxa TBEPAOrO Tea MONKHO HANHCATH CJIGs
Aylouice BhIpameHHe:

L="mV% + 1/, (/03 + 102 + Iw})—U. (26.1)

Yro6u noayunts BHpaxeHue L B OPHHATEIX HaM#
0GOGUIEHHNX KOOpAHHATaX, 3ameHuM Ve uepes Rq, &
MPOCKLHH BEKTOPA @ Ha oCH cucTeMbl K’ BHpasum yepes
SANepoBH yran (cm. (22.4)). B pesyanrarte NOAYYHM

L="/mRE + Y2 {/, (§ sin © sin p -+ & cos p)* +

+ 12 (¢ sin & cos ® — & sin §)° + £, (¢ cos & + §)°} —
i U(RC) P, ﬁ) 1") (26‘2)

(Hanomuum, yto [y, Iy, [3— riaBHNe MOMEHTH HHepL#H
Tena).

3uast sua pynxunn U(Re, @, 9, b), MOKHO COCTABHTS
ypaBHeHHs JlarpaHXa u pemuTs COOTBeTCTRYIOHIYIO 38s
Aaqy O NBHMKEHWH TBepAOro Teaa. YpasheHne Jlarpania,

§ f veanviEnde ADHXMEHHA TBEPOOrC TENA 115

pHEstna T Ty onee KOOpAHHATaAM OEHTPpa HHEPUHH, HMEeeT
LI

al

R . g & s

d
& MR-~

WE A HORYHACTCN yp"lllllt‘.lll‘le JADHXKeHna ueHTpa Huep-
B v

mR.=F, (26.3)

pan ¥ UsYALTUPYIOILAY DHEWHHX CHA, AeACTBYIOMHX
WH 1

Winfila foayunts ypasnenne, onpegeasiouee noseie-
HHE G BPUMEHEM MOMENTA WMDYJAbca Tea M, BCOOMHENM,
We AdH OV ABALHOA ACTHINN

Mu o IruFu] _— Nar

B BpLMBnchitan o npeMedd 0T MOMEeHTa HMNYJabeca
frrinkea MM ONTY Ccldn, Jll‘ﬁ("r“y]ﬁlu{.‘ﬁ HA 4acTuauy. npO'
yhBsHpEaran 1 BeeM UACTHIAM Tea, TOaYYHM

Mo S M = Y (e Fol =N, (26.4)

il
o
ide N YMMA MOMENTOR BeeK NelcTRYIOLIMX BAa Teno
HURNE i oruocHTeanns roukn © {MOMEHTH BHYT-
FONINE G B CYMME 10T WYY,
NN Ypanitenne (26,4) B OPOCKIHAX HA OCH CH-
MM AT LI PABRMWE OCH MIGPIMA Testa)
it b
o My N, (Lwm 1, 2, 3). (26.5)
‘|||.|. I A’, [TENF TN LN) lllll'fl_l'l‘;l“"‘l‘h I DHI¢
T ! l’.
z B¥ i . (26.6)
' fily R i
i i 1
I A | PRotl Lok d Taam noOKpyr f i raannoi OCH
T Bk DR W iy, B HOBOPOTE PeAa HA
LR L L T O TR TR e T CITY P CUN T X U RO conepllalT pa-

M X Al Y 1 Laive,, 1),

i PYMMBPOR NS Do viest e 1o MILLCKCY i, a
M " MM Cuaps, peldinyioutem ga reao, SR —
e PN R OHEN  CODTRETCTBYIOIEH
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CHMLl, e;—opT i-fi raaBHOW oOCH, T — pagHyC-BeKTap
TOYKH MPHJAOXKEHHs CHJbL, MpoBeneHHui u3 ToukH C (R
npoBoguTCA M3 Hadanaa cucrembl K). OcyuiecTBHB HEKJ/H-
YeCKyl0 NepecTaHOBKY COMHOXMHTeJed H BbiHecsd oOWHA
MHOXHTeNb 8@e; 32 IHAK CYMMH, NPHAEM K BHPAaKeHHIO

8A=23De; Y, [TF] = d®,e,N= N, 5D,,

rae N;— npoekunsi pe3yAbTHPYIOLIEro MOMEHTa CHJ Ha
0Cb, BOKPYT KOTOpOA Tpou3BeieH MoBopoT Ha yroa 8.
Buiuucaennas Hamu pabora 8A comepmiaercs 3a cyer
y6uinE NOTeHUMaAsHOR snepruu U, 1. e.

6A=N‘6¢¢=-—6U,

OTKYAa B cregyeT popmyaa (26.6).

Mu noayunan gopmyay (26.6), paccmatpuBas noBo-
POT BOKpYyr oAHON M3 r/aBHHIX ocefi WHepuuu Tena. Oa-
HaKo 97a (hopmyJsia cnpasejijiHBa B caMmom ofuiem cny-
yae — /s MOBOpPOTa BOKPYr NMpOH3BOJBHOR ocH (KoHeu-
HO, NPH YCJOBHH, YTO CHJA, MOMEHT KOTOpPOH paccmar-
pHBaercs, ABAAETCHA NOTEHUHANBHOH).

Hs ¢popmyan (26.6) caenyer, uro Bennuuusl N; cyTh
oGobLieHAe CHAH, OTBedaloliHe o6oGLIEHHON KoOpAH-
wate @, (cm. (4.20)).

Tenepb npoanddepenunpyeM dyaxuuio (26.1) no .
B pesyanrare nonyynM

aL

'a—m‘—=1:@:=M1

(cM. dopmyay (24.6)). Tlpoexunio yraopo# CKOPOCTH ax

MOXKHO MpeacTaBuTh Kak @; (cM. TeKeT, caeayollHA 3a
dopmyno (26.6)). CaexoraTenbHO, MOXHO HANMHCATD,
4T0

oL _ oL

(cp. ¢ popuynoir (11.3)). Ha popmyant (26.7) BuiTekaer,
470 peJHuHHB M; cyTb oGoO6lieHHbie HMMYJdbChl, OTBE-
yaoulHe ofoGiieHHbIM Koopaunatam @; (cm. (4.19)).

BocunoabsoBasmucy coornomenuamu (26.6) u (26.7),
dopmyay (26.5) moxHO NpeACTaBHTL B BHAE

e 26.8
d¢ o0, o0, Sy

$ 2. YPABHEHWE ABIKEHMA TBEPAOTO TENA "z

T. €. Kak ypapHenne Jlarpanka, oTeenawutee 06ofmen-
Hofi Koopaunate @,.

CheayeT HMeTb B BHAY, UTO NPH CAeNaBROM Hamy pH-
Gope oceft cucreMu K’ ToabKo 3ANepoB yroa ¥ Coorper-
CTBYeT NOBOPOTY BOKPYT raaBHOH ocH. OcTalbhge ke
Yyrap COOTBETCTBYIOT TOBOPOTAM BOKPYI HeNoLhukHof
ocH X, H BOKPYT JNHHH Y3JI08.

INpoan¢pdepenunposas dynkunio (26.2) no v, nah-
AeM BrIpaXKeHne LAA NPOEKUHH MOMEHTa HMNYAnca Ha
ochb x3 (Ra Ocb 2) uepe3 3fi1epoRH yrau

My = My= I (¢ cos & + ). (26.9)

JonycetuM, uto sfinepoB yronm & paBeH Hymp, 3vo
03HAYaeT, YT0 OCH Z H 2 BCe BpPeMA COBNAZAIOT — TeNo
BPALIAETCA BOKPYr CBA3AHHOM ¢ TEJOM OCH, KOTOpas He-
nopepkHa B ciAcreme K. B 3tom caysae cymMma yrjos
@ 4 ¥ onpeaenser NOAAHI Yros nosopoTa Tesa pokpyr
ocH z. [losoxeHHe JHHHU Y3/I0B B 3TOM CJYy4Yae ogasbl-
BaeTCs HeONMpeAeNEeHHHM — 3Ta JAHHHSA MOXKeT GuITL pacno-
JoXKeHna B MioGoM Mecre Memay ocAamH X u x. B yacerno-
CTH, MOXHO COBMECTHTb JIMHHIO Y3J0B ¢ 0CbI0 X torma
¢ =10 ¥ nopopor Tena BOKPYr ocH z G6yAeT XapakTe-
pH30BaThCA yrioMm cobcrBeHHoro BpameHHs §. Ecau co-
BMECTHTb JIHHHIO Y3JI0B ¢ OCbi0 X, OyAeT paBey pymio
yroa ¢ H NOBOPOT BOKPYT ocH z GYAeT ODNMCHBATLCH yr-
AIOM MpeLeccHH .

IIpu 8 =0 ¢opuyaa (26.9) npunaMaer aug

My=1,(¢ + ¥) = I,
rie @y — YIJI0Bas CKOPOCTh BpalleHus TeJa BOKPYr ocH 2.
Mpu & =xn/2 popmyna (26.9) ynpowmaercs caenyio-
WHM 00pasoM: :
M*= M3=]a¢= 13%,

rie o,— YrJIoBas CKOPOCTb COGCTBEHHOrO Bpaulenus
Teaa.

B 3akarioueHHe cOCTaBHM YypaBHeHHe Jlarpawya nsn
Tena, Bpaulaloilerocs BOKPYF XKecTKO CBA3AHHOR ¢ Hum
OcH, HemoABHXHOR B cHcTeme K. Hasa Goasiielt ofuno-
CTH GyAeM CYHTaTb, YTO OCb BPALICHHA HEe TIPOXOEMT ye-
pe3 UeHTp HHepuHH Tena C H He napajjenbHa Hy oguofl
H3 TAapHuX ocefi HHEpUHH TeJa.

Hanpasim ocn Z w z no ocd BpalleHHA Tela, Torna
shaepoB yron ¢ Oyaer pased HyaAlo. ITockoAbKYy aunns
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¥3/0B B ITOM CAy4ae He (PUKCHDO.pana, COBMECTHM o8
€ OCLID X, TOTAA yroX ¢ Takxke oOpaujaercs B Hysb. [IpH
cliesaHHOM HaMh Beifope ocu z (ng HANpaBsJICHKIO BeK:
TOPA @) Wx=0y =0, 0, = = Q.

KaneTuueckylo suepruio pJjs nogobuoro cayuas Mel
BbHIYMCAUAH paHblle. Onra okasanacy paeHOR 3HaYeHHIO
(23.20). CaencpaTensho, Gpynxuns Slarpanka umeer pHA

L="L100 —U@) ="l H¢* —Ulg) (26.10)

(A — He copnananman ¢ C T04Ka, & gotopok HAXORWTCH
Hayano cucremu K’').

Coctapum ypaedenue Jlarpanxa -
d aL oL

dt 3 _ op -
Hz (26.10) cnrepyer, uto aepas wacyy papua [{4é. Co-
raacio (26.6) npamas wacTh, PamHad — dU/dp, ecTd
MPOEKUHS PE3YALTHPYIOMEro MOMEHTa CHA Ha oCh Bpa-
meHus, T. €. Nz, Taxnm o6pasom, My NPUXOAHM K ypaa-
HEHHIO

126 =N..

§ 27. ¥Ypapnenna diiaepa

Ypapuennn Jlarpanxa, COOTBETC TRyIOIHe SHNCPOBRN
yraam (T. e. OMHCHBAIOIMHE BPaULenqe TeNa), OKA3M-
BAIOTCA, KAK JIETKO 3aKNIOUHTD U3 Bwgga pywkunn (26.2),
BECbMa CIOKHMMHU. HMHOra2 OhiBaer yaobhee M0JIb30-
BATbCA APYIAMH YDABHEHHAMH, MOSyucHHWMH SiAepoM
H HOCAMHMMH ero MMA. YTo6H npMyity k 5THM ypaBHe-
HAAM, GyAeM HCXOAUTD H3 COOTHOINEHun (26.4):

dM
W = N. (27. l)

Ypapuenne (27.1) cnpasesnubo 8 Wiepuuanbuoil CHcTeMe
oTcyera (T. €. B HENOABHIKHOM CHC reme K). Mu nongls
TaeMcsl HAWTH YPaBHEHHE, CIIPABENJ Mpoe BO Bpauaiomed-
csl BMECTe C TeJOM cHcreme K, ocu ‘KOTQPON COBNajAaloT
C IaBHLIMH OCAMH HHepHMH TeJsa,

B ypasuennu (27.1) dM ecTb nprypamenne pexropa M
3a_Bpemd df, HalaloRaeMoe B CH:creme K. Coraacho
(15.6) sTO mpUpaleRNe MOXKHO NP feTaBUTL B BHAE

dM =d'M + [dy, M),

§ 27. YPARHEHHA 3WIEPA 119

vus o M - npupamenne Bexropa M 3a BpeMa df, Habao-
Autmoe 8 cucreme K’, de — yron, a xoTopuil noBopayu-

wavton cucrema K’ 3a BpeMms df. Pasaesaun nocaennee
ypanucnue na df, noayuynm

4M d'M

il +4 [ M], (27.2)
ehe dM/di-- ckopocTh usMeHeHds BekTopa M, uabaio-
mavman B cucreme K, d’M/df — ckopocTh H3MeHenHs
Yoo Me BekTopa, Habmomaemas B cucTeme K, @ =

=% (fip/d{ — yrnosas CKOpOCTb BpalleHHs cHcTeMH K7
{¥ ¢ yriopas CKOpPOCTb Bpalllerls Tena).

Popmyna (27.2) copapeanusa Aas nw6oro sektopa,
N NACTHOCTH OHA CpaBeRNHBA H AAA BeKTOopa w. B no-
BHEANGM CAYYAC HMEeeM

dw d'oe

Hovkonnky [ow] =0, MH IPEXOAHM K COOTHOMIEHKIO
do d'@
dar = dt (27.3)
Hi WOTOPOro CHEAYET, UTO CKOPOCTH W3MeHeHWA Bek-

vagpn @, nadmonaeMmue B cneremax K B K/, onMHAKOBH.
lamcunm  Jesyle uacto Gopmyan (27.1) supaxe-
husnm (7.2}, B peayavrate nonyunM ypasrenwie

d’M
=== 1 [oM] =N,
LHpoekripyem  nee BekTopid Ba §-10 ocb cuctemun K,
Yok, WI0 npockund wekropa Mona 31y o M = Loy
{vm (24.6))
d’ U‘m‘)
Jaf I I“‘Mllﬂl t‘ s NI-
Uininn o sinMaiie, w0 ;== consl, a d'o/dl = do/dt
(o, LHF 1)) MOsin SATIHEATE TIOJTYHCHNOC LaMy ¥pabHe-
B vy Ha s ol M
W
f, ’“' | |«|M]m,,' = N, {f I, 2, 3). (27.4)
T Vi sis IposKinio ReKTOPHOTO NPonspeRenns Ha
e &g 0 opayae (VI D3);
oM, o ‘.Z; iy My = ’;Zf &gl 1oy
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120
H MOACTABHM 3TO BHIpaXeHHe B (27.4). B nrore mpHae
K YpaBHEHHAM

do
I Tt" + Z et 0, = N,

LI

(i=1,23), (27.8)

KOTOpHE H MpeacTaBaAaOT coboil ypaBHenns Jitnepa. IMo-
JNICKHMB NocheaosaTesbHo { = |, i =2, { = 3 u npouszsean
CYMMHPOBaHWe N0 & 4 [, MONAYYHM TPH YPaBHEHHA:

d:
LS s — D) ew, =Ny,
IS+ (1 — I ogm = Ny, (27.6)

Is 5>+ (1 — 1) o0, = Ny,

OTMeTHM, 4TO KaxJAoe cheayiollice ypaBHeHHe ToAydaer-
cCA H3 npenunymero ¢ NOMOLLLID IJ.HKJ'IH'-IGCKOﬁ nepecra-
HOBKH WHaekcos 1, 2, 3.

J'IerKo BRAETb, MTO B c.nytlae mapoaoro BQJIqKa ypan-

HeHua (27.6) npespamatorca 8 ypabHende fa = N.

§ 28. CpoGomHNIiT CUMMETPHYHEIN BONIOK

llpumenum ypaBuenra JSfinepa AAA HCCAeAOBaHAR
ABHXKEHHSl CHMMETPHYHOTO BOAYKa (T. €. Tesa, ¥ KOTO-
poro Iy = Iy 5% I}, He noaBepiKeHHOro ASACTBHIO BHel-
HuX cua. B 3TOM cayuae ueHTpP MMEPUHH Tena ABHMKETCA
C NOCTORHHOA CKOPOCTHIO HJH TOKORTCA (cM. dopmyay
{26.3)). [ToaTOMy MOXKHO M3 BCeX HHEPUHAJNbHBLIX CHCTEM
BHGpaTL Ty cucteMy K, Hauano KOTOpo#i COBMeIUEHO
¢ UeHTpoM HHepuuu tena C. B sroil cucreme nocryna-
TeJbHOe ABHIKEHHE TeJa OTCYTCTBYET H OCT3aeTcs BHIAC:
HHTb TOJbLKO XapaKTep BPALIATENbHOrO ABHXKEHHS,

B orcyTcreie BHEIWHHX CHA MOMEHT HMMYy.JAbca Tena M
OCTaeTCA NO OTHOLIEHHIC K HEMOLBHXKHOH CHcTeme K He-
H3MEHHBIM 0 BeHYHHe H HanpasJjeHHio. BuiGepem Haé-
npasJjenne BexTopa M B KadectBe ocH Z. OTHOCHTEALHO
CBA3AHHOA ¢ TeNOM cHCTeMH K’ Bextop M, Kak MW yBH-
Auwm, BooGlle roBops, BCe BPeMA HIMEHSET CBOe Hafpap-
JAehue.

INockoabky /i =17, W MOMEHT BHEMIHMX CHJ paBeH
HyAlo, ypasHenust (27.6) BHrAsAAT chaezyiomnM o8-

$ 8. CBOBOIHBHR CHUMMETPHYHHIA BOMYOK n
o ')
d
I G+ (h— L) ammy =0,
[
5 - — Uy — I o =0, (28.1)
dos _
di 3

s rtpersero ygasnenua Cpasy noAyuaeTca, 410 wy =
oy == const. JTo O3HaYaeT, 4TO MPOEKIHs BeKTopa yr-
AONOl CKOPOCTH Ha CBA33HHYIO ¢ TEJOM OCb 2 OCTaeTea
G TOSIHHOMN,
lnenn oGozuavense

a="lirlig, (28.2)

mauniueM nepsHe ABa ypabHenus (28.1) B Buae
(;)| i Q(l)e, (;)2 s Q(I)l.

Jlerko ybeaurscs B TOM, YTO NOAYYEHHAA HaMH cHCTeMa
yiosaeTBopsiercs GYAKNHAMA

oy =@, cos (¥ +a), o,=o0, sin (Y +a), (28.3)

fAe ) W @& — KOHCTAHTH, NpHYEM 0 = A/0f + @} ecTs
HOANIHHA NPOECKUHH BEKTOpa ©® Ha MJIOCKOCTh Xy, nep-
HOWIHKYASIDHYIO K OCH COOCTBEHHOrO BpalueHHs Tena z.
Mo (28.3) cnemyer, uTO NEpNEHAHKYJNAPHAA K OCH 2z CO-
JIanAAONEaA @, OCTaBafch NOCTOAHHOA NO BeJHYHHe,
RPAIACTCH PABHOMEPHO B NJAOCKOCTH Xy € YrAOBOR CKO-
pocvnio Q, onpegeaseMoit popmyaoh (28.2). INapannenn-
WM OCH 2 COCTABAAICLIAA @) TOXKE OCTAETCH, KAK Mbl BU-
A, N0CTOAHHOA No BeAHuynHe. OTciofa 3aKAI09aeM, 4TO
RUKIOD @ BpaUlaeTcid OTHOCHTENLHO Teda ¢ YraoBof CKo-
M0 L), OMHCHBAR KOHYC BOKPYr OCH 2, MpHYEM MO-
AyHL BeHTOPa @ He MaMeHsterca (puc. 28.12)).

') Ianowmisum, 9ro ypaPHenHs SAfepa NHWIYTCS B CHCTEMe Ko-
SPAIMAT, OCH KOTOPOR COBHAAAIOT C TJIABHBIMH OCAMH HHEpUMH Teha.

*} llpaKriueckn B KavecTBe CHMMETPHYHOrO BOAYKA OepyT Teno
npaineniil, Onnako Mol B3o6pasHAH HA PHCYHKE TeNo HelnpaBHALHON
hapMu ¢ WRABIO MOAYEPKHYTH, 9TO EAHHCTBEHNBIM YCIOBHEM TOro,
WEOfd TR0 OWJI0  CHMMETPHYHBIM BOJYKOM, SBJANETCH paBEHCTBO

AUY R &0 1ADIMINY MOMEHTOD HHEDIIHH,
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Cornacuo (24.6) npoekuun Bextropa M Ha ocu x, Yy, 2
pPaBHH
Mx=fl(’)l! My"'_"_!l(‘)!r Mz=13('}3-

CaegonatenbHo,
M=o, + we, + lose, =/, (e, + 0,e,) + Lyoqe,,

FAe €, €y, €;— OPTH COOTBETCTRYIOWMX oOcedl (3TH ocH
BPALIAIOTCA BMecTe ¢ Teqom). CymMa oiex + @q9e, Aaer
NEPIEHAUKYAAPHYI0O K OCH 2 COCTARAAIOMWYID @); ©3€z
€CTb NapaJJieAbHAs OCH Z COCTaRAAIOUAA @) Takam o6-

pPas3om,
M=.{]ml +130)|]. (28.4)

Hanpapnenns pektopor M H o npoxoxsr yepea o6-
mee aas cucreM K v K' navano — rouky C. 3nauynrt, stH
z BGKTOpH onpe,meﬂam He-
M KOTOpYiO  mJIOCKOCTB  (BJo-

—_——

Puc. 28.1 Pac. 28.2

ckocth Z2). Jaa 10r0 uro6H MOrM0 BHNOAHATBCA pa-
BEHCTBC (28.4), peKkTop @; JHO/NMKEeH JeXkaTh B 5TOft Ke
naockoctd. ChefoBaTe/bHO, H BEKTOP @ =@, - @) Je-
XKHT B njockoctd Zz. OTciofa 3akaiouaeMmM, 4To Bek-
TOpi M, ® ¥ och coGCTBEHHOrO BpaleHHs Tela Z B KaX-
AbH MOMEHT BpeMeHH JeXaT B OAHOM MNJOCKOCTH (HA
puc. 28.1 sra naockocTs 3aLITPHXOBAaHA). 3Ta MIOCKOCTb
BpawmaeTrca Bokpyr HanmpaesieHHa M. Bumecre ¢ Hefi nopo-
pauuBaeTcs oCh 2, ONHCHIBAas BOKPYr ocH Z Kpyrosofl
koHyc. Takoe BpalleHne OCH Teaa z Ha3WBaercs peay-
asprod npeyeccued. Jlna peryasprofi npeneccun xapax-
TEPHO NOCTOSHCTBO YTiia HYTauHu 9,

Bextop @, xax MH YCTaHOBH/M, BpamlaeTci OTHOCH-
TeNbHO Tea BOKPYT OCH 2 € YII0BOH CKOpOcThio Q. Bue-

§ 20. CBOBOAHEN CHMMETES piynpiir BOYOK 128

CT€ C TeM 3TOT BEeKTOp OCT2eTcA ®x puockoctH Zz. OTCOAA
CIELYeT, uT0 OTHOCHTEAbHO NMJFwckocTH Zz TeNo Bpa-
HHAETCH BOKPYT OCH 2 B NIPOTHBOIX O 10K RYI0 CTOPOHY ¢ TOR
JKe CKopocthio .

Ha puc. 282 msobpamennt cocrapasomue lo, u
Iso1, KOTOpHe B cymme 1210T MO ngepT umnyabca M (cwm.
(28.4)). U3 pucynka BHIHO, YTO

i
tgf=-Ld (28.5)
30y
Panee Mu ycranoBuan, 4ro @ 1 F& @y — xoHcTaHTH. Che-
AOBaTenbHo, tg#, a 3HAYHT, ¥ camgy yroa Hyrauumn ¢ ocra-
CTCH HEH3MeHHWM. YIoa MEeXAYy BexkTOpOM ® H OChl0 2
TaK)Ke NocTosiHeH (ero TaHreHe P& BeH 0, /o).

Beanynns oy 1 @y onpefensr xores suepruedl Tena T

H MOMeHTOM uMmnyasca M. [eficTEs wrensHo,

l
T=3 (@ +1e+10) =3 (1,62 + [,}),
M =(110,)! + (o) + (fy0,)2 == Fo? 4 o}

Pewns ary CHCTEMY YDaBHeHHA C>THOCHTENHEO @) M oy
HallleM BHDAXEHHA STHX BeaHuH Xy yepes T u M:

(28.6)

Ll ME— 2T M2 — 2T,
e Lii—1)® ©L== L, —h) " (28.7)

Honycrum, uro teno CINIIOCHY @O BAOJb OCH 2, TOTAa
Is> 1) 4 3snamenatens nog KODHE M B o) OyaeT NOJOXKH-
TEIDHNM, 8 B @, — OTpUUATE/bH Bayy. 3HAUHT, AAS TOTO
YTo0bl @) M ®; GHAH BemlecTBeuEE BIMH, HEOOXOAHMO BH-
nofnenke yenosut M2 —2TI > ©. M2 — 271, <0, xo-
TOPHe MOXHO OGBEAHHRTL B OXHY <popMyJy

M M=
o ST <. (28.8)

3HaveHnd, BEXOAAMMX 33 YKasaH®a e npefiessl, sHeprud
CBOGOHOTO CHMMETPHYHOTO BOJE Ka HMeTb He MOXeT
(np# namwom M). Ecan smepras HInfeeT HaHMeHblIee BO3-
MOXHOe sHavenwe, T. e. npH M2 == 2713, w,; obpamaercs
B Hyms (cM. (28.7)). U3 dopMynema (28.5) caeayer, 9TO
B 95T0M ciyyae ¢ =0—ocu Z w = COBaAaloT, Hanpas-
JNEHHR BekTopoB M ¥ @ TakkKe come nazaaor, BEKTOp @ He
NCPpEMEMaeTCs HH OTHOCHTENBHO Te2713, HE OTHOCHTENbHO
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chcteMbl K. OTMeTHM, 9TO B 3TOM Cayuae HMeeT MeCTo
COOTHOILIeHHE
M2

P

Tenepy nonycrThm, uro HeprHs HMeeT Hauboabllee
BOIMOXKHOE 3naveHne, T. e. M? = 2T/,. Toraa o6pamaercs
B HyAb @y (cM. (28.7)). Coraacuo dopmyse (28.5) B
3ToM cayvae O = n/2 —ocu Z u z B3aUMHO nepneHiHKy-
JIIPHN, BpPALIEHHA BOKPYT OCH 2 HeET, BEKTOp @ =@
COBMIAAAET MO HANPARNCHHIO C BEKTOPOM M, 3Heprusa cpa-
3aHa ¢ MOMEHTOM COOTHOLIEHHEM

= (28.10)

T= (28.9)

TTonyyeHHBIM HAMH COOTHOWIEHHSM MOXHO A4ThH Kpa-
CHBYIO TEOMETPHYECKYI0 MHTepmperauuio. [lepemnurem
bopmyan (28.6) caeayiomum obpasom:

2 2 2
__'_+_‘°_9_|._°.).3__..1 (28.11)
2T/, eryl, Voeri, T :

2 2 2
O3

[ et

T T
Kaxczoe U3 THX ypaBuennii ecTb ypasHeHHe SAMMNCOH-
Aa ppauiedta. Ecan, Kak M npeanosoXkuan, 3 > 1,
063 3/1AUNCONAA CIVHOILEHH BAOJbL OCH g, Koropas co-
BIANAeT ¢ OCbio 2 (3/M/IMNCOHA MHEPLUH B 3TOM Cay9ae,
Hao0OpOT, BHITAHYT BAOJb OCR 2). Jlerko coolpasnTb '),
4TO NEPBHA SANHNCOHL (HA30BEM €rO INAHNCOHAOM 3Hep-
THH) CM/IOWEH MeHblie YeM BTOPOf (xoTopHt MH Ha30-
BEM 3a/pnconAomM MomeHTa). Ha puc. 28.3 usoGpaxenu
06a snannconns. 3HaueBHs ), o2, o3 YAOBAETBOPAI0-
ure ypasHewnsM (28.11) n (28.12), onpenensiorea Jau-
HUAMH nepeceveHHs o6oHX sanuncongoB. OTCIONA BHTe-
KaeT, 4TO KOHel, BeKTOPa @ AOJKEH CKOJAb3HTb N[O 3TOM
AHHHH nepecevedns. CieaoBaTe/AbHO, BEKTOp @ Bpalla-
€TCA OTHOCHTENbHO OCeR i, W2, W), ONHCHBAA KOHYC BO-
Kpyr och @;. Hanompum, uto o, ects npoekuus e Ha
i-10 TAaBHYI0 OCb MHEDLMU TenAa. 3HAUHT, OCH w; COBNa-
A3IOT ¢ OCAMH X, y, 2. Takum obpasoM, BpallleHHe OTHO-
CHTe/IbHO oceli ; O03HAa4YaeT BpAaleHHe OTHOCHTENbHO
€aMoro Tena.

L. (28.12)

1) Jas atore uymno npumATL B0 BHMMakme, WTo !g/lf > Iyfly.

§ 29. CAMMETPHUHHA BOJYOK B ONHOPGAHOM TIOJE 1925

Yeennuusaa M npu HeusmerwoM T, MOXKHO J06uUTHCA
TOTO, YTOGR 3J/UIMIICONRW SHEPTHH H MOMEHTa HMeaH
TOABKO ABe o6WHe TOYKH. ITO ocylecTBaAseTcd NpH ye0-
phu, at0 /277y = M/I; (cp. ¢ (28.9)). B atom cayuae
BEKTOP @ COBNAjaeT MO HanpaBAeHHIO ¢ ocblo z. Ecan
cule yseauyHts M, T. e. nonoxnts M2/20; >> T, snann-
COMAR NEpPecTaHYT COMPHKACATLCA M CHCTEMA ypaBHeHHH

| Vs annuncoud

(28.11) u (28.12) e Gyner umeTh 06mux peleruii. Ta-
Ko# cayqall He MOXeT peasn3oparbcs. CaeloBaTeNbHO,
MH NOAYHHAH HHXHIOK rpannny aas T (cm. (28.8)).

Ymenvwan M npn HeH3MeHHOM T, IpHAeM K TakoMmy
NONOXKEHHIO, KOrAa 06e JHHHH (IepeceucHHs SAIHNCORAOB
COMILIOTCSt B OJHY JIHHHIO KAcaHus, JeXKaulyio B 3KBaTO-
PHAJILHOA MJOCKOCTH. DTO OCYLIECTBAACTCH NPH YCAOBUH,
ato /2771, = M/I, (cp. ¢ (28.10)). B srom cayuae pex-
TOP @ BpamlaeTcs BOKPYr OCH 2, OCTaBasicb BCe BpeMs
K HeH nepneHAHKynspHuM. Ecan eute ymeusiints M, T. e.
nonokute T > M2/2],, sa1unconiti mepecTaHyT cOnpH-
Kacatbcsl W cucTema ypasHenuit (28.11) u (28.12) ue 6y-
AeT uMeThb o6uKMx peurenuii. Takum o6pasoM, MB NpPUXO-
AWM K BepxHe# rpanuue aas T (cm. (28.8)).

§ 29. CHMMeTpRYHDII BONYOK
B OAHOPOAHOM MONE TAMKECTH

PaccmoTpuM nosesiensie CHMMETPHYHOTO BOJIYKA C Ofi-
HOH I-IEHO,H.BI-I)KHOf:I TOllKOﬁ, HaxXolAmerocs B OLHOPOAHOM
nose taxectd. OTMeTuM, 4To ofliee pellenue!) sagauu

1) To ecth pemrente, mosynaeMoe C NOMOWIBIO KBAAPATYP TpH
NPOHSBO/IBHHA HAVSALHHX YCAOBHAX.
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O ABHMEHAW TeNla C ONHON HENOABHIKHONA TOUKOH B OJiHO-~
POAHOM nOJIEe TSAMECTH MOXET OHTL NOJAYYEHO TOJBKO
B Tpex cayuasx:

1) ans acummerpuunoro YPaBHOBEUIEHHOTO BOJIYKA
(BoIYOK HasmBaercs YPABHOBeIIGHHKIM, eCJH HEeNOMLBHMK-
Has TOUKa COBMajaer ¢ LEHTPOM HHEPUHH Tena). Sror
cryua#t HasuiBaercs sadayed Jdaepa;

2) AnS CHMMeTpHYHOTO HEYypaBHOBEUICHHOr0 BOJIYKA
(HenoxBuXHas Touka He coBmagaer c UEHTPOM HHepuun),
Y KOTOpOrO UEHTD HHEPUMH JEKHT HAa OCH Z— 3adaua
Jazpanaca;

3) Ana emmmerpuunoro HEYPaBHOBEIIEHHOIO BOJIYKA,
Y KoToporo /) = 3 = 2/, a LUEHTDP MHEPIHH JEXKHUT B MJ0-
CKOCTH xy — 3adaxa C. B. Kosaseacxod.

Mui paccmorpum 3anauy Jlarpamxa. Ypaeuenns ngu-
HEHHA B ITOM CJIy9ae HHTErpHPYIOTCH OYEHb CJIOXKHO,
IMostomy Mu orpannunMcs Hanucanuen HCXOJHKIX ypaB-
HEeHHA W oOCcyXaeHHeM HX peleHu,

Hauana o6eux xoopaunarhbix cicreM K u K’ nomec-
THM B HeNnoABHXKHYI0 TOYKY A Bosyka (B TouKy onopm).
Ocb Z HenoasuxHOM cHcTembr K HanpaBuUM MO BePTHKAMH,
OCb 2z CBA3aHHON C BOJYKOM CHCTeMB K’ HAampasuM BIOJIb
TPeTbell r1aBHOM OCH HHEpUUH Tena (ly=1I35I3). Tpn
TaKOM BHOOpe KOOpAHHATHHIX OCefl MOTeHUHANbHA SHep-
FHA BOoamYKa umeer BHA U= mglcos ¥, rae I — paccros-
HHE OT TOYKH OMOPH N0 LeHTpa Huepund C (npeanoaa-
FacM, 4TO KOOpAHHATA 2 HEHTpa HHEpUHH, T. e. 2
Goabiie wyas).

Haiizem BHpaxenue xunernyeckoi IHEPTHH ANA NaH-
HOro cayuas. Yurs, yto Touka A HeNOABHIKHA, HaNMHUILEeM

T=1,) m,, [or?

# TIPONe/IaeM Te Xe Npeo6pasoBaHus, KaKHE MH BHIOJ-
HHJIH Asis Beipaxenus (23.3). B urore mm npuaeM k gop-
MyJi€, KOTOpasi GyleT OTHHYaTHCH OT (23.5) nuws Tem,
4TO BMECTO KOOPAWHAT Xig, Xeq W T. . B Helt Gynyr
crodrh koopauhatet X0, x® w 1. n. Cnenosaresio,
AN KHHETHYECKOH SHepruM moJyuures BHIpaXenue, aHa-
Jorununoe (23.8):

T=1 X Ifop,,

§ 20. CHMMETPHYHDI BOJUOK B OAHOPGAHOM TIOHE 1927

eae ) — KOMNOHEHTH TeH3Opa, onpesenseMbe no Gop-
myae (23.16). CorsacHo {23.18) 3TH KOMNOHeHTH paBHH

IR =1,+m(a,, —aa,).

B pamem cayuae a,=ap; =20, as=—a=—£ '(a;—-
¢cTh (- KOOpAMHATa ToukH A B cucreme Ky o
(23.17)). Kpome TOro, NOCKOALKY OCh 2 connanze'l:
¢ Tperbeli TAapHOfl OCbI0 HHEPLWH, a locn xi?lﬁl?apo.:-
JeABHH ABYM APYTHM TJaBHHWM OCHM );A}hk_ ik g
€loJa MOXHO 3aKJIWOUNTB, 4T0 Tensop [V Gyaner anaro
NAMLHEIM, NPHYEM OTJHYHLIE OT HY/NS KOMROHEHTH ero
H1IDHB

; Iﬁ‘”=!,+mi’2, !g"=12+mt”, !g"’=13.

Takum o6pasom, yuts, uro f| = [, nmoayyum AAs KH-
HeTHYeCKO 3HePTHH cAeAyolllee BRIpaKeHe;

T =1 {({, 4+ ml) (0} + of)+ L ol}.

Ilogcrapup B 3170 BHpaxeHHe 3Havenus (22.4) aasa kKom-
NOHCHT @, NOJYYHM

T =2 {(I, + mP) (§* sin® & + 8%) + Iy (§ cos & + §)).
Hannwesd ¢pyHnxunuio Jlarpfauma 2):
L=, ({, + m®{¢*sin>® 4+ 0% 4+
b + Yoly (¢ cos O 4 $)2 — mglcos &, (29.1)

ecKuMH (cMm. § 11,
IKoopanHATH @ B ¥ ABJAAIOTCA LHKJIHY ,
-rmu-.[:', cea3anbbi ¢ dopmynofi (11.2}). MNMostomy o6ob
BLCHHLIE HMOYALCH Po H Po OKA3HWBAIOTCA HHTErpanamMu
apuxenun, TpeTbHM HHTerpanoM ABHXKeHHA ABJISETCA

sieprua E. Utak, Mp nMeeM TpH YpaBHeHHSN: .
ILjo¢ = in* fyco8’8) -+ Iycos dd=

w= QL{op = [(I, -+ mi®) sin* 6 + 1,

Py = 0L[oo =[], + Rotces> vien

P 0L Jhp == I, (¢ cos & 4 1p) = M, = const ),
o op 8w consl,

1) ¥ ctimmerpimero poduKa Nodue ane Baaumuoornepllil;ﬁl:;
JpRWe ocl, EPHCHAHKYSIDHEE K 0CH CHMMETPHH, MOTYT
FAUNNMH OCHMHE HHEPURH,

4y Cujia, NPHAOKEHHAA K POAYKY B TOYKE onopu.ﬂec:ball:{n;.éa:m;g
CIIL,  KOTOPSY, KaK HAM H3BeCTHO, B YpabkHewHa Jlarp

BROJINT
7} Gp.oe {26.9).
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Ananus pewenuft sTux YPaBHEHHH NPHBOAHUT K CJes
AYIOLUIHM peaynbrataM. Yroa § u3Mmensiercs nepHoin9es
CKH B mpexenax or ¢, no 9,, onpesensieMux HauaabHBIMK
YCNIOBHSIMH (B 9aCTHOCTH, COOTHOIIEHHeM MEXy SHeps
PHEll H MOMEHTOM MMNyJbCa Boquka). KoseGauus ocu
BOJIYKA, OTBedaloliHe U3MEHeHHsM yraa @, HAasHBAKTCH
Hyrayued. O HOBpEMeHHO OCh BOJYKA npeueccHpyer, T. e,
floBopaunBaercs Bokpyr ocu Z. B urore ameke, r. e. TOUKA
fepeceuenus ocH z (OCH BONYKA) €O chepoil enHHHUHOND

& %

7, %,

]
Pne. 29.1

PaaMyca, BHMEPUHBAET OAHY H3 KPHBEIX, H30GpPaXKEHHEIX
Ha puc. 29.1. 3Hak npousBoAHOK ¢ JHGO OCTAeTCH HeHa-
MeHHbIM (pHuc, 28.1,¢ u 6), 1u6o mensiercs (puc. 29.1, 6).
Cayuaii 6) umeer mMecto, korna © H O odHOBpeMeHHG 06-
PalaloTca B HYAb.

Xapaktep mopeaenys $, KAK H 3HaveHus O n s,
SABUCHT OT HAYaAbHHX ycaoBuii. Takoe apuxenne OCH
BOAUKA, Kak B ciydae §), COOTBETCTBYeT eCTeCTBEHHBIM
HAYaJIbHLIM YCAOBUAM, NPH KOTOPHX BOJAYOK CHAYANE
MPHBOANTCR BO Bpallletke BOKPYr CBoell OCH, MOCJe Yero
OCb OCBOGOXKAAETCA H HAYHHEET CBOE ABHXKeHue. B Mo-

MEHT OCBOSOMIEHHA OCh H ¢, B ¥ pasun Hymo. [pn
S3THX HAYAALHBIX YCIOBHAX BOAYCK CHauana HAKAOHAETCH,
a Mo NOCTHXKEeHHH IPAHHYHOrO yraa ¢, maumyaer nogHn-
Matbes (cum. puc. 29.1, 6).
[Ipr cosepuwenso CHEUH(DHYECKHX HAYAJbHBIX YCJIO-
HAX 06a rpanuyHbe 3HaYeHHs @, u ¥ coBnanasor, Tak
ITO OCb BOJIYKa npeueccupyer 6es HyTauuu. Takas npe-
UECCHA HA3LIBAGTCSH, KAK MBI yIKe OTMeyaJn, peryaspHo.
Hro6m noayunts PErYNSPHYIO MpeUeccHio, HyxHo cool-
IHTb BOJNYKY HAYAJLHBIN TONYOK BHOJHe onpeaeneHHoN
BETHYHHB H RanpaBieHus,
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B caywae «6HCTporos sosuka (T. € B cayuae, KOI‘Il:
WHNETHYCCKAA 3HEPFUA COGCTBEHHOTO BpalleHuA no.uqx)
#eAHKa TO CPABHEHKIO € €ro 3HeprHedl B nodie TAXECTH
AvlicTiHeM CHA TAMNKECTH MOXKHO B NEpBOM NPHOAHIKCHHH
iipenetpews. Caeflopatebno, ABHKEHHe muxa“u::;m;c:
OPGACTIBHTD KAK PaccMOTPERHYI0O B NpeARAYLIS & ﬁa-
tpape CBOGOAHYIO npeneccnidc OCH BOAYKA Boxpy“ 4
upannciu? MOMeHTa M (3Ta mpeueccHs coorne'rcnaiu_
HYTAILMA TAMKENOTO BOJAYKA), HAa KOTOPYio u;x E
#HAIOTCH MAaNble BO3MYIleHHUs, ofycaoB/i¢HHbBE NefcTBHE
Gl TKECTH. DTH BO3MYULEHHS auaus;m MeAJIeHHYIO

WHLECCHI0 MOMEHTA M BOKPYT BEPTHKAJN.

B :l'l;urqe'r nokasuBaer, 4To uem OucTpee ppalnaeTcs
BOAUOH, TeM MeHbllle aMNAKTYAd HyTank#. Kpowe 'rone):
¥ pPeaAbHOMO 6HCTPOI‘0 BOJIMKA HYTALHA NMoramaercs ‘:‘:ga-
wues B onope. IlosToMy npakTHYecKH HYTalUHs A0

penine OLICTPOro BOJuKa OhiBaeT HesaMeTHOH H BO.'I‘IOII(‘
HPOUCTABARETCA PABHOMEPHO MPeUecCHpYIOMIHM ngxlg-
neproasbiofi ocl. Tak Kak nolJobHas mnpemneccH =
AMETCH PEryASIPHOR TOMBKO MPHOJIKIKEHHO, TO ONa foay

nAAR NA3BAHHE NCEBAOPEryAAPHON NPEHECCHH.

N Cascanel, 3 |
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§ 30. ¥pasnenns Mamnantona

[lpu pewennH 3a7ay O ABHKEHHH CHCTeMH € § CTe-
nensMA cBoGoAN ¢ MoMouipbio ypasHenuii Jlarpauxa npu-
XOIHTCA PEIaTh CHCTeMy S AH(depeHnHaNbHEIX ypapHe-
Huil BrOpOro mnopsaka. Hesasncumnimu nepeMeHHBIMH
B STHX VDaBHEHMAX ABAAOTCA O060GlIEHHHEe KOOpAH-
HATH g H 00O0IIEHHLE CKOPOCTH §y.

FaMuabron noayuns ypaBHeMHS ABMIKEHHS, B KOTO-
PHX HC3AaBHCHMHMH NepeMeHHEIMH SBAKWOTCA O6OOLLeH-
HHe KOOPIHHATH gk H 0600WIEHHNE UMNYJIbCH Py Ypar-
HeHHA I'aMHABTOHA KWJH, KAK HX elle HA3BIBAKT, KaHO-
HHYecKHe ') ypaBHeHHS (COOTBETCTBEHHO ¢x M p. HA3H-
BAIOTCS1 KAHOHHYECKAMH NepeMeHRHMH), B OTJAHYHe OT
ypapHeHufi Jlarpauxa, smasiores auddepeRnHaANLHEME
YPaBHEHHsIMH NepBoro RNopaaka. Ho 3ato wucao ux, He-
06X0ANMOR AAS OMHCAHHA CHCTEMH ¢ S CTENEHSMH CBO-
GoAH, oKasHBaeTCA paBHEIM 2.

Ypasuenus TaMHALTOH2 MOXKHO BHBecTH JAHGO H3
ypaBHenn#i Jlarpanmxka, an6o HemocpencTBeHHO H3 NPHH-
LKA HaUMEeHbIlero AeACTRHA (HHXKe MW npHBeAeM ofa
BHBOAZ). EcTecTBeHHO, YTO OHH He AAIOT HHYEro HOBOTO
no cymecrsy. OfHAKO KaHOHHYECKHE YPABHEHHS CHMMeET-
puuHee ypansenufi Jlarpamxka mu, xpome Toro, Gyayum
HUBADHAHTHHIMHA N0 OTHOLIGHHIO K KaHOHHYECKHM npeol-
PA30BAHHAM, OHH OTKPHBAKT GoJbUINE BO3MONHOCTH

') Ypaenenun FaMHNbTORE HASMBAIOTCA KAHOHHYECKHMHE B CBA3M
€ TEM, 9TO OHH OCTAIOTCH HHBAPHAHTHLIMH NpH BechMa OOHIMX npe-
obpasopanAsix NepeMenHbX. C NOMOINLI0 TAKHX KAHOHHUECKHX npe-
oGpasobannfi MOMHO nepefiTH OT nepeMeHHLIX gr M pPx K APYrHM
KanoHHUCCKUM nepesenuliM Qi(gx, pr, £) ¥ Pi(gs, pa, t). Ilpu 310oM
ypabrenust I'amunbrona coxpansior ceoo (opmy, OpaBfa, C Heko-
TOpoR wosof (Qynkumed Tamuasrona H’(Q, P, t), Kotopas 3ame-
nier Qynxuuio H(qge, ps, ?). Nepemennsie Q; u P MOTYT HMETh
Apyrofi QHsHueCKHf CMBICH, WeM IepeMenHHe qi H Pa.

$ 3, YPABHEHWS TAMHJILTOHA 131

ANt 0GOGUIEHNR, UIPAIOIAX BAXKHYIO PONb B 9/EKTPOLH-
HaM4Ke, CTATHCTHUECKOH (PH3HKE H KBAHTOROH MeXaHMKe.

B kauvectse (yHKUMH, xapakTepuayouleli MexaHHue-
CKylo chcreMy, 'amunbron B3an swepruio (5.1), BHpa-
HKeHHYI0 Uepe3 nepeMeHHBe ¢ X pp. YYTH, YTO

Pe = G5- (30.1)

(cM. (4.19)), sannuwem 31y GynxuMO CACAYIOMHM 06-
pasom:

H (gs, ps, = E; Pade—L(ge 4. O (30.2)

{4+ npeanoaaraiorca BHpaKeHHHMHU Yepes qx H Pr). Xa-
pakTepucTHYeckylo dydxkuuio H naswBalor Pyuxyuerd
Tamurerong nan 2amursToNUANOM.

B kauecrBe npHMepa npHBedeM FaMHABTOHHAH uac-
THOH, JBAXYUMIEHCA B MOTeHUWaAbHOM noje U=
=Ulx,y 2 1):

Hege (B4R +p) 400 0.2,0.  (303)

Has wactany, asuKymedica B craumoHaphom noxe, H
HMEET TOT e BHA, Ho U/ ne saBHCHT SBHO OT f.

Busenem ypasHenns IamusbTona, HCXOAs M3 ypasb-
nenu# Jlarpawxa. C srofi uenbio Halinem noJsnsie Rudge-
peHuHanbl JsieBoft W npasofl wacrefi dopmyan (30.2) u
NpHpapHAeM 3TH AndpepeHnnasn Apyr Apyry. Ioauud
andpepennnan aepoli yactH pageH

al o o
dH=; ¥ dgx + ; ggdpn +—3rdt. (30.4)
HOupdepenunan xe npasoit yactu HMeer pug

dH=EP¢d4t+Zédek—Z%d‘h—
k & &

oL aL
o7 4 — G- dt. (305)

B cury cootHomenua (30.1) neppas m YeTBepTan CYMMu
B3aUMHO yHHyroXalores. Ha  ypapwenus Jlarpamwma

5-
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(4.16) 1) caeayer, uro
{30.9)

amennM B Tperhel cymme dopmyan (30.5) GL/dq. ue-
pes pr. B nrore puipaxenne (30.5) npumer Buj

) : alL
dH=Zdipk_'Zpkqu_Td‘f' (30.7)
rs £

Aas roro yrofu BHpaxenns (30.4) n (30.7) 6uan
PaBHH NpH NPOH3BOALHLIX dq:, dpe W df, HeoO6XxoRUMO
BHNOAHeHHE YCAOBHI:

aH - aH
¢k=.$;. pk=—-5-€ k=1, 2, ..., 5), (30.8)

i aL
=T (30.9)

Ypasnenna (30.8) cyts ucxomue ypapnenns I'amuib-
TOHA HAH KAHOHWYecKHe ypaBHeRHA. OHRN, KaK yKe OTMe-
uaJoch, fABASIOTCA Au(pdepeHnHaNbHEMH  YpaBHEHHAMH
nepeoro nopsiaka. OGuiee YHCAO HX paBHO 25.

Jns qactuum, onucuisaeMmod raMuabTonHanom (30.3),
ypapHeHHs TaMHALTOHA HMEOT BHJ

Pr=— % f=—':n—"- H T. B.

Tenepy noayuum ypaerenns Iamuabtona w3 TMpHH-
IHNa HanMeHbitero Aefictsua. Hanomuns, uto coraacho
3TOMY DNPHHUHNY CHCTEMA ABHIKETcs TaK, YTo AcicTpHe S
(cM. (7.1}) umeer nauMeHblllee BO3MOXKHOE 3HAUCHHE,
370 yTBepKAeHHE 3aNUCHBACTCA B BHAE

iz
68=5\ Ligs, 4, nat=0.
1y

TloacraBsuM ciofa 3HaueHue L, nonyuaiomleecs M3 COOT-
Homennn (30.2):

3 S (Z: Pee — H) dt =0. (30.10)

1) Mu mpeanonaraem, aTo Bee CHAN, ReficTAyioUle B CHCTeM
ROTCHIMANHY, NOSTOMY BCNOALIYeM ypabhewne (4.16), a we (4.18),

§ 0. YPABHEHHA FAMHUABTOHA 133

Bapuanuio, croamylo g nesodi vacre (30.10), moxHO
IPpeACTABHTL B BHIAC

I
. = aff aH
85 == S Z (Pkﬁfik + 4289 — 57~ 94 —'Fp-;épa dt.
Hh k

HpownterppyeM no 4acTAM neppoe caaraemoe:
fg f, fg

S Pe 8G, di = p, 8qs I = S Pr 8y di

f HY 4

(m.n BOCNOAbIOBANIHCE TEM, UTO 6§ -—-:-%-(6%); cM. Ppop-
My Y (lll.4)). Bapwannn 84, npn noidcraHoBKe npeje-

AOH WHTerpHPOBAHNA o6Gpawalorcs B Hyab'!). Tlostomy
HEpuWA - YieH MOJAYYeHHOro BHPAXKEHHs HYXKHO oT6po-
oy, CaefosaTenbro, ycnoene (30.10) sanumerca Tak:

Iy
;\ g{(@,e — S ops— (s + 57-)das Jdt =0

If ¢nay NpOA3BOABHOCTH BapHALMH §g: H 8p, 5TO ycjo-
WHE MOMXET BRIMOAHATBECH TOABKO B CAydYde, ec/it BLIpa-
Wt B KPYTABX ckofkax 6yayT myasamu. Orcioaa cpasy
nosynaoTes ypasnenus (30.8).

Hecenenyem ¢ynkouio [amuabrona ff, Hafizem non-
Ny 1POH3BOAMYIO OT 3TOA QYHKUHH [0 BpeMeHH

dH aH o . o .
{!-—= at + Zk: aqk dr + ; opk Pr-

Ijpiin 80 spHnMaHHe 3HavenHa (30.8) anaa §. 0 ps, OO-
Ny s, Iro

oot @010
awnn oGpasom, ecnH ¢yukuna H He 3apuCHT ABHO OT
BpuMall, OMA COXpaHEET CBOE 3KHadehHe. ITOrO CcAeAo-
MO OMUAATL, NOCKOAbKY f ecThb noadas 9HepPrUs CH-
PiOM)4,  KOTOpAs COXpaHAeTcsl MNpH  YCAOBHH, WUTO
0 we 0 {cm, (30.9)).

) [MouoMunm, 470 DpH PAPLHPODAHHY 'l‘paEK'l'OpHﬁ : ] KOHt]Jlll‘y-
fasssiibom  apocrpaderse (M. § 4) navanbHAd B KownedHas TOWKH
winn YpagnTopudi UPCARONATANTCH 3aKPETNCHHBIMA.
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SaMenRM BO BTOPOM H3 ypasHenni (30.8) p, B coor-
BeTcTBHH ¢ (30.6). B pesyabrare HaizeM, uTo

L,
—jqi—_——jT. (30.12)

] k
Orciona caenyer, yro Te 06o0IeHHHe KOOpAHHATH, KO-
TOPHE ABATIOTCA HHKAHYECKHMH, T. €. He BXOLST HBHO
B QyHkuuio L, ne BofiayT sisHO M B ¢ynkuuio H. Briue
(em. (11.2)) mu YCTAHOBHJH, 4TO 0GOGUIEHHHE UMIYJIb-
Chbl, COOTBETCTBYIOIHE IHKJIHYCCKHM KOODJIHHATAM, $B-
JAIOTCA HHTerpazaMu Aswxenus. Ma ckasaHHOro MOKHO
3AKNIOUHTH, 4TO oBo6uIeHH e HMIOYJbCH, COOTBETCTBYIO-
UHE KOODAHHATAM Gk, He BXOASUIHM SIBHO B I'dMHJILTO-
HHAH (T. €. UMKJIHYECKHM OTHOCHTENbHO Oyaxunn H),

0CTAIOTCA NOCTOAHHEIMH

Py =const npu ycaosumn, uto OH[dg, =0. (30.13)

§ 31. Cxo6un Nyaccona

Boabmem mekotopyio QYHKUHIO KaHOHHYECKHX nepe-
MEHHRIX gx H Py, 8 TaKXKe BpeMeHH £, T. e. [(qs, P, ©) m
BLIACHHUM, OPH KAKHX YCJAOBHSIX 3Ta Gyukuus Oyser uu-
TerpanoM zApHKenusi'). Ilns s7oro BmuHCAHM NONHY IO
POHSBOHYIO OT 9T0OH (YHKUHH N0 BpeMeHH:

af __of of . I
o = +§(3‘}:¢h + e Pg)-
3ameRuM npousBozHHe ge ¥ Pr HX 3HAYEHWsIMU (30.8):

4 _ o of OH o aH
= o +;(an ap, . op, 9q, ) BLD

Ecau ecrp ase dpyuxuun 9 (qx, Pr, £) M H{(gu, ps, 1), TO
BHpaXeHne

— V(90 v
{e, ¥} Z: 30, O,

HasuBalor cxobramu yaccona ans dpynkumi Qo u P2,
B cnyuae weo6xoaumocru TipH cuMBoae ckoGok [Tyaccona

!) Hanomuanm, sto HHTErpAJIAMH ABHMEHHA Ha3MBAlOTCH TaKHe
DYHKIHR AHHAMBYeCKHX Depemennnx (ge ® g Jsmbo Gr B ps), Ko-
TOpHe OCTAIOTCHA NOCTOSHHLIME NP ABHXEHHH CHCTeMB,

) HOns obosnauenns cxoGox Iyaccona mcnosmsyiores HHOrAA
BMecTo Qurypubix KBanpaTible H Jaie Kpyriue cxoGim.

§ 3l. CKOBKM [MYACCOHA 135

VKA3LBAIOT B BHAE HRMICKCOB HEIaBHCHMHE NepeMeHHe,
HO KOTOpHIM SepyTCH YaCTHHE RPOHSBORMLIE, T. €. 3alH-
cuBalor, kanpumep, ckebrn (31.2) tak: {9, v}, ,. Jerko
BIACTD, YTO

{@, "I’}q. R {q)» ‘p}p. ¢ = {1)’ q)}p, q (31'3)

[Tpumenns cko6kn Tlyaccona, BHpaxenne (31.1)
MOJKHO NPeAcTaBUTL B BHIE

df af
_t-if_=_0i_+{f’ H}q.p (314,
HJIH B BUAEC

(31.5)

Hs (31.4) caeayer, ato ycaosue, npu KOTOpOM (yHK-
s f GyAer HHTerpasoM ABHIKEHHS, BHLIANNT Tak:

AU =0, (31.6)

Orciofa saxnouaeM, 4to B cayyae, Koraa HHTErpan ABK-
MMEHHA f He 3aBHCHT OT BpeMeNH ABHO, ero cKoGKH ITyac-
Cona ¢ pyuxuuefi TamuapTona paBkn HymMo.

[lpueenem HekoTopue oueBniHHe cBOfCTBA cKOGOK

Ilyaccona:
{o. ¥} =—{v, ¢}, (31.7)
{9, 9} =0, (31.8)
o+ o, V) ={9:, ¥} + {9z, ¥}, (31.9)
{or 92, =9 {92, ¥} + @ {01, ¥}, (31.10)

o w={3 v}+{e 3} 6L

B wactdHocTH, B KauecTBe @ MAH P, TGO HX O6EHX MONKHO
BISITL  KAHOHHYecKHe nepemenutie. Torza noaywawores
CACAyOlUMe COOTHOMEHH

{90, ¥} = aip‘!’;-. (1.12)
{ps, ¥)=— 51;";. (31.13)
{90, 9.} =0, (31.14)
{pi. pu} =0, (31.15)
{9, P} =04, (31.16)
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Pekomenayem noayunts gopmyan (31.12)—(31.16) g ne-
panke ynpaxnenus. [lpu ux BoiBoe caeayer yuecTb, YT0
9pi/0qx =0; 0q:/0px = 0 (Tak KaK gx ¥ pi — He3aBHCH-
Mble NepeMeHHKe).

Ovuelb BaXkKHHM cBORCTBOM ckobok [lyaccoma spas-
€TCA HX HHBAPHAHTHOCTL OTHOCHTENLHO X2HOHHYECKHX
npeoGpazoeannfl. 310 03HA9AET, YTO

{9 v} o ={®, ¥lg, . (31.17)

rae Q, P— nepementibie, MOAYYEHHHE H3 ¢, p C TOMOIbIO
KaHOHHYECKHX npeoGpasopanuii.

B kBanTOBOA MexaHHKe MH NO3HAKOMHMCS ¢ KBAHTO-
BHIMH cKoGkamu [lyaccona, xorophe sBARIOTCA KBaHTO-
BOMEXaHHYECKHM aHAJOTOM DPAacCMOTPEHHHX B 3TOM Na-
parpadre knaccHueckux ckofok [Tyaccona.

§ 32. Ypasueune Famnantona — Mxobu

Bapbuposanne gefictens
Iy
g= S Ldt (32.1)

i

NpH HAXOXJEHHH HCTHHHOM TPAaeKTOPUH ABAIKEHHs CH-
CTeMbl (AMeeTcs B BHAY TPACKTOPHA B KOH(HrypalHOH-
HOM NpOCTPAHCTBe, T. €. B NPOCTPAHCTBE 5 HIMepEHHN;
S —9HcH0 cTenenell cBOGOAR CHCTEMM) 3aKAOYaeTcH B
CPaBHEHHW 3Ha4YeHMR S AR GAMSKHX TpaekTOpHR ¢ 3a-
KPenJeHHbBMH KOHLAMH, T. €. ¢ OAHHAKOBHIMH 3HAYeHHA-
MA g, (4)=q u q,(1,)=4¢P. Harasaso 3to moxKo
APEACTaBHTL C moMomsio prc. 32.1. Jlnmbs Ta TpaexTo-
PHA, AAA KOTOPOH S MAHAMAAbLHO, OTBEeYaeT AefiCTBR:
TCbHOMY JPHXKeHHI0 (HAa pHCYHKe OHa M306pawena
CAOIIHOA JINKAE#),

B 9tom naparpade Mm Gyiem paccMatpusath Refi-
CTBHEe S KaK BE/HYRAY, XAPAKTEPHIYIOIYIO ABHIKEeHHE TO
HCTHHHHIM TPAEKTOPHAM, H HCCACAYEM, KaK ITa Bead:
YHHa BelleT ce0f NPH H3MEHEHHAX TOUKH ¢@ (npu i, ==
==const), a Taxxe npH H3MeHewuax ¥ (cumpoa ¢d
03HAuaer COBOKYNHOCTh BCex qﬁ") Takum o6paszom, MH

Oynem oOpamarbcs ¢ AeficTeuem Kak ¢ Gynkuned:
S=S(qu 1), (32.2)

§ 22. YPABHEHHE TAMIJILTOHA — AKOEH 137

¢ §r— KOOPAHHATH KOHCYHOrO MOAOKEHHA CMCTEMHI,
fn {-— MOMEHT BpeMeHH, KOrfa 3T0 HOJOoKEHHC AOCTH-

racrcA.
BosbMeM BOAW3H TOuxkd @@ TOYRY € KOOpAHHATON

g™ + 6g, B KOTOpYIO CHCTeMa nonajaer B TOT K¢ MoO-

2

MCNT BpeMeHH f;, B KOTOPHIH OHA NMPHXOANT B TOUKY q®

(pue. 32.2). HefictBre Qs TPAeKTOPHH, npHBOAALieH CH-

cteMy B Touky ¢® - 8¢, orauuaercs OT ACHCTBUA AAA
i,1’3)

7 @), g

Prc. 321 Pre. 322

2y
IpICKTOPHH, TIO KOTOpOfi CHCTeMa NPHXOHHT B TOUKY ¢4,

W NCAHYHHY )
- oL al
= =8 2% )d:. (32.3)
8S5= ‘S ;(aqk 6?& + qu qlt
dfech B¢y €CTL L «3HOCTb SHAUEHHA ¢x, B3ATHIX A4 ofeHx

ipicropift 8 OJHH K TOT e MOMEHT BpeMeHH {; anano-
S 400 Gje — PA3HOCTD §i B MOMEHT £. Y

IlponnTerpapyeM no 4YacTaM BTopoe CaaracMoe
(32.3):

5 Ly £y
i, aL N (A \og dt. (32.4)
‘\ ."’. Gl‘h di = -a—‘;': ‘54’3 JI ‘S. ar agk ) Jr

j i
ilim wcrnnviod Tpaextopun dL/04, npencrapifer coGo
ahufhmennuh uui:lynbc px. Havana obenx rpaegrol(a:n;i
ssnianor, nostomy &8qa(f)=0. Beanuuny Oqa zn
wimiio 0GosnadaTy npocto 89 CaefosaTesibHO, NEPBH
anvit n panof vacrn (32.4) MOXKHO NPeACTABHTL B BHAC

traflyga
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INoncrasum (32.4) B Bupaxenne (32.3):
iz
b ol T oL _ d oL
;Pk qe + fs ;(6% ar o, dqe dt.

HIcTHRHLE TPaeKTOpHH YAOBJAETBOPAIOT ypaBHeHHAM Jlar-
panxa. TosTomy nogwHTerpasbHas (PYHKUHA, a 3HAYHT,
H caM HHrerpaa Oyaer mynem. Takum ofpazoMm, MM no-
JydaeM AJd MpHpamerHs AeficTear S, 06YCIOBAEHHOTD
H3MEHEHHEM KOOPAWHAT KOHEYHOTO MONOXKEHHA CHCTEM
Ha 84, (NpH HeH3MeHHOM BpeMeHH ABMXKEHHf), IHaUYCHHE

85 =2 prdgy. (32.5)
3ARech py — Be/INUHHA MMNYALCA B MOMEHT fp.
Hs supaxenus (32.5) purexaer, uro
s
B, — Pr (32.6)

CaienoeatenbHo, YacTHHE NPOM3BOAHHE OT AcACTBHS TO
0OO0LIEHHEIM KOODAHHATAM P2BHH COOTBETCTRYIONIHM OG-
OOLUEHHEIM HMITYIBCaM.

Tenepy ponycrum, uro Bepxmuuli npegen wHTerpupoBa-
Hua B (32.1) He dmkcupoBan. UToGH noAYEPKRYTL 3TO
ganuileM peficTeue B BHAS i

8= {Ldt.

t

(32.7)

Tlpeacrasnennoe Tak Aeficrsue AbAserca dpyHKuHed BEpX~-
HETO Npefiesia HHTETPUPOBaNHS, T. e. 8 = S(f). Us (32.7)
cAeayeT, uTo

45

& =L (32.8)

BMecre ¢ TeM, B cooTBercTBHE C© (32.2) |
R bt (32.2) wMoxkno wanu-

4as _ 95 as . _ oS
T+t La, =t L ©29)
n

(M yunu coornowenue (32.6)). N
6) ). MNpupasusp npapte va-
18 pHpaxenuli (32.8) B (32.9), monywnm mg yacTHOA

== =
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npou3ecAHoA oT S NO f 3HavYeHre
as
2 ~—(Louta— 1)
k

Bupaxkenue B ckoGKax ecTb ramuastonuan H. Caemopa-

TCABHO,
as

5L = H (e, P 1) (32.10)

B cootsercTeiu ¢ dopmynami (32.6) u (32.10) aud-
depenunan ¢yuronn (32.2) MOXKHO NPeACTaBHTE B BHAS

dS= );_‘, padq, — H dt. (32.11)

3amennuM B ypasHennit (32.10) p, ux 3HAYCHHAMH H3
(32.6) ¥ 3anumeM 3T0 ypaBHeHHE CeAYIOUIHM 06GpasOM:

as . a5 43S as | N\ __
W""H(Qh (h, vy q;, 3q_ll aqzo T ] aQs' t)'—o.
(32.12)

Mu nosyunan auddepeHilanpHoe ypaBHeHHE, KOTOPOMY
AC/MKHA yAOBAETBOPATH GyHKuuA S(q1, G2 ---1 I ).
Ero masmBaior ypasHenuem Iamuavrona — fkobu. ORO
ABNACTCA YpPaBHEHHEM B YaCTHLIX NPOH3BOAHBIX NEpBOTG
nOpRAKa.

Ypapnenue (32.12) AexET B OCHOBE HEKOTOPOrO ol-
lero METOAA HHTErpHPOBAHNA ypaBHeHHH ApuxKeHus. OX-
HAKO paccMOTpeHHe 3TOr0 METOAA BHXOAMT 33 PaMKH
Hallero Kypca.

B caydae KOHCepBAaTHBHOA CHCTEMH €O CTalHOHap-
HLIMH CBA3SMH BpeMs He BxoauT ssHo B QyHkuuio H
u# H=E=const (cv. (30.9)). TIlosTomMy coOIJlacHO
(32.10) saBucumMocTh S OT { BHpaKaeTCA ClaraeMHM
—Ef. CaepopaTenpno, JefAcTBHe pacnajaercs Ha ABa
ynena, OiMH W3 KOTOPHX 3aBHCHT TONBKO OT 0GOGIIeH-
HBIX KOOPAMHAT, @ APYrofi — TOJSbKCG OFT BPEMEHH

S(qs> ) = Solga) — Et. (32.13)

DyHKRHIO So(g:) HA3LIBAKOT YKOPOUEHHLLM dellcrouem.

[oacrasus S B Bage (32.13) B ypapuenue (32.12), npr-

neM Kk ypassenuio IamuipToHa — SIKOOK AR YKOpOUeH-
HOrO ReRCTBHSA

98, 98y 9%y _
ff(‘?lv Gy v o0y o g, > 94; ' LR dfh)—g' (32.14)
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Ypasuenne IaMuabTOHa — SIKOGH HrpaeT BaXKHYIO
posib B ONTHKE H KBaHTOBOR Mexanwke. OHO JIeXHKT B Oc-
HOBE ONTHKO-MEXAHHYECKOH aHasNoTHR, KOTOpas NpHBeaa
Ulpennnrepa k GopMyAHPOBARHIO BONHOBOH MEXABHKH,

Hanuwem ypasnenne I'amuabrona — $kobn ana uae-
THUH, ABHXylleficd B HecTAaUMOHAPHOM NOTeHUHARLHOM
nose. Ilpnuas Bo snumanne Qopmyan (30.3) n (32.12),
nosAyauM

LUSY B}
+U® g 2 )=—-2. (3215)

Ecan nose, B KOTOPOM ABHXKeTcSl 4acTHUA, CTaLHO-
Hapuo, emecto {32.15) paccmaTpHBaeTcs ypasHeHHe JAAR
YKOPOUYEHHOIO fAeficTBhA S

i (Ge) +(52) +(32) }+ve v a=E
(32.16)

I"nasa VII
CNEBRHANBHAS TEOPHR OTHOCHTEJNLHOCTH

§ 33. TpudHnuR OTHOCHTEXLAOCTH

(CloBy cnelHaJbHOR TEOPHH OTHOCHTEABHOCTH ofpa-
WiOr Apa AOCTY/NAaTa, chopMyAHpopaHHue DAHIITEAHOM:

I, Bee saxonse npupodst 00uRaK06 80 6CEX UNEPUU-
inatiox cucremox orcwera. Muaye MOMHO CKa3zaTh, 4TO
PILARCIUR, BoLPARCAIOWUE 3AKOKR NPLUPOCH, UHBAPUGHT-
fii ') o oTHOWERW0 K npeobpasosanuns Koopounar u
HigMetit  OT OONO  UHEPUUAALROL CUCTEMDL OTCHETE
N ilpioodd.

2. Ceer 8 nycrore aceeda pacnpocTperAercs ¢ onpe-
diAennol NOCTOAKNOG CKOPOCTe0 ¢, Re 3asucaujell OF
dugronian OSHIEHUR USAYUAIOWE20 TCAd.

(leppwiA noCTY/IAT HOCHT HA3BAHHE npusyung OTHO-
PireavtocTe FdnwTedna, BTOPOA 0OCTYJRAT HA3HRBAWT
Hils oM NOCTORRCTEA CKOPOCTH COETA.

llkrrodonckas MeXaHHKa HCXOHHT HI NpeAnojoxe-
Midl  MCOBEHHOM mepeAade B3arMojelicTBNA OT OAHHX
Yo o ApYruM. 3To, B YACTHOCTH, NPOABAAETCHA B TOM, YTO
wuitMolelicTBHe YaCTHIL ONHCHBACTCA ¢ MOMOMIBIO MOTCH-
wnnntoll  sneprus U(ry,re, ...), KOTOpas 3aBHCHT
W0 OF koopaxuat uactan. Tem cammimM npeanoAaa-
VAEIOR, 470 HIMeHeHHEe oJoXKeHnd OfHOH H3 YacTHU OT-
PHBACICH A OCTAJNBHBIX YaCTHUAX B TOT e MOMEHT.

1t aefcTDHTENLHOCTH, KAK [OKajblpaeT ONHT, MrHO-
sl nonuMoaeicTRRA B IpHPOAe He cymecTsyer. Ecan
HAMENMETCH NI0J10JKeRHe OfHOA M3 YacTHl, TO Ha Apyrok
seanmoichcroyiomefl ¢ neft JacTHle 3T0 H3IMEeHeHHe HaY-
e UHAMJOATBCA CNYCTA KOHEYHB NPOMEXYTOK Bpe-
suni, WeOOXOAHMLIR BAS TOro, YTOOH pacnpoCTpaHAN-
MBI U KOHCYHOR CKOPOCTbIO B3aHMONERCTBHE NPOULIO

'} Muas{HIANTHOCTD YPABHCARA O03NAY4eT HEUSMEHROCTs BURA
FPARAGIHN (PN 3AMOHE B HEM EOOPAHHAT B BPeMenR ORWOR CHCTEMGE
win9sda KOGPAMHATAMH R BpeMencM Apyrofl CRCTEMEL
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NyTh, PaBHLA PACCTOAHHIO MEKAY dactunamu. Takuum o6-
PasoM HYXHO NPH3HATH CYIECTBOBANME NpeAeNhHON CKO-
POCTH PACNpOCTPaHeHns BaanMoAcficTeui. M3 onura cie-
Zyer, uYTO 3Ta CKOPOCTb paBHA ¢ — CKOPOCTH CBETa
B NYyCTOTE.

H3 BTOpOro NOCTYNAaTa BHTeKaeT Takxke, 9TO CKO-
POCTh PACKpOCTPaHEHHs B3aHMOAERCTBHH OAHHAKOBA BO
BCEX WHEpPNHAJbRHX CHCTeMax OTCYeTa, T. €. ABJATETCA
yHHBepCcanbHOA NOCTOAHHOA.

CorsnacHO MeXaHHYEeCKOMY NPHHIHNY OTHOCHTeAbHO-
¢tk Tanuned 3aKOHH MeXaWHKH HHBAPWAHTHH IO OTHO-
nleHHio K npeo6pasopaunsiM [annnen:

x=xtodt, y=y, z2=2, t=¢ (33.1)

(vo — ckopocTb ABHAKeHHS cucTeMH K no OTHOLIEHHIO
k cucreme K). Hs stux npeoGpaszopanuil BHTEKAaeT Kaac-
CHUeCKHA 3aX0H COKeHHS cKopocTel:

v=v + Yo (33.2)

Tlochennee cOOTHOIIEHNE, 38 CAEJOBATENbMO, B YpaB-
fAeHua (33.1), M3 KOTOPHX OHO BHTEKaeT, He Colyacyercs
€0 BTOpPHM nocrynatom JfiHwTeliHa, COTMACHO KOTOPOMY
AAS CBETOBOTO cHrHana ¢ = ¢,

y K y' K

r Ua

ol 0 oo
/ / r 2
¥ 7!

Puc. 33.1

PaccMOTpUM JABe HHepUMA/bHHE CHCTeMH OTcueTa K
n K’. KoopiHHaTHHe OCH 9THX cHCTeM BhGepeM Tak,
9To6H OCH X H X’ GHJAR HampabjieHH BAOJDL CKOPOCTH Vg
cucreMu K’, 8 oc y B 2 OHAR napaateabHH OcsM Y
u Z (puc. 33.1). Orcuer Bpemenn B 0GeHX CHCTeMax Hau-
HEM ¢ TOFO MOMEHTa, KOIA3a Hayajla CHCTEM COBNagaJ/u.
INyctb B MoMenT { = ¢ =0 ¥3 cOBNANAOUIEX HaYaa KO-
OPAHAAT GLLR MOCAAH CRBETOBOH CHryald, pacnpocTpaHAlo-
mhiics no pee Banpapacwusm. K momenty Bpemens ¢

§ 3. NPHRUNN OTHOCHTEARHOCTH 143

CHTHaA B chcTeMe K JOCTHTHeT Todek, oTcrosmux or O
Ha paccrofkne {==cf{. KoopAaHaTH 3THX TOYeK YAOBAET-
BOPAIOT YPapHEHHIO

Pyt — =0 (33.3)

AHanoOrHUHO, K MOMEHTY BpeMeHH £ curhan B cncreme K’
AocTHrHer Touek cdepH pamuyca cf’. KoopauHaTu aTHX
TOUEK YJIOBJICTBO[)RIO’I‘ YPaBHCHHIO

A — Pyt —2=0. (33.4)

Ypasuenus (33.3) u (33.4) HueOT OAWHAKOBHA BHA,
YyTO SIBAAETCK NPOABIEHHEM WHBAPHAHTHOCTH 33KOHA
pacnpocTpaReHHA CBETA MO OTHOUIEHRIO K NpeoGpasopa-
HHIO KOOPRHHAT M BPEMEHH OT OAHOH cHCTeMH K Apyrof.
Ecnu nopcrapute B (33.3) 3HaYeHWA HeITPHXOBAHHHX
KOOPAMHAT W BpEMeRH, onpegensiemsie popmyaamu (33.1),
MOAY4aeTcs COOTROMCHHE

et — 't — gt — 2yt — o =0,

He coenagapuee ¢ (33.4). CrepoparebHO, ML CHOBA
NpHULIH K BHSOAY, YTo mpeoGpasoparus [ananes He co-
BMECTHMHM ¢ MNPHHUHOOM MOOCTOAHCTRA CKOpOCTH CBeTa.

CorfacHO NpHHIMNY OTHOCHTeABHOCTH JARWTeAHA
BCE¢ 3aKOHH MPHPOAR, B TOM YHChie 3aKOHK MeXaHHKH A
SJACKTPOAHUAAMHKY, AOJXKHSE OHTh HHBAPHAHTHHMH NO OT-
HOWIEHHIO K ONHHM M TeM e Npeofpa3oBaHHAM KOOP-
JHHAT H BpeMeHH, OCYIReCTBAAECMEIM IIDH nepexole oF
olHOll CHCTeMH oOTc4eTa K Apyroit. OAdWako ypaBHEHHA
Heiorona u ypastenusn Maxcpeana 3toMy TpeGOBaHHIO
He yAoBAETBOPAKT. B TO BpeMs KaK ypaBHEeHHA Hriorona
HHBAPHAHTHH NO OTHOIIEHAK K NPeoOpasOBaARHAM Taan-
nes, ypasHenus MakcBesia, KaK Jerko yGeaHTbC Heno-
CpeACTBEHHOH NMpOBEpKOH, MO OTHOWEHHIO K 3THM npeoG-
PA3ORAHHAM OKA3HMBAIOTCH HE HHBAPHAHTHALIMH. 3o 0o6-
¢TOATENbCTRO NpuBeno DfinmiTedna Kk BHBOAY O TOM, HTO
ypaeneHus HblTOHa HYXKARIOTCA B YTOMHCHHH, B pe-
3yARTaTe KOTOPOTO 3AKOHH MEXaHHKH W 3JCKTPOAHHA-
MHKH OKasajuchb OB HHBAPHAHTHHMH [0 OTHOWEHHIO
K OLHHM M TeM Xe mpeobGpasosanusm. Heobxonnmoe BH-
Aou3MeHeHHe 3aKOHOB MEXaHMKH OLLTO OCYHICCTANEHO
Aiimwtefinom. B pesyabrare BO3HHK/N2 MEXanHKA, COTAd-
cylomasca ¢ NPUHWHAOM OTHOCHTeNbHOoCTH Dfinmreding,
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KOoTopast noJydyHia Ha3paHHe PEAATUBLCTCROL MEXARUNKY,
Hanoxmennw OCHOB 3TOR MEXaHHKR W NOCBAIIERA 374
raaea.

§ 34. Hrveppan

CofuTHe, NPoRCXOAAlNICe ¢ REKOTOPOA vacTHLEH, Xa-
PAKTEPHIYETCA MECTOM, Tie OHO NPOH3MLAO (T. €. COBO-
KYNHOCTBIO 3HAMEHAN X, ¥, 2), U BpeMeHeM !, KOrAa OHO
nponsouno. Ecau eeectn BooGpaxkaemoe vernpexmepHoa
NPOCTPAHCTBO (4-mPOCTPAHCTBO), MO OCAM KOTOPOro OF-
KJI3ABIBAIOTCA NPOCTPAHCTBEHREE KOOPAMHATH X, ¥, 2 ¥
BpeMa { (HAR NPONCPUHOHAKLHAA { BEAHYRHA), TO COOH -
THE H306pa3nTca B 3TOM mpocTpaHcTBe Toukoi. Touka,
H3oGpaxauas coburhe 8 4-IPocTpaHcTBe, HasHBaeTCH
supogodt rosxod. C TevenHeM BpeMeHH MHpOBas TOYKA,
COOTBETCTBYIONIAS RAHHOM uwacTHUe, NepeMeniaeTc! B
4-npOCTPaNCTBE, OTIACHIBAA HEKOTOPYIO JAHKHHIO, KOTOPYIO
HA3HBAIOT Muposod aunuei.

Paccmorpm nBa cOGHITHA, NEpBoEe H3 KOTOPHX 33+
KAIOYAETCA B HCOYCKAHMH CBETOBOTO CHCHANAA H3 TOMKH
€ KOODARHATAMH Xy, 1, 2| B MOMEHT BpeMeHH [y, a BTO-
poe —B NpHXOAe ITOTO CArHana B TOUKY ¢ KOOPAHUHA-
TaMA X3, 2, 22 B MOMEHRT BpeMenu fo. Mexay xoopauHa-
TaMH H BpPEMEHEM 3THX JABYX cOOHTHA HMeeTcsi CJeAYIO-
illee COOTHOUICHHE:

E{t, — 4 — {xe — P — (g — 1) — (2, — 2)’=0. (34.1)
Beaxunna
=F—x)l+@m—uy+(z—2) (342

npeicrapaseT co6oA KBafpaT paccTosHNA (KHTeppana)
MeXAY ABYMA TOYKaMu B OOHYHOM NpOCTpaHcTBe. AHa-
JIOTHYHO MOXHO rOBODHTL © paccTOAHAH (MHTepBaje)
MeKAYy ABYMA TOUkaMM B 4-mpocTpancree. Hurepeairom
MEXIY ABYMA COOHTHAMH HA3LIBAIOT BESMYNHY S|, KBAM:
paT koropofi onpeneasnercs Gopmynoh

sp=c (L — LY — (G~ xV—(,—y) — (,—2)=
=oi(l,— -8, (34.3)

Ana aayx GeckoHeuHo GAM3KHX COGHTHA KBaApaT WH-
TEpB2AA HMEET BHA,

ds® = c*d* — ap. (34.4)

§ 4. HHTEPBAN 145

Jlas AByx COOGHITHA, 3aKAKYAKUHXCA B HCOYCKaHHH
UHETOROTNO CHTHAMA B OZHOH TOYKE W MpHXOAe ero B ApY-
i¥io TOUKY, BHTEPBAA papeH BYJIK0:

Ast = c* A — AP =0 (34.5)

(em. dopmyay (34.1)). Beanencrsre nOCTOAHCTBA CKOPO-
¢1i cpera papeHctso (34.1) moskHO GHTR CnpaBei/IHBO
 aoGofi uHepuuanbHoh cHereme orcuera. Caeposaredb-
W0, ec/H MHTepBan pasen HyJaio B cucreme K, TO OH 6y
AT pased HyaMo W B JioGofi npyro#t cucreme K.

Mrak, unTepsas AoJKeH oOpauiaTtbhcid B HYJab OAHO-
BpeMEHHO BO BCex cHcTeMax orcuera. OTciona BhITEKaeT,
W10 uhTepBaa As MeXAy HEKOTOPHIMH COOLITHAMH, Bhl-
pakenns#t B cicreme K, noaxen GuTh CBA3aH C HHTEp-
oM As’ Meay TeMH Ke cOOLITHAMH, BhIpa’KeHHLIM
n oncreme K7, cooTHOWeHHEM

As=aAs’. (34.6)
Jlo » cany noaHoli pabHompapHocTh chereM K u K
MO © TeM JKe OCHOBAHHEM HanwcaThb, UTO

As’ =aAs, (34.7)

¢ ¢ WMEET TO e 3HayeHue, 4To H B dopmuyae (34.6}.
Iepemuonun coorHomenns (34.6) u (34.7), nahzewm,

Hd
ot =1,

oiiyan @ = 1. EcTecTBeHHO NpeAnoNoXKUTb, YTO 3HAK
iiTepNaNa BO BCEX CHCTEMAX OTCYETa JAOJKeH OniTh ONH-
wikon. [losToMy 3HaueHue a, paBHoe — I, HYXHO OT6pO-
viin, Tacum o6paszom, MH NPHXOAHM K PBIBORY, YTO HH-
JupRaN MeXKAY ABYMS COGHTHAMH €CTh WHBADRANT:

As=As'. (34.8)
llonyuyendpfi HaMH pe3yJ/bTaT CBHAETEALCTBYET O Me-
HeonOpasHOCTH NPHHATOrO HaMH ONpeAe/ieHHA HHTEP-

WAAN Mexcy AByMs Toukamu 4-npocrpancrsa. MnTepsad,
unpeneanemui  gopmynoii (34.3), oxkasuBaercs HHBa-
JUANTIINM 10 OTHOLIGHMIO K MpeobpasoBaHHAM KOOPAHM-
MAT W npeMeHH oT OJHOH CHCTEMbl OTCHETa K npyroﬂ, T. €.
weler ce6n nopobro paccrosinuio (34.2) MeXay ABYMA
veinMin B OOKYHOM NpOCTPaHCTRe.

llonepries, yTo BHBOA 06 HHBAPHAHTHOCTH BERH-
wimis  (34.3) ARIAeTCHE JOTHYECKHM CHSACTBHEM HI NO-
viyaiiron JRmureina.
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OcHoBHBaACh Ha HRBADHAHTHOCTH HHTEpPAAA, MOXHO
HanHcaTh

As?=cPAL — AP = AP — A1 (34.9)

HonyctuM, uro As? > 0, T. e. HHTepBal BellecTBeHHLN,
Torna MoxHO HalTH TaKyl0 cHCTeMy orcyera K’, 8 KO-
Topoii Al 6yler pasek Hymo. B 3Tol cHcTeMe cOGLITHA,
pasjeicHHbE HHTEPBAAOM As, NpOH30ALYT B 0ZHOM TOYKS,
IlpoMexyTok BpemeHH MeXKAY COGHTHAMM B cHcreme X*
paBeH

’ As
M—c.

(34.10)

BelnecTBenHnle HMTepBAaJB Ha3HBalOTCA spemenunodol-
HbLMY,

Tenepe momycTuM, yto As? <0, 7. e HHTepBaa MHH-
muii. Torza MOXHO HaHTH Takylo cucremy orcyera K
B KoTopoli At =0, T. e. cOGHTUA NPOHCXOUAT OAHOBpE-
MeHHo. Paccrognue MeXAy TOYKAMH, B KOTOPHX NPOH3Q-
mAH cobuTHa B cucteMe K’, paBHO

AV =i As. (34.11)

MHHNMHe UHTepBaJbl Ha3bLIBAIOTCA APOCTPANCTIEHHONO-
dobrsimu,

CofHTHS, NpoUCXoAflUlHe ¢ ORHOf W TOH e 4YacTH-
ged, MOFyT OBITH pasfleleHbl JHIUL BpeMeHHNIOAOGHLIM
uHTepBadAoM. [leficTBATENEHO, NOCKOJABKY YacTuua He MO:
JKeT ABHCaTbCA CO CKOPOCThIO, Oouabliedl ¢, npofiieHHO®
€l0 3a BpeMa Al paccToaHHe Al He MoXerT npeB3oHTH
e, 1. e. Al =< cAf, Orciona As? = 0.

[IpocTpancTBeHHONCAOGHEIM HHTEPBAAOM MOTYT OHTH
pasieneln JHIIb BPHYHHHO Ne CBA3aHKbe cOOHTAA. [leht-
cTBUTENbHO, ecan As? << 0, To Al == cAf. CieporaTenbHo,
HHKaKoe BO3JeHcTBHe, BHLIeflNee H3 OJHOA TOUKH NpO-
CTPaHCTBA, He MOMKeT AOCTHIHYTh 32 BpeMsa Af apyrofl
TOUKH H OKa3aTth BJAHAHHEe Ha coGHTHe, NPOHCXOAAIIES
B 3T0ft TOUKe.

PaccMoTpaM HeKOTOPYIO QaCTHLY, ABHXKYIIYIOCA pAaB-
HOMEpPHO €O CKOPOCTBIO U OTHOCHTEALHO ccremH K (aa-
GopatopHoft cucreMu). IMycts ¢ 3Tofi yactauell nponcs
X0MAT apa  coOwTHA, pazlesieHHHe NPOMEXYTKOM
BpeMeHH, KoToprli B cucTeMe K pasen df. Beesem Ch-
cTeMy K’, OTHOCHTEABHO KOTOPOH 4YacTHUA MOKOMTCA.
B srofi cHcTeMe NpOMEXYTOK BpeMeHH MeXIy paccMat-

$ 3. HHTEPBAN

PURICMDIMHE COGHITHAMA GyaeT paBeH

Al — ds

&

(em, (34.10)).

Jlerko BHAeTb, YTO NPOMEXYTOK BpeMeHH df’ HsMe-
len wacamu, ABMXKYUVMHCA OTHOCHTENbHO K BMecTe ¢
Wpctnnedl. Bpemn, oTCUNTHRAEMOE MO WACaM, ABHMYLIHM-
@il BMeCTe ¢ TENOM, HA3WBaeTcsl COOCTEEHRBIM BPEMEREM
Wioro rena. Q603HayHB coGeTBeHHOE BpeMs OYKBOA T,
MM HO HAMTHCATD

=2 (34.12)

tlockoabky ds ecTb WHBApPHAHT, @ C— KOHMCTaHTa, c0f-
Cricanoe BpeMs dtv OKa3WBaeTcd HHBAPHAHTOM.
lafigeM cBR3b MEXAY cOGCTBEeHHHM BpeMeHeM dt H
upemcieM df, A3MepeHHEIM NO 4acaM cucTeMH K, OTHO-
VIPeALNO KOTOPOA YacTHLA H CBA3aHHHE ¢ Hed (cof-
PUHEINLIE) YacH ABHXKYTCH €O CKOpocThio v. Ilns atoro
psicvanim B (34.12) Bupaxenme ds Yepes KOOPAUHATH
W BpeMn cHcTeMu K:
ds AT dif — dP
di=——=——
[ £
(v, (popmyny (34.4}). INpecbpasyem noayueHhoe Bupa-
MONNE CACAYIOIEM 06pazoM:

(difdt)®
dv=dt '\/l S o s

Y1 di/dt coth ckOpoOCTh YacTHk U. Takum ofpasoM,
dv==df /T — v3c°. (34.13)

0 (M, 13) sakmovaeM, yTO coOGCTBEHHOE BpeMsA HaCTHHH
WLUUAR MElbIIe COOTBETCTBYICILETO NPOMEXYTKa BpeMeHH
# wvnoianiaaof (naGopaTopHoil) cHcTeMe.

Popmyaa (34.13) nosyueHa HaMH A CAyYan pABHO-
MUPBBOTO ARHKeHHA vacTHUB. OQNHAKO OHAa OKa3nBaeTcH
sipancAANBOl B B cAyYae HepaBHOMEPHOTO ABHMKEHHA.
LANAORATEALHO, AN KOHCYHRX HPOMEKYTKOB BpeMeHH

e

Ar= S VT = o dt,
1

gy @ w ¢ ()~ ckopocTh Tesa, AAA KOTOPOTO BRIYHCAA-
wivi CuOCTHENNOE BpEMS,

(34.19)
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§ 35. Mpeobpasosanna Jlopenna

B npeanigyuem naparpae MW YCTaHOBH/IH, 470 HH-
TepBas As MeXJy ABYMA TOUKAMH b 4-npocrpancTee ABs
JIAETCA HHBAPHAHTOM, T. €.’ BelleT ce6a MOAOGHO MOAYAID
BEKTOPA B EBKJHJOBOM NPOCTPaHCTBe. 3TO RAeT OCHOBAs
HHEé paccMaTpHBaTh As Kak Moayab («annHys) 4-pex-
TOpa, MpoBeeHHOrO H3 OAHON MHPOBOW TOSKH B Apyryio,

Ecan Beectu o6o3navenns

X0 =t
TO KBA/PaT HHTEPBANA NPHMET BHA

At == (A — (A%')* — (Ax?) — (A

M=x =y L=z (35.1)

Has paccroanns Al Mexay AByMS TOUKaMH B €BHJIH=
AOBOM NPOCTPAHCTBE HMEET MECTO COOTHOIUEHHe

AP =|r,—r P=Ast 4 A2+ As2,

7. €. Al papHo MOZY/MI0 pasHocTH PAAHYCOB-BEKTOPOR 10+
YeK. ANAJOTHYHO HHTEPBAA AS MONKHO HPeACTaBHTDL KAK
MOAYJ2b pa3HOCTH 4-palHYCOB-BEKTOPOB COOTRETCTBYIO-
LLHX MHDOBHIX Touex. CiefOBaTe/bHO, KOOPAHHATH! XP,
X', X2, 4% cyTh KOMNOHeHTH 4-paanyca-pextopa mupoeoft
ToukH. KBazpat moayas aroro paanyca-BekTOpa papeH

(O — (1) — (22 — (2P

CpasHenvie nocneaero spaxenns ¢ ¢dopmynon (XIL, 5)
MOKA3HWBAET, YTO NPOCTPAHCTAO, B KOTOPOM COOHTHE H3Q-
Opaxaerc MHPOBOR TOYKORA ¢ Koopauuaramu (35.1), of-
Nanaer NcepAOEBKIHAOBOA MeTPHKOR, onpene/sieMoll TeHs
sopoMm (XII. 4).

CaenosarensHo, KBaApAT 4-pajnyca-BeKTopa MOMer
OHTb MpejACTaB/JeH B pHle

b ]
x°x0+x'x|—l-x2xg+x3x3== “__‘,ox“x“ (35.2)
[

(cM. gopmyay (XII 31)).

[1peoGpasosanue KoMmosenr 4-paauyca-BeKTopa ocys
mecTsaseTca no dpopmyae

xrll =, i sz'.

y=0

(35.9)

n

T

|

|
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4

BosbMeM B KayecTBe KOOPAHHATHHX CHCTEM );(JI:HI{I(Q

N (ICeBACERK/H0BOM RPOCTPAHCTBE H;IB:.:I :l«ll{h?p;ué()()'me%

M Hanpse

‘nereMb orcyera. OcH 3THX CHCTe .

:lli:ll:‘:l ¢ puc. 33.1. Torpa, kak nOKasaHo B [Mpunoxe

unn X11, matpuua xo3(uIHEHTOB n{);aozﬁlpe;:?oaaﬂﬂﬂ Bhl
CANANT chepyionum obpasom (em. (XI11.21)):

_ao @y 0 07§
_ o o 00 35.4
[=1=] 06 0 1 o (35.4)
i o 0 113
upnteM 3 3 (355)
ot —af=1

em, hopmyay (XI1.22)).

; I(<Eac§3cp|};u?;emm oo H o MOTYT 3aBHc§Tb ::g::om?;
GYNOCHTEJILHOA CKOPOCTH CHCTEM Uo. ‘-ITO£3 LS
wofl saprcuMocTH, Ranuwem ¢opmyay (35.3) A ;
[punsp po BHuMakne (35.4), nOMyIHM

DALY T %

1_
5 — H x!—vyepes x
dnmennm x uepez x’, x®—uepes cf p

oM. (35.1)):
(oM. (35.1)) TR (35.6)

!—-

Hanuwen nosyueHHoe BHpaKeHEe AnA Tg;l;l; (}l.uﬂ

WinaJa KoopauHAT cHereMn K (cMm. pHc. o) .(35 A
swofl Toukn ¥ =0, a x = vol. [loacranoBk r

e
0 — aICt + “-o"-’ot»
LINNTRTSIE )

apim iy S (35.7)

lloacTanus 310 3HaYeHHe oy B cootnouenue (35.5),

ttafigem, 4TO
(1 — ojfet) =1

! (35.8)

{1 FUT1 ]
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H3 (35.7) noayumm, uro

— vgfc

= —’\7]——_:_:"-3}':_; - (35.9)

oy

Taxum ofpasom, matpuua (35.4) B HHTepPeCyiolleM
Hac cnyyae OyaeT WMeTh BUJ

VieP oiep
= =3 1
[04] = T = * 0| @510

0
0

o

0
0

Mul 8rean ofoznavyeHye
Uy
B= 1 (35.11)

Ta6anua o6paruoro npeo6paszopanus [64] oranuaer-
ca or (33.10) auws Tem, 4TO nepex B B YHCAHTENE CTOHT
sHaK naoc (cMm. matpuuy (XII. 23)).

Tlozcranopka HaleHHBIX HAMH 3HAUCHHE a” 8 {35.3)

NPHBOAHT K OpMYyaM NpecOpazoBaHus KOMOOHEHT 4-pa-
IAyca-pekTOpa:

s xa_ﬁxl — 0 1 i
e R
(35.12)
Popmyan 06paTHOrC nPeobpas’oBaHHsi MMEIOT BHA
H) 1 0 1
(35.13)

Mepetian B dopmynax (35.12) u (35.13) k OGLuHBIM
06GO3HAYEHHAM {, X, ¥, Z, NOJAYYHM

ot —(vyfe) x — vt 7 ;
S R

(35.14)

PR oD N o , ’
Vi-p . T Ao g T iea
(35.16)

Popuynn (35.14) u (35.15) masmsawrca npeobpasos
eanuamu Jopenya. Tlpenocrapasess uuTaTenio yOeAHTHCN
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u T0M, YTO 3TH NpeoGpaszcBanHA OCTARJSIOT HHBAPHAHT-
WK HUTEPBAM §12 MeXAY ABYMS COOLITHIMH.

dopmynn obpatHore npeobpasosanus (35.15) oram-
watoress ot ¢opmyn npsmoro npeobpasosanna (35.14)
1GALKO 3HAKOM NPH Up. DTOrO CAefOBAJIO GXKUAATDH, NpH-
i DO BHAMAHHE NOJBYI0 PpaBHONpPaBHOCTL OGEHX CH-
JIEM OTCUETA, a TaKke To OOGCTOATENbCTEO, YTO I faH-
max X n K’ npoekunn ¢KOpPOCTH OTHOCHTENLHOrO NBHIKe-
0t NG OCH x W X' OTAHualOTcH 3HakoM. JleHcTBHTeRbHO,
#aH CKOpOCTb cncteMbl K oTHocHTennHO cuctemn K Ha-
ApnpacHa BIpaBo (M ee MPOeKUHST HA OCh X NOJOMHTEIb-
). 10 CKOpocTh cHcTeMb! K oTHocureasHo K’ nanpas-
Aviin naepo (M ee MPoeKUHA HA ochb X' OTpHIATENbHA).

[lpn cropocTdx v, HACTONLKO MAaJdHX, 4TO OTHOLIE-
NEM Uo/C MOXKHO npeHeSpeub 1O CPAPHEHHIO C eANHH-
uell, npeobpasosanua JlopeHua nepexoaar 8 npeofpaso-
winiu Taaunes.

Mz npeoGpasopannft JlopeHiua MOMHO NOAYYHTE dop-
My npeobpa3opankiss AAHH H NPOMEXKYTKOB BpeMeHH
mpi nepexone ot OAHON HHEPHHANLHOH CHCTeMBl OTCUETa
w Apyroit (310 Heaaerca B A060M Kypce obwedi GHIUKH).
Mii OrpaHBYEMCS TeM, 4YTO HANOMHHM Qopmyay AAf
penesa COKpalleHnsl AJMHHR Teha (B HanpasieHHH
¢ ARMIKEHHS)

{=1[A1T— oYt (35.16)
baven ly— coSCTBeHHAsT AMNRA Tesa, HanpHMep crepiK-
Wi (1. ¢. nauua Tena B TOH CHCTeMe OTCHETA, B KOTOPOR
s DOKOUTCA), { — ANKHA Tedda B CHCTEME OTCYeTa, OTHO-

UHTEALNO KOTODOA OHO ABHIKETCH €O CKOPOCTRIO U.
1lockonbRy monepevHble pasMepn Tesla npH ero ABH-

Munil e H3MEHAITCA, 00heM Tela yMEHLUWIAeTCs B CO-
wineTerrig ¢ hopuyaoh
V="V 1— vc, (35.17)

vitn  Vo— coGcTReHHRll o6beM Tena, V —ob6beM Teaa
# YiiCToMe, OTHOCHTENbHO KOTOPOH OHO ABHXeTcH €O CKO-
lilll LK [F,

llafinem Gopmyan npeobpasosatind KOMOOHEHT CKO-

et wactuns. Us gopmya (35.14) nonyuvaem
¢, — (oofc?) dx r o A% — vy di
at -—-—'+-—-—1/m ., dx __—"Ji_:_ﬂ-i 5

dy =dy, d2'=dz.
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Cheposatennuo,

_ dx dx — vy dt
0’ = —= Do . dx!d! -— Oy Oy — B
ST T A ol dx T (o0ufe) (@ah T = penf*

Takum o6pazom,

0’='- Uy — 1ty
£ =T o - (35.18)

AHa/IOTHYHHE BHKAAIKH NPHBOAAT K ¢opMysaM mpeoS-
PASOBAHHA ANA ABYX APYTHX KOMNOHEHT CKOPOCTH:

V=R o /ITP

v,=-t_____ =
LR R R R Sely gy = o

(35.19)

@opmyau obpaTHoro npeobpasoBaHnsa WMEIOT BRA

5 VI~§ _uVi—¢

14 000;/02 ' o 1+ oov;/c" y
(35.20)

IMycts CKOpOCTb YacTHUH v 06pasyeT ¢ 0Cbio x yro @
4 € ocbi0 X" —yros 0° (ocH x W X’ Bcerda MOMHO ny'reu'
f1dpaJlieIbHOrO NepeHoca MPHBECTH B TAKOe NOMOKEHHE,
4TOGHL OHH OKA3aJHCh JieXAIMMH B ONHON NAOCKOCTH
cv). Ha}lnem CBA3b MeXAy yritamu O u 6°. Pacnoaoxum
OCH ¥ H ' B NVIOCKOCTH, ONpejensieMofi ochio ¥ H Ranpas-
AcHueM BekTOpa v. Toraa ektop v Gyaer aexars p nao-
CKOCTH Xy U MOXHO HanmHCaTb

r
_— t"J:_I_t"l]

o o v, =
1 + vy, /c? 4 vz

Ve=v0c0s8, ov,=0using,
F = 4
v, =v'cost/, v, =0sin®,

e v — MOAYAb CKOPOCTH B CHCTEM 4
e K, vY—m
CKOPOCTH B clcreme K’. ’ P

C nomowbio dopuya (35.18}, (35.19) noayuaem, uro

=% VT _ osaoiTF
o TRt s

373 QopMyaa NOSBOAAET MO HIBECTHHM U

H 0 nafita
yroa @, xoropuii o6pasyer BexTop v’ ¢ ochio X’. AHajo-
rHYHO MOXKHO Hiiﬁ'l‘l( ¢opmyay, nossoasiomyo no Hs-
BECTHHM ©v” W 0" HafiTh yroa O MeXAy BeKTOpOM v M

|
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oo x. Bocnoaszosasiinch dopmynamu  (35.20), no-
JynmMm

a —pt !sinﬁr —g?
o _GVI-8 _ o =P (35.22)

!
v cos8 4o,

§ 36. YermpexmepHole CKOPOCTb H YCKOPEHHE

B Mpunoxenan XII Mu onpeneiunsu 4-BeKTOp Kak
CONOKYNHOCTh BesIHuMH a® a!, a®, a® xoropuie npH mepe-
xoie OT OJHOH CHCTEMbl KOOpJHMHAT K ApYyroi npeobpa-
AYIOTCSl IO TeM JKe NPaBHJaM, 4TO H KOMNOHeHTH 4-pa-
suyca-pektopa. Caenosartesisno, GopMyan npeobpasopa-
(N BEJAHYHH @ aHaJorHuHn dopMmyaam (35.12):

A 0 — fa' 1__ —Ba®+a' 2 8
u':a_l_—g-;. =ﬁ. a —(12, a —aa.
(36.1)

dopMyan obpathoro npeoOGpa3oBaHHA OTJAHRAIOTCA OT
(36.1) snaxom npu p:

a’°+ﬁa" ﬁato_!_arl ” /3
= i a‘=—-—-——‘\/l__.§§ ., at=a”, a=a".

(36.2)

PaccMoTpUM ueThlpexMepHEie BEKTOPH CKOPOCTH R
ycKopeHHua. B HepensTHBHCTCKON MeXasHke mpeanona-
ralOTCA WHBAPHAHTHWMH KaK TMPOCTPAHCTBEHHBE HHTEp-
panb ¢f, Tak ¥ npoMexyTkh Bpemenn df. Ilostomy coeo-
KYyNHOCTH BEAHYHH, noJyYamwIilHica nocae AeJIeHHA
KOMNOHEHT TPEXMEepHOro BeKTopa dr Ha WHBapHaHT df,
o6pasyer TpeXMepHHA BEKTOP V — BEKTOp CKOPOCTH 9Yac-
THUK, AHAJOrKYHO COBOKYNHOCTb BeNHYHH, NONYYAIOULHX-
¢ Toche JefIeHHA KOMNOHEHT BeKTopa dv Ha HWHBapH-
ant df, npeacrapiser cof0l BEKTOP YCKOpEeHUA W.

B neficTRHTeLHOCTH KAk MH BREeNH, HA df, Hu df
He SIBAAIOTCA HHBapHaHTHBIMH. HHBapHBHTOM OKa3biBa-
erca AHTepBan ds, cBadaHHuA ¢ dl w df cooTHOLIEHHEM
ds? = ¢*d* — dPP. inBapHaHTHOCTb HHTEpBa/a Jajia BO3-
MOXXHOCTh BBECTH B paccMoTpeHHe 4-pajHyc-BEeKTOp ¢
xommoneHTamu x°, x!, x2, x% xoropmdi sBASIETCA aHAaJ0-
TOM TPEXMEPHOro PaaMyca-BeKTOpPa ¢ KOMNOHEHTAMH X),
X3, Xy. Tlonwrtaemcs HafiTH 4YeThpexMepHHe aHANOFW

3-BEKTOpPOB ¥ H W.
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gqesunno, 9TO COBOKYNHOCTE YeTHIPeX BEAHUHH dxh/dl
He Oyaer obaapate coficTBamu 4-BeKTOpa, TaK Kax df

HE ABAACTCA WHBADHAHTOM K ). (dx*{dr) (dx,jdt) ne 6y-
AT COXPAHATE CBOE 3HAYEHHE MpH npeoGpasobpanayuax Jlg-
peHua. OaHako Ham wmapecTen «pomcTheddblls df HHBa-
pHanT. UM sBasieTcs cobeTBenHOe BpeMs dtv = ds/¢ {cM

(34.12)). TITockoas -
gl KY dv—wuHBapuauT (1. e. cKajasp),

__ dx¥ dx¥
ot = g g N (36.3)

08A28310T cBORCTBAMM KOMIIOHEHT 4-pexTopa. Fro Hasue.
na:o; LETOIPEXMEPHOU CHOPOCTHIO YaCTHIN )
HAJOTHYHO 4-BEKTOP ¢ KOMUOHEHTaMU

.

d%eh du¥ i
b — _—— o p? «—-—du
di? dr € ds (36.4)

Ha3HBa10T tterbtpexﬂepubm YeKopernuen YACTHL LI,

Hprnsae so Bunma
HHe 3Hayeumun gy
C’!‘OHTQJ'IBCTBO, yTo Va0 s s

dv=dt /T < o332 (36.5)

{cM. (34.13)), nerxo
5 . NOAYYHTE ANA KOMIOOHEHT 4-c -
CTH CJCAYIOWHE 3HAYeHHS: i

c

o k__ iy
'\/l — o3’ X ,‘/1__:'0_2;;3 (k= 1, L0 3), (36.6)

UTO MOXHO 3a[HCATHL B BH e

= ) e

(cM. dopmysn (XIL 34) u (XI1.35)). 3aech vV — 06BiY-
:aa TPEXMEDHAR CKOPOCTL MACTHUH, U, — ce npoeKu N
}K?z Ho:; :;3 ;?ﬁ e:;:;ymec‘;nennuu AR RanbHeRINEro U3mo-
TOT QakT, ute npr v < ¢ n
CTBCHHAA 4ac¢Th 4-CKopo o o
i POCTH HEPEXOAHT B OGHYRYIC CKO-

M3 gopmya (36.6) aerko NOMYUHTD, YTO

3
uz_',o iy, = c? (36.8)

Y Bdnirredn
onpenenua 4-cko
A e POCTL KAK DEXTOP ¢ XoMOOHEH-
" - USeBHIIAG, 9To onpemedexnas Tax CKOPOCTh
©CTb OespasMepuas BenuuHHa, AHANGruYNag vfc

i
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tu AW ONPCACAAT: 4% TaK, Kak 3To clenan JiHwrein,

] .. ""”n ’ l)‘
(pomndpeperunposas dopMyay (36.8) no 1, npuseMm
0 BLIPANCHHID

s dul* "
S Tt L
It L

Gornacno (X11.33) obe cyMMBl SKBHBAJIEHTHM, TAK YTO
T wh, =0, (36.9)
I

M: nocneiHero COOTHOWEHHA cAeAyeT, 4YTO BEKTOPH
4.¢KOPOCTH W 4-YCKOpEHHS B32HMHO RepneHAUKYNSAPHH.

du Z E :
" i
F T _— w“uu | uuwll 0.
N )

§ 37. PenaTHBHCTCHan AWHaMHKA

¥paetenua HbloToHa HHB2pHAHTHH N0 OTHOLIEHMIO
W npeofpasopanuam Ianuies, Ho He HWHBADHAHTHH NO
eTuolIcHHIe K npeobpasoBanuaM Jlopewna. Iloatomy ans
1010 YT0SE YAOBACTBOPHTL NPHHLHOY OTHOCHTEALHOCTH
Sinmrefina, sropoit 3akoH HbloToHa NyXHO 3aMeHHUTH
Oonee obmuM sakoHom. TlpHHAB BO BHHMaHHE, 4YTO NpH
f~=0 (r. e. npu vp/c—0) npeobpasosanus JlopeHua
epexoAAT B npeobpasosanua 'annies, HyXHo norpeGo-
n4Th, YTOOH pPeASITHBHCTCKH-HHBAPHAHTHbIE YPaBHEHHA
AIHKEHAA NpH v <€ ¢ MepexoAuNH B HbIOTOHOBCKHE ypaB-
INHHA:

S(mu)=F, (=12 3) (37.1)
EcrecTBeHHHM vuerhipexMepHbiM ofobileHHeM 3THX
ypaBHeHAN ABJAOTCA COOTHOLIEHNS

2 (m*)=K" (=0,1,29 (7.2
rae 1 -— cofcTBeHHOe BpeMaA, /i — HHBapHaHTHasA BeAMYH-
N3, XapakTepH3YIOULas MHEPTHLE CBOHCTBA YacTHILM
(Macca 9acTHUB), LM -— KOMMNOHeHTa 4-CKOpOCTH YacTH-
1t ¥, HakoHen, K* — aexorophifi 4-BeKTOp, HasbiBaeMulf
ciwaod Munrkosckozo. Beanuano K¢ ponxan OBITh onpe-
JeneHH TakwM oOpasoM, urobw npH ¢ < ¢ ApPOCTpPaH-
CIBEHHLIC KOMNOHEHTH ypapHeuwit (37.2) nepexoinsn B
ypapeeHua (37.1), mopobmo TOMY Kak B 3TOM caydae
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NPOCTPEHCTBEHHEE KOMNOHEHT
bl 4-cKopocTH
B OGLIYHYIO CKOPOCTS V. : e

Ipunss Bo sHHMaMue Bi
paxendsa (36.5
ANA T K u¥, NpeAcTaBHM ypaBHeHHs (37.&) B }m«l:e W

1 _t_f_( me X
VI o UQJ!C) df v——-——-l == ;!7!'(;3 )= K ]

1 d mu,
V= 717(4/1 = o%’)=K‘ Ul
YMHOKNB 37H ypaBHenus na 4/T— o%c?, moayuum
i me
i () =K V=2, (7.3

d mo,

;? m)=fﬁvl—v§/§" i=1,213. (314

cnagcﬁnuizggﬁ?m?( NPOCTPAHCTBEHHHE KOMMNOWEHTH
ro K; Taw, 9To6ul OHH OHIIH

C KOMMNOHEeHTaMH OOBiuHOf T i
e i PeXMEPHONH CHAH F; COOTHO-

Fi=KAT—9Z (=1, 3 3), (37.5)

TO ypaBHeHua (37.4) mpumyt Bua

d mo
- (71_-_‘7:‘) =F (=1,213). (37.6)

Buano, uto npu v < ¢
; ypavnenns (37.6), -
ﬁye‘irl?rfgﬁgepexﬂnﬂ'l' B YpaBHeHHR HblO'l('oua)(Sl;ai{)n T
ONpPEAENUTL BPEMEHHYI0 KOMIOHENTY
Munkosckoro K° yMHOMHM ypashenne (37.2) l:?; 4(-::1113
'pocTb ut*. B pesyabrare NOJNY4HUM, YTO

w, _ . de*
K uu—mwu"= mwll-u“

(MBI yuin, ur0 m— wupa
; PHaHT W, cnegomatenn
l:!am!(i-lo BRHECTH 34 3HAaK NPOH3BOAHON). l'I]Joc:g,rnelﬂn?;‘:p:;(3
B MOJyueHHble YDaBHERHA N0 p, npuAeM K ¢gopmyne
3 3
B,
uz_:oi( u"-mg_:o w'n, =0
{cM. (36.9)). INoacranopk
.9}). 4 3raveHud (36.6) mas u»
noxyuaomuxcst u3 -(37.5) snavennii Aan K).; upuaonu:
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K COOTHOUIEHHID

Tenepb Mh MOJKeM HalHcaTh BCe KOMNOHCHTH CHJB

Munxosckoro. Tpuune Bo BHEMaHHe dopmyan (37.5) w
(37.7), noayaum
Fv i P
act —_——2L ___ (i=1, 2, 3). (378
K® e T—2c’ i VT =70t ¢ ) (31:8)

Takum obpasom,

n__ Fv F
K __( e/l —-023‘62 ’ ,\/1 e [.'3)'6‘2)- (379)

CkaasipHoe nponssejeHHe TpexmepHux BekTopos F
u v naer pabory cuan F, coBepuiaemyio Haj yacTHued
B eAHHHUY BpeMeHH. DTta pabora paBHa CKOPOCTH H3Me-
HeHHs 9HepruH uacTuuu, 7. e. dE/di. CnejpopareJbHo,

Baipaxenuio (37.7) ana K® MoXHO mpHAATh BHA

i dE
K= —le 22, (37.10)

rae E — 3Heprus 4acTHIB.
Hrax, MH YCTAHOBHJH, YTO PEAATHBHCTCKH-HHBADH-

anTHOe'!) ypapHeHHe AMHAMHMKH YacTHUH HMEET BHA
(37.2), rae u*—4-CKOPOCTb ¢ KOMNOHEHTaMH (36.6),
K¢t —4.cnia (chna MHuHKOBCKOro) ¢ KOMNOHEHTaMH
(37.8). [IlpocTpancTheHHbie KOMMOHEHTH ypaBHEHHA
(37.2) moxno Npeacrashts B Buie (37.4) au (37.6).
B npeaene npr v < ¢ 9TH ypaBHeHHsl NepeXOAAT B Ypas-
nenus Heiorona (cm. (37.1)).

BpeMeHHAS KOMNOHeHTa ypaBHenus (37.2) (cm.
(37.3)) nocae nojicraHopkd sHavemua (37.10) aan K°

1 TMockoabky u* w K* — 4-pexropu, eng ypapnenan (37.2)

npa npeoGpasopannax JIOpeHNa OCTACTCH HeH3MeHHHM (M — HHBA-

PHANT M0 ONpeAeeHHIO).




158 TJI. VII. COERHANIBHASL TEOPUSR OTHOCHTENBHOCTH

npHobpeTtaer BHA

d me 1 dE
_5(1/1—?,*::‘-’ T e $7.11)

OTciofa 3akaiouaeM, 410 pensTHBHCTCKOe BHpaXKeHHe
AN SHEPTRM YAaCTHUH BHIVISAHT CHEAYIOLIHM obGpasom:

F = w_f‘__ﬁf_ﬁ et (37.12)

§ 38. Hmnyasc u sneprus YACTHUG

B HploTOHOBCKON Mexamuke HMIIYJALCOM 4YacTHUH Ha-
SHBACTCH TPEXMEPHLIH BEKTOP ¢ KOMIOHeHTaMu

Pi=my, (i=1, 2, 3). (38.1)

YeTHpexmMepAnM anagoroM storo HMOYJLCa ABASETCA
4-BeKTOD ¢ KOMMOHeHTaMH

Pr=mut  (n=0, 1,2 3). (38.2)

rhe u¥ — koMnoienTH 4-ckopocty!). IMoscTannp zuaye-
HRs (36.6) nas u*, nonyunm

YTQ MOXKHO [IpeACTABHTL B BAAES

L [ my
e e R S ) (389
Ilps v < ¢ dopmyaa pas mpocTpaHCTBEHHEX KOMIO-

HEHT DEJSITHBHCTCKOIO HMIYJIbCA NEPEXOJUT B HbIOTOHOR-
ICKyio dopmyay (38.1). dto pnaer OCHOBaHHE TNPHHATh
B KauecTBe PENATHBHCTCKOrO BBIPAXEHHS [AAS OGHYHOrO
TPEXMepHOro HMiy/bca popmyny

—___my
P i

Tenepr obpatumca x BPeMeHHOl KOMNoHeHTe 4-HM-
nyJabca. B konue npegnaymero naparpaga Mu no/yusIH
dopmyany (37.12) ans SHEPruy Yacruuu E, npuyeM ocra-
St

') Ecaw 4-ckopocts Gwaa ompefenena Kak u* =dxMfds (cm,
CHOCKY Ha crp. 154) 4-mmnymc onpepensiior xax " = mouh,

§ 3. IMNYABC W 3HEPTHA YACTHLIH 159

BHJIH OTKPHTHM BONPOC O 3HAYEHHH USOCPO}IHH?]ﬁchlJl;e:
ipuposanus. CpasHuB BHpaxenue (38.3) ll.ilﬂs:lnﬁﬂﬁ congt
myaoit (37.12), serko oGHapy»KHTb, 4TO, MO
paBHO HY/IO, MOXKHO NONYIHTb COOTHOLIGHHE

po= E (38.6)

[

B 2ToM cayyae BHpaxeHHe 4-HMNyabCca NpHOGpeTaeT BHA
»=(Z.»). (38.7)

rie p— BeNHYHHa, onpejesfaemas Q)oph::yﬂoﬁfft (38.2;.0“-
Takum o6pasoM, sHeprua H uMnyJse (0 uql}m £
3HBATCA KOMNOHEHTAMH OJHOrO 4-BeKTOpa‘ )Txuocm
nyabca YacTHUH. 310 Ot(sggolﬁ)m;I;;Tii?aﬁgf;n:g:ronpanna
eHHTb (HopMyJIHl . J 5 a
Eg:tﬁiﬁpaaoaaqﬁuz E u p npu nepexojie OT OJHOH aor{lﬁrglél;-
aJbHON cHcTeMH oTcuera K Apyrod. Iloacrasus 1(':1:
cTBylOIHe 3HaveHua p a (36.1), nerko moayuH

Eiug, _ dtn(Eld)
E= T ' 53 ,vl_':'Ff
Py =Py P.=P: €

Ug-
we npeo6pazoBaHyus OT/HYAIOTCA 3HAKOM MPH
Oﬁlﬁ;gneu rlzsanga-r 4-umnynbca. Us (38.7) monyuum

N B
Z P'Pu = ZE BT
P=0
(cm. dopmyay (XI11.38)). Bmecre ¢ Teu
3 3 . 3 .
== = e, = mict (38.9)
X, 7pu = X, ) (mu) = 3

(cm. (36.8)). Taxnm o6paaoM, Mbl NPHXOOHM K COOTHO-
o £ _ p? = mic?. (38.10)
£

OTMeTHM, 4TO KBaApaT 4-HMOYJAbCa, KK B KBagpar Jlo-
Goro 4-pekTopa, BpelcTapiseT co60R HHBAPHAHT.

1) 10T 4-BeKTOp HAIWBAKT MHOrNa BEXTOPOM SHEpPrHH-HM-
nyabca.
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MNoaoxue B QopMmyne (37.12) const=0, noayynM
AAA 3HeprHd SactTHUN BHpAXKEHHE

E— mc?
V1= et

Beanuudy E, onpeaensemylo Buipaxesnem (38.11), Ha-
SRBAIOT NOAHOL sHepeaueil wacTuyor. ChaeAyeT HMeTh B
phay, uto E He Bkalouaer B ce6f NOTeHHHAAbHYIO 2Hep-
FRIO YACTHIhl BO BHELIHEM NoJe cHa').

[ns nokosimefica wacTHup (T. €. npu v=10) BHpa-
senne (38.11) mepexoanT b

Ey=mc?, (38.12)

rae wepes £, MH oGo3Haunau 3maverHe E npn v =0.
D10 3HaseHHe HA3HBAOT swepauctd noxos uactduu. Ha-
NOMHHM, 4TO YacTHUEHA ANA KPATKOCTH Mbl HAa3sBalW Ma-
TepHaAbHylo TOUKY, T. €. TeAO, pa3mMepaMH KOTOpOro
MOXHO npeHeGpeub. IDHepria NOKOS TaKOre Teaa Cha-
raerci H3 HEprifi NMoOKos BXOAAWIHX B COCTAR Teja vac-
THI 2), N3 KHHETHYECKHWX SHeprult aTHX 4acTHO H 3HEpPTHH
HX B3aHMOZeACTBEA Apyr ¢ Apyrom. Orcioaa cielyer, YTo

me? > 2 myet,
4

(38.11)

rie m— macca Tejla, My — Macchl NOKOA OOpasylowiux
reno uwacthu. Taxum o6GpasoM, Macca Tela He paBHA
CyMMe Macc ero 4acTed.

B cBoe spemst JiHWITEAH 3aTPATHA MHOMO YCHAHRA ANS
Toro, 9To6n 060CHOBATL NPABOMEPHOCTh NpeAnoJoKeHH
o paseHctBe Hyaio const 8 (37.12) wam, mpyrumu cno-
BpaMH, 4ToGn 00OCHOBAThL YTBepijAeHHe, YTO B Macce m
aanacena sueprua mc? (cm. (38.12)). C stoft uesnbio OH
PacCMOTPes HECKOJLKO KOHKPETHHX fBJAEHHR W noKasal,
YTO B K4XOOM U3 HHX H3MEHEeHHe HEprhH Tena Ha AE
NPHBOAHT K H3MEHEHHI0 €ero MaccH Ha Am = AE/¢.
B nawe BpeMa Aenc obcrout ropaspo npome. YUtoGm
o6ocROBaTh coOTHOIWEHNe AE = c*Am, AOCTaTOYHO, H2-
npuMep, PACCMOTPeTh fpouecc NpeBpalleHysds NOKOA-

1) Hanomumum, 4to coraacko (37.7) mu (37.10) dE/dt = Fv.
B HbloTOHOBCKOR e MexaHHKe pafoTta peayJbTHpYlOlleli BCex CHJ,
HefiCTBYIOIIHX HA YACTHIY, PaBHA NPHPAIIEHHIO ee KHHETHYECKOH
sueprin T, a ve cymmapuon sueprun T + U.

3) B TepMHH <4acTHLA» Mbl BK/a/biBaeM TeNepb HHOK CMEICA,
H¢M BHAAALEBAAH AQ CHE (0D,

§ 30, AEMICTBUE NS PEAATHBHCTCKOR YACTHIIE 181

muxcd SJAEKTPOHA M TO3HTPOHa B ABa y-kBanTta. CoOT-
BETCTBYIOUIME H3MEPeHKs TOKa3WBaloT, UTO cyMMapHasd
SHeprus STHX Y-KBAHTOB B TOYHOCTH PABHA CyMMe 9Hep-
THA NoKoA 3/JeKTPpOHA K HO3KTPOHA.

Passocts Mexay noawoi sHepruch (38.11) u suep-
rue nmokos (38.12) HaeT KHHeTHUECKYi® IHepTuio vac-
THUH
mc?

it 73

— mc3. (38.13)

Mpn Maawx v 3ta opMyna MEPEeXONAT B NbIOTOHOBCKOE
BHIpAXKeHHe A7 KHHETHYECKOA SHEPTHH

T mcg(l + -;-,02}5'2) - mc’=%mv’. (38.14)

B 3aknoueHde OTMeTHM, uto 3 dopmyau (38.10)
BHTEKAET COOTHOLIEHHE

E? = p?c® 4 m*ct. (38.15)

Dueprusi, BHpaXKeHHas Yepe3 HMIYyJbC, HA3KBAETLA
dyuxuuelr Tamuasrona (cm. § 30). CaenosaresbHo, pe-
AATHBHCTCKOe BHpaxenue ¢yrxnuun lamuivroHa wac-
THUH HMEET BHI

H=c+/p*+ m?*, (38.16)

ec/ll yacTHua ceoGolgHa, H
H=cApP+mc+U, (38.17)

eclAM HYACTHIA HAXOQHTCH BO BHElIHEM CHJAOBOM NnoJe
(U — noTeHunanbHas IHEPrus YacTHIH B 3TOM NOJE; CM.
a6sau, caeaywoumnh 3a popmyaoh (38.11)).

§ 39. Jeiictede AN PEAATHBHCTCKOR 4ACTHIRM

HafineM BHpaxenwe AeficTBHA AaA cpoSontoft (7. e.
He nofpepKeNHOR BO3AEHCTBHIO KaKux-AH6O cHa) vac-
tuun. HHTerpan, Bupaxalowndi feficTBHe, A0MXeH GHTDH
HHBAPHAHTHHEIM OTHOCHTEJBHO npeofpasopanuii Jlopenua.
CieloBaTe/bHO, ero HYKHO OpaTbhb OT cKaasapa, npHueM
cKajsp AOMNKEH WMeTh BHA AWdpepenunana B neppoft
crenern. EAuHCTBeHHBI CKaAfAP TAKOTO BUAA, KOTOPHIA
MOIKHO CONOCTaBHTL cBoGOANOH uacTHlle, ecTh BeJHYHHA,
NpONOPUHOKAALHAA WHTepBaAy ds. OGoarauis ko3bdu-

6§ H. B. Capespes, 1. 1
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UHEBT NPONOPUBOHAALNOCTH Hepes ¢, NOAYUHM AAS Hefi-
CTBHSA C/eAyloulee BLPaXKeHHe:
2

1y
S=Sads= S ac AT — 5 dt (39.1)

(Mul Bocnosib3oBanuch (hopmyaoi (34.4) aas ds? u YuiH,
uro dl/dt paBHO CKOPOCTH YACTHIH U).

Conocrasus (39.1) c supaxennem (7.1), NPHXOAHM
K BEIBOAY, 4TO (yHkuws Jlarpamxa nns csoboimoihr pe-
JATHBHCTCKON YaCTHUH AOJKHA HMETh BHA

L=ac+/T—o¥Fc% (39.9)

B npepene npu v < ¢ 3Ta PyHRRUS AOMNHA NEPEXOAHTH
B HbIOTOHQBCKOE BHIDaKeHHe

L="pmo? (39.3)

Paznoxum dyuruno (392) b pag no crenessm v/c.
TpeneGperas uleHamu BHCUHIBX NOPAAKOB, NOAYYHM

L=uqe 41 — 05e® ~ ac — av?f2e.

Toctosuroe craracmoe ac MOXKKO OTGPOCHTD (CM. §7).
Chenoeatenbio, B HLIOGTOHOBCKOM NpHGIWKeHUH L —
= —av?/2c. Cpasnenue ¢ (39.3) DokasmBaeT, yTo «
HYXKHO [OJOMHT: papHod — mc. Takum obpazom, Mu
ycranosnau eus Qyuxure Jlarpamka gas csoGoauodn
Y2LTHI 1) ;

L= —me?4/1 = 7. (39.4)

3nas pua dpynruun Jlarpanza, nerko Hafiti HMARYALS

M JHeprHIO uacTHuUHW. Bocnosbsopaswnes ¢opmysamn
(9.5) n {5.1), noayunm

2oL rs N s
p = e ‘VO]—'-:-ﬂ—QF ] {3’9.5)
E=pv— 1=
- m 2T TR = e
T S + me — et = Wi (39.6)

) Das wacruud, maxopmefica Go BHewHem HOTEHIHANLHOM

THOAE CHM, s 3
L= —mrf1 o5 _ U,

rxe U'— norennmancuan smeprus wacthut. Oritetuss, aio b pEATTA-
UHCTCHOR mexsunke L we pasna ©— I/,
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ViTag, Mb NpHUAY X Tey #e PepMyIaM Aaf HM-
nyAhca ¥ JHEPrHH YACTHUH, KOTOpHEe GLIH NoXyueHH
#n npefMAylleM Laparpade. (JARaKo CcleAYET HMETD
b euay, 9ro GopMyan (39.5) n {39.6) Mw HoAYYHAH AAA
cROOOMHON MacTHIH, B To spema kak 8 § 38 awmanornu-
nbie GOPMYAR OHJIH HOMYUeHHW 8 NpPeARNOROXEHHH, YTO
Ha 9acTHUY AeHCTBYIOT CHJH. :

CGoOparumen cHOB2 K Bwpaxenmw (39.1). Vyra nafi-
ASHHOE HAMH 3HAYEHDe o, HADMWEM RCHCTBYE B BRAE

2

S=—me S ds. (39.7)
1
Hetunnaa TpaekTopua uacTERH ONpEAeHsercd ycncaznem
88 =0. (39.8)
Jasi sapyaupy ACHCTZHS HHEeM BHIDANKeHHE

2 2
88 = —rmebd S ds = — me S 8 (=),
i 1
Virreppan papeu

ds== ,\/Z derdx, .
"
Cornacro (X11.40) papHanHsi IOJKOPEHHOI0 BHpPaXe-
HUS MOXeT §HTh NpeAcTasfcHa B BHAS
8 3, dxrdx, =2 ), dx,d{dx")
» B

CaenopaTenbHO,
2

—————
08 = —me S 4 ,\/ Z dx dx“ ==
15

2 dx,d (a=") 2. E dx,8 {dx™)
=—-—mcs i -_—-—mcs—'-‘--——. (39.9)
1

v oAl Z ﬂ’):"d:.‘u ds
m

[Mponssoaran dx,/ds ects u,/c (cM. (36.3)). Kpome
TOr0, 8{dXx*)==d(8x*) (cm. {(IIl.4)). [Mo3romy MH npa-

X0 K BHpaXieHHIO
2

8= —m{ 3 uyd (o).




164 T VIL CIELMA/BHAS TEOPHS OTHOCHTEABHOCTH

Flponurerpupyed 570 BHpakeHHe N0 9acTaM:
2
d
38=—mY b f+m{ Y ot dc (39.10)
[Ty i o

(Mu npeacrasuau du, B Buae (dup/dt)dv, rae 1 — co6-
CTBEHHOe BpeMs vacTHuW). Ha koHuax TpaexTopun
5x# =0. lMosromy ycaosre (39.8) npuHaMaeT BHA

2
d
68=m§26x"—:%dr=0. (39.11)
1 u

Jas roro uro6H 5T ycAOBHE BRIOJAHAJIOCH NPH NPO-
H3BOALHHYX Ox¥, HeoOXOAHMO PAPEHCTBO HYAD BeJHYHH
duyfdx, T. e. NOCTOSHCTBO 4-CKOPOCTH YacTHIM, YTO, O4e-
BMAHO, CIPABEANHEO RJAA CBOOOJHOH QaCTHILb!.

Hafigem peficTBHe KaK (PYHKIHIO KOOPAMHAT YACTHIUE
(7. e. kak PyHKUKIO BEPXHEro mpeaena WHTErPHPOBAHUSA,
cm. § 32). [lns peansuoro asHmKenus duy/dt =0, cieno-

paTte/bHO, Bropo# uied B (39.10) obpamaercs B HYJb.
HuKauil npenesi HHTErPHPOBZHAA MBI cuHTaeM (QHKCHpO-
BaHHBIM, nosTomy (8x*), =0. Takum ob6pasoM, AeHCTBHE

KaK QYHKUHA KCOPAHAAT YaCTHUH YZOBJAETBOPAET COOT-
HOILIEHHIO

3

65 m"z_',o u, dx*
(um onyctwin uHuexkc «2» npu Sx*). BeAHUHHH muy
JAOT KOBapHAHTHHE KOMIOHEHTH 4-AMAY/bCA YacCTHUH
{cu. (38.2)), Tak u4TO mNpHpalleHHe AEHCTBHA MOXHO
TIpeACTaPHTb B BHAE ¢

3
8S=— 20 R (39.12)
"-

B § 32 Mu nonyuunn aaa npupaiuerna aeficrens, oGyc-
JIOBJICHHOrO H3MEHEeHHEM KOHEYHOTO MONOXKEHHN YacTHUH
p o6LYHOM (TpexXMepHOM) NMpOCTPAHCTBE, BHpameHHe

a
85=2. p, dx, (39.13)
j=1

(cM. ¢opmyay (32.5)). Jlerko 3aMeTuTh, 4TO caaraeMbie
dopuyan {39.12), cooTBeTCTBYIOUIHE NPOCTPAHCTBECHHEM

§ 39. BEACTBHE OAA PEJATHBHCTCKON YACTHUH 165

KOOpAHHATAM, MOC/Je ONYCKaHHA HHAeKca y 6x# aamor
cymmy (39.13).
Ha (39.12) puTeKaer, UTO KOBapHAHTHHE KOMIOHEH-
TH 4-HMOYAbCA MOXKHO ODpEAe/HTh CACAYIOINM oGpasom:
a8
Pup=— Ox_"' (39 14)
{cp. ¢ (32.6)).
npeanzymeM naparpade 6HAOC YCTAHOBJEHO, YTO
pPp, = m’c?. ONycTHB HHIEKC Y NEePBOTO COMROIKH-
Tend, T. €. 33MeHAB KOHTPABAPHAHTHHE COMHOKHTENH CO-
OTBETCTBYIOUHMH KOBAPHAHTHEIMH, H&ﬁ)lel&l, uTo

P~ 12— g — py = e,

[Toacrasue cioaa BMecTo p, ux 3navennd (39.14), mpa-
AEM K PpeJATUBHCTCKOMY ypapHeRuio [amuanroHa —
Sxobn:

L (OSY2_ (OS2 (aSNt (SN o,
z (G - (5) - (5) - () =me @)
(M 3aMeHnAd x° yepes cf, x' yepe3 x N T. A.}.
Gurypupyoumee B (39.15) aefictBue S oTaHuaeTcs 0T
HEPENSTUBHCTCKOro AefticTBHA S’. JTO NErko NOHATD, ecAn
yUecTb, UTO AEACTBUE CBA3AHO € 3HeprHedi BHIpaKcHHEM
E = —(d8/3f) (cm. ¢popmyny (32.10)). Hepenarusuct-

cKas ke HepTHA £/ OTANYAETCS OT PesIRTHBUCTCKOM SHep-
ruy E unenom mc*(E = E’ 4+ mc?). Orciona

s a8 ]
Sl et e M
HAH
S§S=8 —mc¥.

Moacrapus 310 coorHoureHue B (39.15), monyunm ypas-
HeHue ann S’;
1 as’ )2_ B_S’
2me® \ o at
1 [(3S'\2, (35 \2 , (3 2]__
masllG () £ ()

KOTOpOe B NpefeNe NpH ¢ oo NEpPexXOJHT B HepeadTH-
BHCTCKOe ypamHewne [amuibrona — Sixo6u ans cBoGOA-
noit yacrhun {(cM. popmyay (32.15), B KOTOpOH HYMKHO
nonoxate U =0).
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§ 40. Teusop HEPrUM-AMNYILCA

B stoM naparpape MH OCYLLECTBHM OYEEb BaXKHOe
ofo6uieHHe BHpaxeHss Ans AekcrBuia. B rakom 0606-
N{eHHOM BHAEe BbipaXKeHWe 1A [AefcTBHS OKa3bBaercs
DPHMENNMEM He TOALKO K YHCTO MEXaHHYeCKHM CHCTe-
MaM, HO TAKXe K IEKTPOMATHHTHOMY MOJI0 H APYTHM
¢u3HYeCKHM CHCTEMAM.

Jlo cHx Top MH NHCAnH BWpAXeHHe ANS AeACTBHA

B BHAC
2

S==\ Lgs 4 D, {40.1)

rae L — dyukuns Jlarpanxa, gp = qr{f)— oGobmentine
KOOpLHHATH, ONpeieksloulne NON0OKEHHe YaCTHIl, BXOAs-
IHEX B CHCTeMY, ¢ — o0Oblleniine CKOPOCTH, paBHHE
dg./dt. Beavussn ¢p ¥ §r DPEANONATaNUCH 3aBHCAIMHMHA
TOMLHO OT BpeMeHH.

Korga MH 3anHcHpaeM YpaBHEHHs B deThipexMepHO
dopMe, MH HMeeM JleNI0 ¢ HeTbipbMA (GOpMaJILHO PaBHO-
npasEEMH nepeMenHuME X0, x!, x?, x%, KOTOpHE JAOJKHH
BXOJHTb B YpaBHeHHs cxOAHuM obpasom. Yrobu orpa-
3HTb 5T0 OOCTOATENLCTBO, NpPeiCTABHM BHpaXKeHHe AaA
AeHCTBUS B BHJE

2% S L' (qe Gave ¥ ', ¥, ) dx’dx'dy’dy’, (40.2)

rie LOf @, TNOApPa3yMeBaerTcs COBOKYNHOCTb BeJHYHH
g1, 2, ---, ONpeleAsOUHX COCTOAHHE CHCTeMH (napa-
MeTpos cHcTeMW). UKCiO 3THX NapaMeTpoB MOXKET GHTh
NIo6LIM, B yacTHOCTH BeckoHeuHo 6oabuM. Tloa §ov MOR-
pasyMepaercs COBOKYMHOCTb HACTHHX NPOM3BOAHMX Ra-
paMerpoB ¢, B0 KOODAKHATAM XV:

o _,.aic_. a=l’ 20""
=2 (2o 155) W

Mucxuiens /¢ pRepcd Kna yaodcTsa.

Beamuuuns go N §ue paccMaTpHBalotesl Kak GYHRKLHH
koopaunar x° x', x%, ¥ B uwacTHOCTH, MOXGT OKasaTbes,
YTO DAPAMETPH , 3@BHCAT TOAERKO OT x° Torpa M npa-
IeM K yXKe HIBECTHOMY HaM CAy=ai0, KOTAa s = ¢a(?),
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OTMETHM, YTO HOCKONBKY 0%q./dx¥dxh = H?ga/dxrdxr,
$MeeT MecTO COOTHOWeHHe

dgay 3fap
It ax¥

(40.4)

UTo0W yCTaHOBHTL COOTBETCTRME MCKAY BHpPAMeHHA-
mi (40.2) n (40.1}, npumem BO CHHMAHHE, YTO SNCMEHT
4.00beMa dV* cesA3ad ¢ 3AeMeHTOM 06BeMa B GOLYHOM
rpocTpanciBe dV B MuTepBanoM mpeMeHH df CReAYIOUIHM
COOTHOUWIEHHEM:

dV° =dydeldx?d =c dt dV. (40.5)

[Moxcrasup 310 3Havenne dV* B (40.2), noayuum eelpa-
KenHe
2

= S LdtdV — 5 dt S L°dv. (40.6)
1

Unrerphposanne no df pefercs B 3ajanHOM NMPOMeXYTKE
Bpeweny, no d¥V —no Bcemy Tpexmepuomy obnemy.
Conocrasienue pupaxenudi (40.1) u (40.6) naer, uro

L S Lav. (40.7)

Taxum ofpasom, PYyRKILKA L* ecTb «afOTHOCTBY YHKUKHY
Jlarpamka paccMarTpHRAaeMOH CHCTEME,

Jnsa saMmkryTOlt MeXaHmuecKOR cHCTeMb QYHKIMS
Jlarpanaa ve zaBucHT ARHO oT ¢ (cM. § 8). Anamorauno
MAaTeMaTHYECKAM BHPAXKeHHEM 33MKHYTOCTH CHCTEMbI
AoMKHO OHTE OTCYTCTBHE ABHORA 32aBUcHMOCTH L* oT KO-
opaunar x%, x', x2, x°. Taxum 06pasoM, AAA 3aMXHYTOH
CHCTEME JeHcTBHe HMeeT BRI

S=+{ L@ drav:. (40.8)

Hafinem ypapHesws ABHXCHWA 3aMKHYTOH CHCTEMH.
Han atoro suyncinM Bapuaumio feficrausn (40.8) u npu-
panHAeM ee HYAIO.

Baprauns supaxenus (40.8) pasna

1 aLs AL = .
68:?8(; 9ga 644'1“’2; EY 0Gqy Y V.
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o ananoruu ¢ coornomenuenm &y = (Sy)’
AGa ad

v o e

gy =13
OcyuiecTBYB TAKYIO 3AMEHY, MOJYUHM

1 aL* alL* @ -
8= (Z 2= baat 2 aq,,) 4V, (40.9)

A d4ay Ox

Mo npasuaau AuddepeHnHpPOBARt? NPOBIBEARHAA

a (oL aL* o 9  oL*
5 )= 2 _5q,+ Y g, —
2—‘;, 95" \oday az;, 0gay 05> ° 2, 70 P4

IMeppas cyMma B npapofi yacTy TOMASCTBEHHA €O BTODEIM
yjeHoM NOAHHTErpaAbHOro BHpaixedna B Gopmyne
{40.9). MNo3ToMy MOXKHO HANHEATH

at* i ] aL*
GS———-i-S[Z,EﬁGa +§W(;’?; ‘3%)—

— ¥ oq,-2% L ]dV‘. (40.10)
g, v

ax¥ dfay
Bropas ns cyMM:
ad aL* v g oL
¥ (2 w)- Y, o0
v - a L) - a
&2 05" \ Oday =t a5 \ & Bgay
ecTh 4-1MpepreHuys BeKTOpa, v-2 KOMNOHEHTa KOoToporo

pasHa
Z aL® 6q
Oday

a

TMosToMy, BOCIONS3OBABUINCH YETHIpEXMEPHLIM aHANOTOM
TeopeMn Ocrporpaackerc — I'ayeca (cM. {X11.72)), pro-
poil u3 Tpex nhrerpanos B dopmysne (40.10) moxHO 3a-
MEHHTb HHTCTPANOM 1O 3AMKHYTOH THREPNOBEDXHOCTH,
orpaRHuMBa0med 4-065eM, o KOTOPOMY OCYUIECTBAAETCA
uHTerpupoeanne B (40.10):

8 poL* 5 @z aL*
S ; FI (6(}‘,“; 6qa) dles sl ( 5 dday mh) 4.
{40.11)

OpHAKO Ba rpaBBue peccMaTpusackoro 4-cOwenma pa-
pranun 8¢, =0. (TlogoGuo sTomy B MexaMiKe Baphd:
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Wi 8g; B rpaHMYHHX TOUKAax pasHH Hyai0). Tlosromy
wwrerpan (40.11) pasen myaio, Tak 4to B Qopmyse
(10,10) ocraoTcs TOJNbKO mepBas W Tperba cymmbl. Mut
WOLEIWHAM HX, BhiHecd 33 ckoOikm oOWHA MHOMH-
Vi ﬁqa:

l aL* . 3 &Lt
as:_-—s ZE- D NG 0 L AV
¢ E [ qa . ax” aqm,] 84,8V

3 cuny NpOH3LOAbBHOCTH BapHaREd 8¢, Nody“cnHoe
kil BHiPANSHHE MOJKET PABHATLCA KYAIQ TOJSBLKO B TOM
ciyiae, €CAH PABHL HYJMIO BCe BHPAMEHHs B KBaAPaT-
gy ckoGkax. Takum o6pazoM, ME NPHXOAHM K CACEYIO-
il YPABHERHAM JBHXKEHHA:

gL* 0 @ aL* i 4
%a %wva%lJ-mm

‘p ypapHeEHs AsAfOTCA ofofHlenneM ypabuenunti Jlar-
R ¢
daL d oL

(em. dopmyay (7.3)). B mpaso#i uacth (49.12) cront
(yMMa ueThpex NPOH3BOAHBIX B COOTBETCTBHH CTeM, YTO
PO, KOTOPYIO HCHOJNHSJIA OfHA rnepeMeHHas f, Tenepb
Wipaior yeThipe nepeMenntie x¥. Jlerko yGeuThes B TOM,
W10 NpH YCAOBHH, YTO g 3aBHCAT TOABKO OT 17 T. €. OT f,
ypupHenne (40.12) mepexoaur B ypasnenue (40.13).

Vwmuoxum ypastenne (40.12) Ha §q, ¥ TpOHIBEACM
VY MHpOBAHAS NO 4@

DL R-y a oL
e = L bon 37

a, v

Hjpanyw yacTh MOXKHO npeofpa3oBats no dopmyne

do __ d(uv) » du
ax’ ax¥ ¥

It pesyAbTaTe DHOAYUHM
bl FE S

il ] (c} aL‘)__ AL* djap
b gga "M & 36 U 940y

o v "
N Aoy Ox

(40.14)
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OCyumecToRM 3aMeny §op = 0¢,/0x* B cyMMe cJeBa B
0Gap/0x* = Ofarv/Ox* (cM. (40.4)) BO BTOPOR cCyMMe
cnpapa, a TakXe CTPyNNHpPYeM HHBaYe uNeHH BHpaXKeHHd
140.14). B nTore npHaeM K cOOTHOLISHHIO

aL* @ aL* a a (. oL
P) a:: t 25 a?l: =Z ox° (q‘”‘ a4 )
€ qa a, v qa” 2, % L3

Jlepasn yacTh NMOJAYUEHHOTO BHPaMeHRs ecth LY /0xb,
CrenopaTteNbHo, MH npum.nn K dopmyae

ar* eL*
ok Z ax” (qa"

JleBylo yacThb 37Ol GOPMYJH MOXKHO 3aana'n; p BHAe')

aL* aL )
ax* _Z % ax” (5L

B pe3yAbTaTe Yero NONYYHM COOTHOLIEHHe
0 Vype= 6 2 OL’
L)= DILY
23w =257 (200 %0)
IT0 CcOOTHONIEHME MOKHO OpeoBpasoBaTe CJAeAYIOIHM
ofpazoM:
a . Ny
—— =L [=0. .15
25 [anu == ] 0. (40.15)

Ypasuenue (40.15) npeacraeaser coGoh copokyn-
HOCTb GETHpeX YPAaBHEHWH, OTBeYaloHIuX pasHWM 3Haue-
HuAM uuHOekca p (p=0,1, 2, 3). Bupaxkerna B KBaa-
pPaTRHX cKkobkax o©06Aajal0T CBOHCTBAMH CMEWIAHHHX
KOMNOHeHT 4-TeH3opa sTOpOro paHra. OGosHavHB 3TOT

TeH30p CHMEBOJIOM Tl-‘ - I'IOJ'IY‘IHM

7= z %m — &L {40.16)
d

Hcnosibzopae avo 0603HAaYeHHE, MOMKHO 3aNHCaTh ypaB-
nenue (40.15) B BHAE

T ¥ '
Yk =0 (=0, 1,273 (40.17)

i

ax

1) Hanomunw, uro d¢/dxY ecTs KOBApRAHTHAN  KOMMOWEHTZ
4-BexTopa.
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Hanomuum, uro ypasHenne (40.15) MR NOAYYHAH, MpH-
paBHsAB HYAIO Bapnaumo nmeficrua (40.8).

Teusop Ty, yhosaersopaiommit ypastenuw (40.17),
onpeaenseTess He OANO3HAYHO. Bcaxuﬁ TEH3Op BHAA

7 S (40.18)

a"'

rue Q¥ — Tensop, an'rncnmme'rpuquuﬁ No HHACKCAM Vv
H p (@ = —Q), Takike yAOBAETBOPAET YPABHEHHIO
(40.17). IeficTBHTeAbHO, B CHAY AKTHCHMMETPHH TeH-

aopa QyF
3op Qp 020'"0 a’qgv

x"dx" " “axdax’

H, CACAORATEABHO,
2: E: z: d Qﬂ =0.
ax® axP ax gx®

[Tostomy n3 (40.17) 6ymer sHTEKaTh yCJIOBHE

ar vy
E a;; =0, (40.19)

v

Hapnexamum pHGopoM Tersopa QY Bceraa MoXHO
Ao6urecs Toro, 4To6u Tessop (40.18) orkasanca cummer-
pruAkM. B panpuefillem MH OGyleM npeAnoAararb, UTO
3TO YCJAOBUE BHIMOAHEHO H

™=T7", (40.20)
OTMeTHM, 9TO MOCKOABKY Q) =0,
T —F (40.21)

T. e, Ty* onpefeaserca no gpopmyne (40.16).

Mepememenne B (40.19) HHAekca p BBepx Aubo ocra-
BUT Bce 7" Ges namesendit {ecin p=0), 1160 HIMEHHT
y Beex Tp° 3Hak Ha obpatiufi (ecau p=1,2,3). Cae-
foBaTenanho, B3 (40.19) pETeKaeT, ¥TO

M’ =0 (@=0,1,2,3. (4022
ax

v
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Tensop TH HasuBaercA TeHIOPOM 3HEPruR-UMNYIbCA
chcTeMul. QCHOBANKA HAA 3TOTO BHACHATCH HAME.

B IIpunoxenun XII nokasakio, uTo B cayuae, KOTAa
rensop T»¥ ymoejaersopaer ycioBnio (40.22) n Bce THY
o6pamailoTcs Ha GeCKOHEYHOCTH B HYAb, OCTaercd IOCro:
fINHKM BO BPEeMeHn (cOXpaHfieTcs) BEKTOP ¢ KOMIIOHEH:

TaMH:
P =a S Y. m™d}, (40.23)

(cm. dopmyay (XII.86)), rae o -—npoussonpHas KOH-
craHTa, dfy — KOMIOHeHTa 4-BEKTOpa /AEMEHTa rumepro-
pepxHocrn. Minterpan (40.23) Geperca 1o npoH3BoabHOHA
IMUepDOBEepXHOCTH, BKJAKOYawmeR B cefa Bce Tpex-
mepHoe npocrpancteo. Ecan B xadecTse rENepnopepxHo-
CTH, IO KOTOPOf OCYIleCTBJIsieTC HHTErpHpOBaHHe, B3sATh
ranepnaockocts x* = const, 7o Bce df., kpome dfo=dV,
6ysyT pasHbB HYJAI0 H Bhipaxenue (40.23) ynpocrures
cAeAYIoIHM 06pasoM:

P =a S defo; M S ™av. (40.24)

M 3Haem, UTO HAR 33aMKHYTOM CRCTeMH COXpaHfeTcs
noJiHan (7. e. B3siTas No BceMy 00bemy) SHeprus H moJ-
Huit (T. €. B3ATHA N0 BeeMy O6beMy) HMIyabe. DHEpPrHs
M MMAYJALC npeicTaBasior cobofi KOMNOHEHTH 4-HMIYJb-
ca. ChegopaTessHo, 4-HMNYALC 3AMKHYTOR CHCTeMH TaK-
ke AOJKEH COXpaHATECA. IT0 06CTOATENbCTBO AT HaM
OCHOBAHHE OTOXJAECTBUTL: BEKTOP, OonpefeaseMufi dopmy-
naun (40.23) u (40.24), ¢ 4-umnyancom cucremH. Kou-
CTAHTY @ RYXHO BHOpaTh Tak, yTobu dopmyan (40.23)
H (40.24) coraacosnBanvch ¢ NPeXHAM ONpeleNeHueM
4-pmnynnca (cM. (38.7)), B COOTBETCTBUH C KOTOPHM,
ranpumep, p°=E/c. Tloaoxns B Qopmyae (40.24)
== 0, mosyunm

P=c S T4V = Eje. (40.25)

Bocnosnszosapmuch dopmyaamu (40.21) u (40.16),
MOKHO HanHCaTh

_mp0__Hmo__Tv. QL%  e.. . OL* .
T =T =T, _Zq,o—a% ML =Y da e
a -]
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rie a=0qaf0f (MH yuan, UYTO {oog= 0¢a/Ox0=
= 0¢a/3{ct)=(1/c}(0g./0t) = (1/c) §a).
HHurerpan SL'dV Raer ¢yrkunio Jlarpamxa L, IMo-

TOMY ME! NPHXCAHM K COOTHOLLCHHIO
0 - . JL g5
froav =73 4. 37
i
Coraacno ¢epuyte (5.1) erpamenne, croaumee B npa-
BOA QacTH, onpeaeader 3Hepruw cucreMu F, Caeposa-
TeNhHO,

{Toav =E, (40.26)
a2 T® ecTb NNOTHOCTE SHEPTHH W:
T0 = . (40.27)

NMoacraroska shaucuus (40.26) B dopmyay (40.25)
NPUBORHT K 3aKAiouenyio, 4ro « == 1/c. Urax,

1
o =?S g, (40.28)
v
¢CAK HHTErpHPOBAHHE NPOH3BOAHTDL NMO NPOH3BOALHOR TH-
NEepNOBEpXROCTH, BEMOYAIOMEH B Ce6d BCe Tpexwuepnoe
NPOCTPAHCTBO, H

p=t{ma, = L{roav, o

€C/IH HHTETpHUpOBAHHE NPOU3BOJAHTL M0 FHNEPNAQCKOCTA
X9 == const.

Uro6H BHIACHHTb CMHCA KOMmoleHT TO wanunuem
cooTHOmeHne (40.22) Ana p=20: .

3
or®  o7% arhrss

= + =0
v k
& ox 0" | £ ox
HAH
3
_tar® o oar™
— = -
c G =i ax

YMHOXKeHHe MOAYYEHHOTO COOTHOMIEHHA Ha ¢ H HHTE-
rPEPOBAHNe N0 HEKOTOpOMY o6beMy V maer

3
-2 5 T4y _..‘S ;2-:1 cZrav.  (40.30)
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Hurerpan B nesolt uacTH paBeH SHEPTHH, 3aKAKOYEHHON
B o6beme V. Cnpapa noa 3Kakom HHTerpajia CTOMT OOHY-
Has (TpexmepHas) AWBEPreHUHsA HeKOTOPOTO BeKTOpa S
€ KOMNOHEeHTaMH

Sy=¢T, S, =cT%, S,=cT®  (40.31)

Taxum obpasom, ¢opmyay (40.30) moxHO npeicra-
BHTL B BHIE

—"T‘f=gvsav.
v

Ilpumenns x npasofi yacTu Teopemy OcCTpOrpaackoro —
T'aycca, noayunm

IE

rAe RHTErpan 6epercd no saMxHyTofi NOBEpPXHOCTH, Orpa-
HUYABaed oGpen V. .

¥Y6uan sueprun B ofbeMe V 33 eZHAHLY BpeMeHy
BoJKHA GHTH paBHA NOTOKY SHCPrHH Yepes NOBepANOCTb.
Cnenosarensio, S ecTs BEeKTOp NJIOTHOCTH ROTOKa 3Hep-
run. Coraacro (40.31)

1 1 1
T‘”=—C~Sx, Tm=?Sy, T‘”-——-—:_-Sg. (4032)

B cuay cavmerpuu Tenzopa T™ BHNOAHSETCA COOT-
HOoleHye TRY—= T rax uyto

T — % S, — _:_. (S T FRER % S.. (40.33)

Taknm 06pa3oM, komnoneaT T°* g T#° ¢ TouHOCTbIO
A0 MHOXKHTeR |/¢ paBHH COOTBETCTBYIOUIHM KOMNOHEH-
TaM_BeKTOpa NJOTHOCTH MOTOKA JHEPraH.

IlpocrpancTBennble KOMNOHeHTH Bektopa (40.28)
paBHH

pr= S Thqy.

Otciopa sakfiouaeM, 4YTO BEKTOP g€ ¢ KOMIOHeHTaMH
T /¢ onpenensier NAOTHOCTb HMOYJAbCAa CHCTEMH:

1 1 1
=T g,=_T% g =—T% (40.34)
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Conocrapaetine (40.34) ¢ {40.33) naer, uro
1
&= (40.36)

HJIK, B BEKTOPHOM BHZE,
dp 1
g = W = = S. (40.36)

Hrak, MH ODpHWAH K BHIBOAY, 9TO MEXJY MOTOKOM
3HEPFrHH H HMOYJ/bCOM HMEETCH CBA3b — MAOTHOCTh HM-
nya:sca paBHa MAOTHOCTH NOTOKA SBHEPrRH, KeNCHHON
Ha ¢

Yro6u ycraHOBHTHL CMHCT xoMmAoHeHT Ti#
cooTHowenne (40.22) ana p = i: :

, Handmem

3 oriv 61-[0 g arfk

v 0 T
& ox ax = ax®

Orciona, MpHHAB B0 BHHMaRHe, 4To x*=cf, T® =g,
HaXOAHM, 4TO
3
dg: > artk

of 2
— ax

[NpounterpupyeM nonyyeHHOe BHpPaXKeHHe NO HEKOTO-
poMy oGvemy V. [lpussan Bo BHUMaHHe, YTO Sng=p

{p— HMOyJAbC HacTH cHCTeMBl, 3aKAIOUEHHOA B 06b-
eme V), monyunm

IIpeoGpasyem npaeyio uyacTs no reopeme Octporpag-
ckoro — Iaycea:

3
—5p=8 Y r*an=—Goiar, oam)
I &= f
TAC ¢ — BEKTOD ¢ KOMNOHCHTAMHT

O == g (40.38)

B rnepodi mactm ¢opmyan (40.37) crour ckopocth
yOuBanys i-fi KOMNOHEHTH MMOY/bCR CHUCTEMH, 3aKJIO-
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uwenpero B o6meme V. CnefopaTeabHo, npagas 4acTh
HMeeT CMHCA NOTOKA KOMIOHERTH p; Yepes OrpaHWuH-
prjontyio V moBepxHOCTH f, @ @; — MAOTHOCTH NOTOKA Pr
Benuuuna (40.38) ectb k-7 KOMNOHEHTA BeKTOpa fJ/10T-
HOCTH noToka koMnonenrs pi. Takum oOpasoM, TpeXMep-
ywi Tensop (40.38) onpesenseT NJOTHOCT NOTOKA HM-
nyabca. OTMeTHM, UTO NAOTEOCTh NOTOKA (‘.iia.ﬂﬂpﬂﬂﬁ Be-
JAHYMAE (HanpHMep, 9Heprin) ecTh BEKTOP, NJIOTHOCTH
e NOTOKA BeKTOpHOR BenHumubl (HanmpHMep, HMNYABCA)
SIBJIAETCS TEH30POM.

IMnysibe, NEpeHOCHMEIH uepes elHHHUHYIO NJIOWANKY
B eJ4HWIY BpeMeHH, paBeH cuje, AeficTeylouled Ha STy
NAOLIaNKY, T. € HanpsKeHWI0 B TOM MecTe, Iiie pacno-
Joena naocmajixa. [lo sTofi npHYHHE TEH30DP Oip HA3H-
paeTca TeHSOPOM HaNpsKeHHH. '

HWrak, Mbl YCTAHOBHJIH CMBHIC] BCEX KOMNOHCHT TeH-
sopa Tw, OGsepunnus (40.27), (40.32), (40.33) u (40.38),
NONYYHM

w Syfe Syle Sie

(TI-W) :__:___{Sxﬂ? Oxx Oxy Oxz . (40.39)
Sple Oyx Oy Opz
Safe 0zx Ozy Oz

KoMnoHeHTH TeHaopa TH¥ xapakTepHsyloT NIOTHOCTD
SHEPrHH H AMOYJALCA, a TaKXe NJACTHOCTH IOTOKOB 3THX
BejHUNH, YeM H o0ycaoBjeHO Ha3paHHe Twy — rensop
DHepruH-HMNOyAbCca,

Jacre sTopas
3NEKTPOOHHAMHKA

Tnasa VI
AJEKTPOCTATHKA

§ 41. DAeKTPOCTATHYELCKOE NOXe B MYCTOTE

Boofue robopf, 3J€KTPHYECKoe B MarHATHOE MOJA
TeCHO CBA3AHH APYr ¢ APYToM, 00pasys eAnHOe 3JEKTpO-
MarkuTHoe nosie. OAHAKO B C/IyYae CTANHORAPHHX (T. e
He H3IMeHAImMXCA €O BpeMeHeM) nodefi 3neKTpHYecKoe
noje H MAarHUTHOE NoJie MOMXKHO paccMaTPHBATh pas-
AeasHo. MK HauHeM ¢ paccMOTpeHMst 3JEeKTPOCTaTHUe-
CKOTQ MOJAA B NYCTOTE,

OcHoBHO# (cuAOBOH) XapaxkTephcTHKOH 3AEKTpHUeE-
CKOr0 MOJASl ABAAeTCH HanpaxeHHocTh nonaa E, cBssan-
Kasi ¢ cuaofi, AeficTpylomel Ha TOYeuHHH 3apal ¢ B AaH-
HOHl TOYKe BOJfA, COOTHOLIEHIIEM

F —=¢E. (41.1)

310 cOoOTHOWIEHHe MOXHO PaccMaTpiBaTbh Kax onpefene-
Hue BeanunHu E.

N3 kypca ofiueii GH3NKH H3BeCTHO, YTO 3NECKTPOCTa-
THUECKOE NoJe NOTeHuYanabHo. 3To o3Havaer, yTo pabora,
coBeplIaeMas CHAaMH TOrO MO Haj 3apaAOM Ha Jio-
60M 3aMEHYTOM NYTH, paBHa HYJIO:

@Fdl=e@£d1=o. (41.2)

Ha popuynnu (41.2) caeayer, yro RUPKynAuHA BeK-
TOpa HANPYKEHHOCTH SJIGKTPOCTATHYECKOrO NOJA MO JI0-
6omy woutypy I' papHa uyao. Bocnosnb3oBapliHCh TeO-
pemoii Crokca (em. (XI.23)), Moxuo Hanucars

SEa‘l=S[VE]di=0, (41.3)
r f

rie f— Npou3BOJIbHAA NOBEPXHOCTH, OTPAHHYEHHAs KOH-
rypom T, di — BekTOp S/eMEHTapHOA NAOMWIAAKH, BIATHIA
Ha 3TOH NOBEpPXHOCTH.
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Ycnosne (41.3) NOAKHO BHOOMHATLCA AAA mOGOR
NpORZEOALHO BHGPaHHOA NMOBepxHOCTH f. 3TO BO3IMONKHO
AHIIb B TOM cAydae, ec/JH MOALATErpanbHas QyHxuus
B KaXKAOR TOUke paBHA HyM0. TakHM o6pasoM, Mul npu-
XOAMM K BHBOAY, UTO POTOp BEKTOpa HANPAKERHOCTM
3/1EKTPOCTaTHYECKOIO MOAA paBeH HYJIO B KaXAoH TOouKe

NoAAL
[VE]=0. (4.9

PaBeHcTBO HYJAI0 pPOTOPa HANPAWEHHOCTH ABAAETCA
OTAHYKTENLHOR OCOGEHHOCTRIO 3MEKTPOCTATHYECKOID NOAA,
BHpAXalOWEeR ero NOTeHUHANLHOCTD,

H3 BexTOpHOro aHAa/AW3a M3IBECTHO, YTO POTOp rpa-
HHeHTa ckaasapHofi $yHKUMH BCerZa paBeH Hyadio (oM.
(X1.43)). TlosToMy HanpR¥eHHOCTb 3SMEKTpOCTaTHUE-
CKOro NOAS MQXKHO NpPEACTAaBHTh KAK TPajHeHT HeKOTO-
poll ckanapHOK QYHHLHA @:

=—V¢ (41.5)

{3HAK «—>» He MeHsieT ReJla, OH B3AT HA3 (GH3HYECKHX CO-
obpaxkenufi). PyHKUMIO ¢ HA3WBAIT NOTEHUHANOM 3NeK-
TpOCTaTHYeCKOr0 MNojsA. O4eBHAHO, 4TO @ ONpefeNeH ¢
TOYHOCTEIO AO TPOH3BOABHOTO MOCTOSHHOIQ CAArdeMoro.
CaeaoBaTeNbHO, ROTEHIMAN MOXKeT OTCYHTWBATHCA OT
MOGOR TOUKH NOAA, AAA KOTOPOH ero 3RaueHHe NpPHHH-
MalOT paBHLIM AyJi0. B sjekTpoaKHaMHKe OOLIMEO moJja-
raloT NOTEHHHA/ PAaBHHM HYJAI0 Ha 6eCKOHEYHOCTH.

IMoTenuuan noaA TOMEYHOro 3apAAa ¢ paBeH, KAK M3-
BECTHO,

plr)=—, {a1.6)

rAe T — pajgnyc-BeKTOp, MPOBeleHHHA H3 TOUKH, B KOTO-
po#i ToMewlaercd e, B TOYKY, AAA KOTOpoA onpede-
Asderca .

Baap rpanuent or BHpaxeHus (41.6) H N3MeHHB
y HEro 3HaK Ha oSpaTHHI, HafiAeM HaNpAXKEHHOCTbL TOJAA
TOYeZHOTO 3apfAa:;

e e
E=—V(7)=?:—=:—ze” (417)

rie e, — opt paauyca-pekropa r (c. (XI.51)).

INycTs noae co3gaercsi CHCTEMOH TOUYERZHLIX 3apa-
IOE €4, NOMEIIAIONUIRXCA B TOYKAX, ONpeAeadAeMuX paguy-
camu-pextopamu r,, (puc. 41.1). Torna coraacHo npHu-
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WKy CYBepOSHUHK ROTEHLUAN NONT, Cig,
cHeTeMON, B TOUKe, onpenenseMol paiky
paBen

3lapaeMHA 9T0H
YCoM-BeKTOpOM r,

€a
m(r)—za‘, Jr—ra|’ (41.8)
a Haupﬂ)l(elmoc'l'b noan

E() z ea(f-""a)
= |3 ~
A (41.9)
it noae 3apAl pac
U By Tl =p(rr) B Hperenen p npo-
crpanctse ¢ naoTHOCTHIO 0 == p{F), Bigy, oo ©
1Hana ¥ HANpsKEHHOCTH MOJf MOXKHq s il eH-
dopmynam, aHAJOTHUHBIM (41.8) ) b 1O

w (41.9):
pin={ 0T, @1
v

ir

P (r —r) vV’
E"’"“S Ir—¢f 7

v (41.11)

rae dV/ =dx'dy’dZ ectb snae-
MeHT ofmema B Touke (¥, ¢,
2/ — KOMTOHRHTH NepeMeHHoTO
pekTopa r').
S e
[lepexoi OT CHCTEMEL .meruibqu. e L
pARY, pacupeAe/eHHOMY B NPOCTPaHCy, - B, Lo &
p(r), ocyuecraaserca ¢ noMOeUILIO b"byum " Tﬂqtnuf}
(cm. Tpunoxenne X1H). Dra hyHRLRy, i mu Jdupaka
CTABUTL CHCTEMY TOUEUHHIX 3apSAJIOB e BOJISET mpes-

+ % TOMemAIoWHXCH
qKax ¢ paAHycaMu-BeKTOpPaMH T
B TOHKZ panHy @ CnoMousio nuor-
HOEGTH 3apfaaa:

Pue; 41.1

plry=2 ed(r—r) (41.12)

©OueBHARO, YT, NOACTABHE QYHRELY,
xenua (41.10) u (41.11) n npousse “(41!1;11-231 B BHIpa-
MH OpHAeM K dopuynam (41.8) n (4[-.9} PHpOBaHHe,

§ 42. Ypaenenne llyaceona

U3 kypca ofumed (HHIHKH HIBECTH
€0
xoropas B cJayyae moJs B MyCTOTE Moy pema Caycea,

JHPOB2HA CAELYIOIUHM o6pasom: nony ne;gtl,;: cép?;]?pdg.;
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22AMKHYTYX) [OBEpXHOCTh NPOMOPUHOHANCH anreGpanue-
cKkofi cyMMe 3apANOB, 3aK/10UeHHBX BHYTPH ROBEPXHOS
crd. Koa@dHuuesT nponopuHoHaAsHOCTH 3aBHCHT OT Bl
Gopa cucTeMut eannHd. B raycconoli CHCTEME, HCNOAb:
ayemoil OOHIMHO B Teopernyecoit GHanke, oH pased 4.

CnenopaTesinho,
@E,,df=4nze. (42.1)
; :

Ecan pacnpeienerne 3apsios BHYTPH OBEPXHOCTH !
OXApaKTEpU30BaTE € MNOMOMbBIO TNJIGTHOCTA  33psAd
p = p(r), Teopeme I'aycca MOXHO MpHAATH BHA

§ Endf =4n S pdV, (42.9)
H v

rae V — o6beM, OrpaHHuEHKBR NoBepxHOCTBIO f.
[IpuMeRuB K JeBOfl 4aCTH OPMYJLt (42.2) Teopemy
Ocrporpaackoro — aycca {cH. (XI. 13)), npanem K co-
OTHOIICHKIO
SVBdV=4nSpdV.
v v
[MocneHee COOTHOWEHHE RONKHO BHMOJHATHCH AJA A0

60ro MPOH3BOJILHO BHOpaKHOro obbema V. 310 BO3IMOM-
HO TOJILKO B TOM CJydae, ecii B KaXJAOH TOUKe noaf

VE = 4np. (42.3)

Bupaszus B gopmye (42.3) HanpAKEeRHOCTE NOJA uepes
foTeHinan cornacHo (41.5), nonyunM

v (Vo) = —4np.

B Ilpnaoxenun Xl noxasamo (cm. (XI.38)), uro
V(Vg)=Ag, rae A—onepatop Jlanaaca. Takum 06pa-
30M, MH NPHXOAHM K COOTHOUIEHHIO

Ap = —4np, (42.4)
KOTOpoe HasuBalor ypasHeruem [lyaccoxa. B paspephy-
TOM BHAE 3TO YpaBHEHHE BHFAAANT CAeAYIOUHM 06pasoM:

fi el i &l &*
. + a;; a5 132(‘!: =—4ﬂ'P‘ (42'5)

dx?

Vpasuenue Tlyaccoua MO3BOJIAET MO 3AAAHHOMY pac
Npefie/leHni0 3apAL0S B NPOCTPAHCTBE (no 3anauMoR

§ 47, YPABHEHHE NMYACCOHA 181

| LSt £) HafTH RCTeHHHAA P KAMAOH TOUKE NOAA.
dnan g, poxio mo Gopuyne (41.5) enpezeants E.

Has rouer 1oAq, B KOTGPHX o == 0, ypasHenne (42.4)
nMestT B

b == 0. (42.6)

<'-:,;,'E'rm_uu:ﬂﬂe (42.6) uaswpacrcs ypasHenties Jlanaaca.
B coorneTciBUK ¢ $opuynont (41.10) pewenne ypas-
neins (42.4) nMeer BHA

r dv’
g=| 20200 (42.7)

=

TAC HETRTPHPOBAKEE PACHPOCTPAHACTCA Ha BLIO ofaacTs,
B KOTOpOH pacnpefedientl 3apsaAH, CO3AaRIMHE floae. ITo
YTBCP IS ACHRE MOMeT 6uTh KOKA3aHO CTPOIO MATEMAaTH-
1GCKd NYTeM NpUMeHeHds onepatopa Jlanaaca k wmHTe-
rpaay (42.7).

3amerHM, uTo Bripaxenue (42.7) Gyider yAOBALIBO-
psive ypasuenuio TlyaccoHa u B TOM cayvae, ecan K HeMy
1o53BUTE  MPOKIBOJIBHYIO  HOCTOAHRYIO {A const = 0}.
[ax gTo, BOOGINE ropopd, ANf Toro 4Tobn pelpeHse ypas-
neaws [lyaccoma 6Gmao suoane onpefefeHinM, HeoO-
AOnHMO 3afaTh FpauHusnie ychosud. Peiieane (42.7)
(¢ const = 0) monyuaercs B TOM cAydas, ec/l JIPpHEATh
HOTEHNHAN Ba GeCKOHEUNGCTH paBHRM HYMO,

MoiHO noKA3aTh, YTO pelliende ypaeyenna [lyaccoua
Mp: GAGAHHHBX TPAHHUHBIX YCAOBHAX HBAAETCA eAMH-
erepeniyiym. OBBaxK0 370 NOKAATAbCTED BHIXOAHT 32
pauic AAHHOH KHATH.

(loxaxem, wro dyHxuus ¢(#)= 1/~ yA0BAETEORACT
vpapueunie Jlapsnaca (ypasHeuuio (42.6)) Bo Becex Tou-

¥

wax, kpoMme r==0. Coraacuo (X1.51) v —:- Rt s
r

r
by s lpumeAsM K 370MY BEIpRIKEHHK e€lle pas
vitepatep V

kv (vE) = —v(&F)=— 5 —(5).

Cornacho {XI. 48) vr = 3. Cacxonateibho,

__l______i 3 r 3 2
AsH S —aF)=—m =0

410 3 TpefoBanoch HOKA3ATh.
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Moxno walith sHauenus A{(l/r) so Bcex TOUKaX,
piaovass u r=1~0. Jiaa aroro Bocnoab3yemca Tem o06-
CTOATSNLCTBOM, UTO B CJAYyYae TOYEYHOrO 3apsja ¢, mome-
malmerocsi B Hayajde KOOPAUHAT, ¢ = eb(r), a noreH-
unan @ ==¢/r. TloACTaBHB 3TH 3HAYCHHS B YPaBHCHHE
(42.4) u COKpaTHB Ha e, NPHAEM K C/eAyloLleMy MaTeMa-
THHECKOMY COOTHOWIEHHIO:

AL = —4mb(r). (42.8)

§ 43, PasaoxkeHNe NOAA NO MYALTHNOARM

PaccMoOTpuM cHCTeMY 3apsflioB, pasMeHlIeHRYIO B Orpa-
HUYeHHOM OfbeMme, W HCoAelyeM NoJe, CO3AaBaeMoe Ta-
Koli cucTemoli Ha paccrodHHAX, 6OAbIIHX MO CPABHEHHIO
c pasmepamH cicTemun. IfoMecTHB HAYasNo KOODAHHAT
BHYTpU ofbeMa, 3aHHMaeMoro cHcTeMolf, MoAyYHM AJd
NMOTEHUHANR BHpaxeHHe

oN=2, =T (43.1)

TAe HO MPEANONOKEeHHIO 7 3> ry {(cM. (41.8); MW onycTRAH
WITPHX NPH Tg).

Paznoxkum pupaienne (43.1) B pRA 1O CTencHAM
BeJHMHH fgfr. IIan atoro Bupasnw ¢{r) vepes KOMno-
HEHTH BEKTOpOB t H 4!

P (x, % x3)=z (43.2)

€a
,\/ 3 (51 — ko
i

(unnekc i npoGeraer 3nakenna I, 2, 3, wHAeKc @ — 3Ha-
yentsa 1,2, ..., n, TAe n—YHCAQ 3apANOR B CHCTeMe).
PaccmaTpuBas BeAHYHHH (—Xg;) Kak MaJjwe npHpalle-
HUA KOOPAHHAT X;, MOMHO npeAcTasuts Qynxunic (43.2)
B BHAE

@ (xy, X Xg) ==

2 i sk 9L [t W

~2 757t Do (Em) et
+—;—Z Z 6xk6;xm (/\/ﬁ)(_xak)(_xam) + =

a km
=q+q+e+-... (43.3)
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(pacmanuaaemﬂ B pAA Kaxaoe H3 cjaraeMuEx CyMMBl

(13.2)). .
Boipaxenue (43.3) Ha3HBaeTCsd Pa3NOMEHHEM NOTEH-
nHana 0o MyapThnoasM. [leppui YneH pasAOMeHHA

Plageds _):_-r"_“ (43.9)

(mm aamennan A/ ), X; uepes r) HMeeT BHI MOTeHUHA 8
toueydoro sapana. CyMMapHHA 3apsan Y. e, npencras-
naer cobofi MYJAbTHROML HYJEBOTO TOpPsHLKAE (ero Hasbl-
paloT Takwe momonosesm). B cayuyae, xoria 3TOT MyJb-
THNOAbL OTAHYEH OT HYAA, WieH @¢ BHOCHT oCHOBHOMH
skaan B norenunan (43.2).

706K BHACHUTL BRI MYJALTHIONA HEpBOro nopsixa,
npeoGpasyem BTOPOA 4jeH PA3JNOKEHRA (43.3) cnenyio-
muM obpasom:

3 _(ea e 3 ( A )

P = Z Z FF T) (—Xar) = Z vk \r Z Ca¥an:
S & a
Cymma 2 £,¥, TpeacTaBsaer coboi RPOEKUAId Ha k-10

[

KOOPAHHATHYID OCb BEKTOpPA
p= ¥ e,r,. (43.5)
a

3TOT BEKTOp ecTh He UTO HHO€ KaK INN0fibHHA MOMEHT
cucTeMbl 3apanos'). OR W ABJNAETCA MyAsTUROACM REP-

8020 nopadeq.
L Gl (_‘-)
dxp A F

BupanxehHe
1) Ecnn sapsag pacnpefienen No o6beMy CHCTEMH ¢ TAOTHOCTRIO
p, TO NRMCABHHFA MOMEMT ofpelelseTca HHTErpanoM:

p= S p(r)rdV. (43.6)

HanoMHHM, YTO 1A CHCTEMEl, CyMMapHuil 3apan roropol 2 ea
paBen HyJio, AHNONbHAA MOMEHT He JaBHCHT OF ppiGopa Hauama
KOOpPRHHAT. ,ﬂ.(’.ﬁl."l’lﬂ'.‘l‘ethH{}, nepeHecH Hauano KOOPAHHAT B TOURY
¢ p=D>b, Mp TOAYUEM IS PAgHYCOB-BEKTOROB OTMKEHRBIX H3

4

HOBOro Hauana KOU[]J’II!HH‘I'. JHadeHys l'a= ru — 2 b ﬂl‘.lIOJ’Iblll}li—i MO-
!
MeHT B HoBOR cucTeme pase pl = Z [ Z [E e 2 e,b=
F
=p—Db Z e.. Tak wak z e, =0, nonyuaem, ¥To p'=P.
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Ader k- gowmnouesyy rpagkeara 1/r. Taunmwm olpasom,

v ) 1 A7
T a0 L 0. —— = Pl = —Y —, o
@i Z.Jxva","px, P I“"}?r Lt )

£ i
QopMyny LAT @ MONKHO HOJYYHTH Cpasy B BeKTof
HOH opMe, BOClonbsesaBIINCh TeM OBCTOSTENhCTHOM.
YT coraacho (AL5) ¢ TmouHocThio mo uneHon nepBoLs

Fir = 60 == 7 6) + VF () e,

Fipumerus sty ¢opuyny x KU AOMY  charaemMomy W
(43.1}, paccmarpas —Ye Kaxw 8. B peayabrave nos
Sy

(43.8)

Hepnos cxaracmoe copnagfzst o (43.4), ®rOpoE —
¢ (43.7).

Ormerun, wre V{I/r} npoenopusowanes Hr?, Caeior
BATSALED, charaemHle sTopofi cyMmul B (43.8) Gyayr fio
CPGBHCRMIC €O clAraeMblMy NMepEoH cyMub BeiHSHAAMI)
HOpRALY To/r.

Buancana V(I1/r) v noacrasur erc p {43.7), upapem
K BHP3SeHN0 LA ROTCRYUAAG RORR Sufioan:

: er | . 1 r pr e
1 = o =p (— p- 3 *,—) = - (43.9)

CAIepb MaEAEM HaUPHMEHHCCT: NCNAS AKNCSA:

: 1 !
E = —Yg ==~y ({1} == —(Pr)V -5 — = V(pr)
{em. (X1, 25)). Bocnenniopaemines Popryvaamu (XI, 51)
u {(XI. 37}, neayvinu

B L e (o el e (S0l + (V) p 4 () 6.

Paccmorpun  prpaxeune s GurypHuXx  ckofikax;
ivr] =0 (cm. {X1.50)), [Vp] =0, Tak kax P He 3anue
CHT OT r; (rV)p==0 no to#f e npuunne. Tanum ohpils
SOM, M2 UeTHIpeX CRETASMBIX OTJAHYHO OF BYAA TOALKO
necheatee, kotopoe coraacue (X1.34) paexo p. VMvas,

F{pr L Zeripet—p

. (42.10)

LIS @ — ORT PAAHYCR-BEKTONS T,

§ 43, PARAOMEHHKE NOAE 1D M¥YALRTHIIOAAM 185

OrMetanm, wre pose pancaa ofiragaer OoceBoll CHM-

M pHel OTECCHYSILED HANDERAEHUA P. »
Moxcer caviEgTLCS, YTO He TOAbKO CYMMApHKH 32apaj
Y 4., HO B AHASHALHEDR BOMEHT == Y, &,F, 6yReT papeH
W0, Do amcer MeCTo, HanpiMep, M5 B300paMenHoON
. Hazwsacmol readpygno-
PEAEEATCH CHEeEYIILAM
tennn dyRERan (43,1}, ERapaTaYHLIM OT-

SeGUIRE L . B

B opg CACEYROIEH GO 1 {cu. {48.2)):

Boanunna, craaidad B Gurvpsbx cXOGRax, eeth £, pe-d
BOMIOHEHTa CHMMETPANECTO  Teus: BTGPOTO  patita
(oM, Tpaacwenne X). 3707 1824300 ¢ . -
Mo Onino OBl OpHHATD B Kaues e \:
dioTneTcreyionlero Myabthnoas. Of-

MANGD, KK B MMOKaXEeM HHIXKe, H: Je-
MITH KOMEGHEHT 3TOro TEH30pa He3a-
BUCHMLIMEA $BA910TCA B2 LI2CTb KOM-
panenrT {(xax 310 OBIBAeT y CHMMET-
WHNOrD  TeH3epa), a ToAbKO NATh.
00N NOAUERRKYTS 9TO GOCTOATRIb-:
LN, TeHEZOP, XapakTepuoyoinRE Ceol-
PO CHCTelinl, ONpEAeNRMILee @), 3aNYUCHDACT B HHOM
piie, B npesmpaymem npagarpade wil BUASAN, 9TC HYHK-
Wi 1/r yuonnersopaer ypaprenwws Jlamsiaca, T. € WTO

iy

Gy o = e )
e

o
S
T

E
i
'
I

Pre. 43.1

pebds B g

bt &

r L (s
LU0 PRANGROIECHHIQ & 22 Fu, T4K YTG r={ HKCHAWUALTCH
Wy p n-t'.'m:'l‘[:el.'.:‘-f;l'lﬂ}. Heruo },‘EK','_'}J.L"I‘I:,{‘.'H B To, ¥T3 3TY

|-||r|"']s MO

MHOMHM TOMSYS

HpoOCYMMHEpPYEM
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NOAY4YHM

a2 1
e r? E ALt LIRSy
aa Sam Oxy Oxm r 0,

k.m

YTO MOMHO 3aNHCAThL CASAYIOHM 06pa3OM:
1 8% 1 1
=K el = b ) o
2; O%s Okm T {Z 3 a’ae’&m}_o'
. IR [

Buuts noAyuensoe puipaelie ns (43.11 )
AHM dopmyne LA 2 BHA 4 (43.11), mpmaa

L 6 =31 1
$:== 2 kZ 0xk X T { Z ea (xa.kxam ' _3‘ rﬁakm)} .
. M a

{43.12)
Coso KYNHOCTb BEAHUYHH

ng = ; €, (3xakxam i riokm) (43.13)

HA3HRACTCA TERICPOM xeadpyno;tbuoeo MOMERTE CUCTE-
Mot Bouncaum ciien 3T0ro TeH3opa, T. €. CyMMY €ro aua-
TOHAALHHX KOMITOHERT:

SP (ka)= g Qkk= % ; ea (3xﬁk—r§)=
== ; ea § (3x§k—rﬁ)=
=Zef3 % Ky — 33} =0, (43.19

Papenctee nymo Sp{Qi») o3Hauaer, yTo H3 Tpex
NHATOHAJbHHX KOMMOHEHT TeH30pa Qirm HE3aBHCHMHMYH
ABAFIOTCS TOJBKO [Be, a CNefOBaTeNbHO, BCETO He3aBH-
CHMHX KOMNOHEHT — NATD.

EcaH nphBecTH TeH30p Qim K TJABHHM OCAM, TO
B cHAy ychobHa (43.14) HesapHCHMBIMH OYAYT TOJBLKO
HBa H3 Tpex rNaBHuX 3HaveHHH. Ecam cucrema sapanos
ofnagaeT OCbIC CHMMETPHH MOPAZKAa BHIIe BTOPOrO, TO
3Ta ocb (06oagaunm ee Gykpe#t 2) Gyaer oAHOIH H3 TAaB-
HEX ocefl Tenszopa Qgm, NOJNOXKeHMEe ABYX ADYIMX TAaB-
HHX oOceit OyAeT NpOM3BOABHEM. B 3TOM ciayvae, ove-
BHAHO Qx: = Q,, H B cHay (43.14) - :

Qur= ny i F TZ" Q2. (43 15)
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Taapuoe anauesue Q.; HA3HPAWT B 3TOM CAyuae NMPOCTO
KBAOPYNOALHINK MOMERTOM cucTemst, MOXHO NOKa3aThk,
yro, KOrga CyMMapHHA 3apaa A JHAOJbHHHA MOMEHT CH-
cTeMH PAaBHH HYJIO, KBaApYNOXbKHT MOMEHT He 3abH-
cnt oT BHopa Havana KOOpAHHAT.

Fipumenus oGo3HadcHKE (43.13), morenunana noasd,
06YCHOBAGHHOTO KBAAPYNONeM, MONXKHO 3anAcaTh Che-
Aywomum o6pazomM:

1 2 1
. @ =?:,_'j Qum a5, 077 (43.16)
m

BuuscANM BTOpue NpOH3BOAHHE, BXoAsmue B STO
BUHpaXKeRHe:

# ol @ (_2__‘_)—_1‘3_ _aplieat 8y 1
Dxp O%km r  Oxp \9xm T dxg 12 dxp

. (__ xm) = bpm Semxe
T dxp 71 AT s s

(0%m/Oxe = Oxm). TloAcTaBuM 3TH 3HAYEHHA NPON3BOA-
Hux B (43.16):
o=+ Qim, (E‘;—"t—a,m). (43.17)
km
Us (43.17) caenyer, uTo nNoTeHUHa KBaapynoas ybul-
Bael ¢ paccTOAHHEM KaK 1/r®. HanomuuMm, 4T0 NOTEH-
nMad MOHONOAA yOniBaer MO SaKOHY 1/r (cM. (43.4}),
a NOTeHlHAaJ JAHNOJAf — HO 3a8K0HY 1/r? (cm. (43.9)).
Boofule NOTEHHHAA MYJbTHAOJAA N-TO NOPSAAKA y6uBaeT
C pacCTOsiHHEM 1O 3aKOHY 1/r7t1,
Mitak, moJe CHCTEMH 3apsAOB MOMHO IPCACTABHTD
xaK HaJOXKeHHe noJefl, co3AaBaeMbix MyJALTHIONAMH pas-
HHX NOPALKOB:

e=wtatet... =
Eea 1

e+ i 1 a2
=L v+ 5 L U nanm 7

Mynastunonn Gonee BHCOKUX MOPAAKOB Mbl He OynAeM
paccMaTpuBaTh. OTMETHM JRLIL, UTO MyAbTHNOJb TPeThb-
¢ro NOpAAKa Ha3bIBaeTcs OKTyNO/eM. B xauecTBe 1PH-
Mepa OKTYNols MOXHO YKasaTb cHCTeMY H3 BOChMH
OAMHAKOBHX N0 BeJAHYHHE DasHOHMEHHDIX 3apALOB, pa3-
MelleHHHX B BepiliHax Ky6a Takum 06pasoM, 4To Ganxkai-
LINMA COCEASMH OKA3HBAIOTCH 32pAAH PasHOTO 3HaKa.
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§ 44. Moae B AueAeKTPHKAX

Jlo cux mop MH paccMarpHBaNN 3ACKTPOCTATHUCCKOE!
noJe, CO3AAaBaEMOe 3afAHHON CHCTeMON 3apsAROB B NMYCe
Tote. [lpn 3TOM NpeANoaaArancch, MTo 3apsfibl, CO3RANI0-
1He MoJAe, MOTYT NepeMelllaThesl Ha MaKpPOCKONHYECKH®
paccTOAHHA (HanmpHMep, B Npejieax BCero NpoBoAsuiero
Tena). Taxue sapsan Mbl 6yaeM Ha3HBaTh C80500K ML

B cnyuae noas, Bo3fyxkjaeMoro mnofi BO3NeHCTBHEM
cB0O6OAHNX 3apsALeB B QHIAEKTPHKAX, NONONKSHKE CHIIBHO
YCJAOXHAETCH, TAK KAK HA wose CBOGOARBIX 32pANOB Ha-
KmainBaercs node, co3iasaeMoe sapajgaMH, BXOXZALIKMH
B COCTABR ATOMOB M MOJexyA HH3AeKTpHKa. [TOCKO/ILKY
5TH 3apAAn HEe MOTYT NOKHAATh Npelensl aroMoB M MO-
JIeKyJl, B COCTaB KOTOPRIX OHH BXOAfT, HX HA3HBIIOT
CORAIAHHBIML.

Ecan o603HaunTh moJje CBOGOAMEIX 3APAA0B CHAMBO-
A0M Ecpos, a MONE CBA3AHHNX 3apAROB — CUMEBOJIOM Ecnzs,

TO MANPAXKEHHOCTL PesyALTHpYyiomero noda EBpes MoMxHO
NpefcTaBHTL B BHJAE

Bpea = Eceos T Ecans- (44- 1)

Jlaxe ecrn cpobofHble 3apsAkl HENOABHIKHH, TOAE
(44.1) He OGyacT cTaUHOHAPHHM (T. €. He 3aBHCAIMHM
OT BpeMeHH), TaKk KaK cBA3AHHbLE 3apALM COBepUI2IOT
ABHMKEHHEe BHYTPH MOJEKYJ H, KpOMe TOro, y4acTBYHOT
BMeCTE ¢ MOJEKYJaMH B TeNJOBOM ABH)KeHuH. Takum o8-
Pa3oM, OYEBHAHO, YTO NoJe Ecsps €cTb GRICTPOHEpEMEH-
Hasf ¢yHkuns BpeMeHu. Kpome rtoro, Ecsas CHABHO we-
HAeTCA B NPOCTPAHCTBE MEXAYy [ABYMS COCeHHHME MoJie-
Kysnamu. O6a puga 3aBUCAMOCTH (OT BpeMeHH H OT TOYKH
B NPOMEKYTKE MEKAY MOJEKyJNaMK) HCYe3aI0T, ec/i pac-
cMATpHBATb 3HaueHHe Ecpxs, YCPEAHEHHOE, BO-NEPBHX, HO
NPOMEKYTKY BpeMeHH, Muoro OoJblieMy, 4YeM MNepHOX
BHYTPHMOJIEKYAApROTO ABHXEeHHA H TenJaoBHX KoJcha-
HHft, H, BO-BTOPHX, N0 O0beMy, 3HAUUTENBHO NPEBOCXO-
AauleMy obbem opHoil Modekyan. ChemnoBaTenbHo, noJse
{Econs) OYAeT cTauHOHAPHLIM. Kpome Toro, ovo mnasHo
MeHRCTCH B npelleiax ofbeMa, BRAKTANOUWEN0O MHOTO MO-
nekyn. lMone (Ecpas) HAZBIBAT MAXPOCKORUYECKUHM, B
OTANYHE OT MHKPOCKOMHUECKOTG MoAA Eceas.

Mpt Oygsem HasbBATh HANpPAMKEHHOCTHIO NOAA B AH-
INEKTPUKE MAKXPOCKONHUECKYIO BEAWYNHY

E= Ecnoﬂ + <Emma)° (44‘2)
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B orcyTcTBHe BHEIDHEro noust (r. e. nons cBOGOAHBIX
sapanos) noie {Ecszs) OOLIMHO PAaBHO HYJIO, Ilox BO3-
neffcTBHEM BHEUIHErO MOJAA CPefHHe MNOJOKEHHs CBA3aH-
HHX 3apAfOB CMeNialoTCsl TeM CHJbHEe, HeM BoJsbiie
neficTeyioniee Ha Hux nose. B pesyasrare nose (Ecsua)
CTAHOBUTCS OTJAHUHBIM OT Hyss. [IpH BHIYHCACHHH NOJA
(44.2) nofoXeHue YCHOKHACTCA TEM, UTO CpPeAHEE CMe-
leHHe CBS3aHHLIX 3apsAAOB ONpeleisiercs He MNoJeM
Ecsos, 4 PE3Y/bTHPYIONHM OOJEM E, KoTopoe BKJIOUaET
p cebs {Ecssa)-

S/IeKTpHUECKOe COCTOsIHAE AHSJIEKTPUKA TPHHATO Xa-
PAKTEPH3OBATH AMNOJLHEIM MOMEHTOM EAWHHILH obnema
NAHONeKTPHKa, KOTOPHIA HAa3LBAT noAAPUBOBERROCTHIO
1 oBosnaualor cumposoM P. OueBHAHO, 4TO P MOXHO
onpeAeauTh Kak

P— ZA:V‘" , (44.3)

rie AV — duanueckd GECKOHEYHO Ma/Lii 06BeM B, pi—
JUMOJbHEI MOMEHT OTHENBHOM MOJIeKy/ul, CyMMHpOBa-
HHe OCYUIECTBASETCH MO BCEM MOJEKY/NaM, 3aK/II0UCHHBIM
B o6beme AV.

Onpenenus P TakuM o6pasom, Ml N0 CyWECTBY npo-
W3Be/iH TO YCpPeAHEHHe, O KOTOpOM lja petb Bhlle B
cpssu ¢ ob6eyxnenueM Ecsas (P — Makpockonuieckasd Be-
JIAUHHEAE, Pi— MHKPOCKOMHYECKaN).

[pu BO3AeficTBHH HA JH3JEKTPHK 9NEKTPHIECKOro
noJsi CBRA3aHHBE 3apail cMemalorcs (OcTapasch Kax-
Abfl B Mpefénax «cBoen» MOJIEKYJIE) — NMOJOMKHTENbHBIE
N0 MO0, OTPHILATE/bHEE B NPOTHBOMOJOXHYIO CTOPOHY.
B pesy/ibTate Ha NOBEPXHOCTH AHIEKTPHKA obpasyiored
cBssaHHble 3apsaib. Kpome TOTO, MOTyT BOSHHKATh TAKXKE
H obbeMHEE CBASAHHBIE 3apALEL

Hafizem BhipaenHe LA Pesss — O6bEMHOM TITOTHO-
CTH CBA3AHHEIX 3apsj0B. BBIENHM MBICICHHO B LHIJIEK-
TpuKe (pu3HYECKH OECKOHEUHO manuiii o6sem AV. TlycTs
B OTCYTCTBHE MOJA CBA3AHHEIE 3aPAlbl €q (=1, 2",
saKJiOueHHBle B 3TOM o0BeMe, NOMelaTes B TO4YKaX,

1) @usuyeckH GeCKOHEHHO MaALiM HASHBAOT obben AV, sagnio-
yalomuit B cefe JAOCTATONHO GOJLIIOE UHCJIO MOJEKYA JUis TOrO,
arofn MoxHO Omiie npenebpeyp AHCKPETHOCTHIO BellecTBa, H BMes
oTe ¢ TeM JOCTATOYHO Malklfi AAS TOro, uTo6H MaKpOCKONMiCCKHE
pennupHL, HanpuMep E mim ", momio OLAO CUNTATL B NpEAenRax
AV nocToAHHHMH.
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onpeleNieMHX pafNycaMH-BeKTOPAMH fqo. [JOCKOALKY B
OTCYTCTBHE ROJA AHIJAEKTPHK He AOJADH3IOBAH, BHpaXMes
HHE ). €,lq PABHO HYMIO (cyMma Gcpercs o AV). Hed-
CTBMTENBHO, € TOYHOCTIO 10 |1/AV 312 cymMMa coBnagaer
¢ MOAAPH3OBAHHOCTEID P, KOTOpad y HeNoASPH30BaHHOTO
AHSAeKTPH%A pABHA HYJIO.

[Tpeanonoxum, uTo NPH BRJIAIOYEHHH NOJAS CBA3aHHBIE
3ApAlNW CMElAIOTCH HA OTpe3kw Arg (OTMeTHM, YTO 3TH
OTPe3KH MHOTO MeHblie JAWAEHHHX pa3Mepor o6beMa
AV). B pesynbrate BOSHUKHET NOJAAPH3ALHA, XapaKTepH-
3yeman BeKTOpoM

P=— Y lfant Ar)= 51 3 eore.  (44.4)

CBA3aNHHe 3apaibl, BXOGALUIHE B COCTAB AH3AEKTPH-
Kd, MOXHO paaﬁmh Ha HeCKOAbLKO rpynm, B Kaxno# H3
KOTOpHX BeJHYHHA 3apﬂ.Ela €x U cMelljenue Ar, oFKHHE-
xobH. Iponymepyem TaxHe rpynnu nhaekcowm p. Konn-
4eCcTBO 3apsAOB IpYyROuW f§, NpHXoAAUleecs HAa eAHHUUY
ofveMa DH3JeKTpHEA, 0603Haunm ng. Toraa noaspuso-

BAHHGCTE MOMNHO HamM#CaTb CJae-

’f AylomuM oGpaaomM:
_____ Ly —
I  df = P= Z ey Argng AV =
'f - 6
el / ’ :
h (npAV — uncmo 3apsAoB rpynnu
PR 1 §. 3axncueHHHX B 06beMe AV).

Buuncaam aareGpaudecKkyio
CYMMY CBA3aHHHNX 3apAloB, nepe-
CCKAOIRAX TPH BKAWYEHAH NOAS rpasnuy obbema AV,
Ha puc. 44.1 nokasan asement df nopepxmoctd, orpa-
RHuuBaiomeit AV. Snement df nepecekyr (u sufayT
HapyXKy UAH BOAAYT BHYTPb) Te 3apsiul rpynnun ¢ HO-
MepoM f, KOTOpHE 3aKNIOYEHH B NeMeHTapHOM 06beMe
BetHUHHH Argdi. Oun yHecyT ¢ coBofi 3apsaa

gy Arg df. {44.6)
310 PHpaxeHne sBAfercs anreGpamueckuM. Ero awax

33dBHCHT OT 3HaKa €g M OT 3HAaKa CKAAAPHOro mMpoH3Beie-
HHa Argdf, T. e. OT manpaBaeHus Arg N0 OTHOWIEHHIO
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K sHewrRefi HopMasy Kk df (Ha puc. 44.1 ona oBo3navena
Gyksoit n).

[Tpocymmuposas Bupamenne (44.6) ne B, monyunm
HoAHNA 3apax, nepecekaloninii df:

%: ngeg Arg di = P df {44.7)
(cm. (44.5)).

Mpounrerpuposas supaxenne (44.7) no nosepxHo-
crd [, HalileM cyMMapHuIf CBS3aHHBIA 3apa/, BEXOAAUIAHK
na obwema AV npu skaouenun noas. Takum oBpasom,
lipH BKAIOYeHHH nons oGwem AV, koropuifi 6Wa npexsae
HeHTpaNbHEM, NpHOGpeTaeT CBA3AHNKMN 3apsa

AGepgn = _'S P of
f

(nproGperaeMuit 3apsA PaBeH B3ATOMY C 06paTHLHM 3Ha-
KOM BHIteAmleMy HApyXy sapsaay). IlpuMmeHur Teopemy
Ocrporpaackoro — Faycca, noayynm

Mesrs=—{ vPaV = —yPaV.
AV

Orciopa AA89 OAOTHOCTH CBA3AHHBIX
3apAA0B NOAYYaeTCsl BHpaKeHHe

Pamw=—VP.  (448) )
C nomomplo dopmyan  (44.8) My

MOXHO HaRTH W  NOBEPXHOCTHYIO

NJOTHOCTD CBA3AHHHX 3aPRIOB Ocasa.

Ias 3Toro paccMOTpHM UHAHHADHUe- Pne. 44.2
ckuli of0beMm, 3aKNOYCHHDLIN Mexay

ASYyMA GecKkoHeyHo GAM3KHME MOBePXHOCTAMH BeJH-
uiHE  Af, pacnonOXeHHHWMH RO pasHue CTOPOHM
OT MOBEPXHOCTH AuaAekTpura (puc. 44.2). ChaAzanHuifl
33PAA Geons, 3AKNIONCHHLIA B 3TOM 06beMe, MOXKHO Mpes-

CTABHTL AnG0 B BHAE Sp“‘“" dV, nubo B BHRE Gesnalf.
Hcnonssobae dopuyny (44.8) u Teopemy Ocrporpan-
c¢Kkoro — I'aycca, MOMHO HANHCATH

ansla=ocmaaf=‘_ S VPdV = — SPn’df,

rae n’— BHENHSA HODMajb K MOBEPXHOCTH WHJIHHEPA.
Hnrerpan no noBepxmOCTH MoXHO paabHTL Ha TpH
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YACTH: HHTErpaJ Mo BHEWIHEMY OCHOBAHHIO UHJUEADA, KOS
TOPHEH paBeH HYA0, NOCKONLKY B8He AHaaexTpura P =0}
HHTEFpan 10 GOKOBOH NMOBEPXHOCTH UHAHHAPA, KOTOPHIM
MOXHO npeHe6peup B cuay GecKoHeuHOfl manocTH SToM
NOBEPXHOCTH; H, HAKOHEeI, HHTerpasn 1o BHYTPpEHHEMY
ocHOBaHuIO nuaunnpa. llocnegnunt pasen — P Af, rag
n’ — HOpMasib K NMOBEPXHOCTH, HANpABJEHHAS BHYTPb /-
anexTpuka. Ecjy BMecTO n’ B35Th BHEWIHIO HOPMaJb M,
T0 — P,- HyXHO 3aMeHHTh Ha -} P, Taxum o6pasom,
ME NPHXOAMM K COOTHOWICHHIO OcansAf = PoAf, oTkyaa

Ocpm =Py (44-9)

3aech P, — npoexkuHs NOAsAPH3OBAHHOCTH P Ha BHeW-
HIOID HOPpMAadb K DOBEPXHOCTH LH3JIEKTPHKA.

3aMeTHM, uTO 3apAAbl MVIOTHOCTH, ONpefenseMon
popmynamn (44.8) n (44.9), sBasnoTCA He BoOGpaNae-
MLIMM, @ BROJIHe peanbHbIMH 3apAaaMH.

Hrak, npn HanBuuY AHSAEKTPHKOB HA [OJE, CO3AA-
BaeMoe CPOGOAHRIMH 3apAaaMu (HX NAOTHOCTD MB 0GO-
3HAYHM p), HAKNAAHBAETCA NOJE CBA3AHHHX NOBEPXHOCT:
HEX (cM. (44.9)) u obnemubix (cM. (44.8)) aapsanos.
Caenoparensuo, NOTEHUHAN B TOYKE, CnpelenseMoit pa-
Auycom-pexTopom r, 6yaer pasen

— Lew)av’ Palrydf’ g VP ('} dV’
o= § £ R g

(44.10)

rAe ANS KPAaTHOCTH NpuMeneHo obosHaueHHe R=|r—r’|;
dV’ — snemedTapsbifi 06'beM, B3ATHH B OKPECTHOCTH TOH-
K ', df’ — aneMenT noBepXHOCTH JAMIJIEKTPHKA, B3ATHIR
B OKPeCTHOCTH TOUKH r’; ausepreHuus or P(r’) Gepercs
NO IITPHXOBAHHLIM KOOpPAMHATaM, nostromy onepatop V
cHaOxen wrpuxom (cm. (XI1.52)). ITepeuit HHTerpan
Gepercs no pcemy obbemy, TAe p OTAHYHA OT HYAS, BTO-
pod uuTerpan Gepercs N0 BCEM NOBEPXHOCTAM, OrpaHu-
YHBRJOWIHM AHS/IEKTPHK, H, HaKOHell, TPeTHH HuTerpan
Gepercst Mo BeeMy o0beMy AMBAEKTPUKA.

[ ]

§ 45, Omiicanste NOKA B AWINCKTPHKAK

Ecin VP ovindna or Wyas, kam/iwifi sjieMedTapHblll
O0bEM JHAJIEKTPHKA SKBHBAJEHTEH TOUCUHOMY 3apsiay
BeJdHudHN —VPdV u BHOCMT COOTBETCTBYIOUMH BKAAK
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i makpockonuyeckoe nose E. ITostoMy npnm HanAuuyHH AM-
MEeKTPHKOB ypaBHeHue (42.3) HyXKHO DIHCaTh B BHAe

VE == 45 {Denos & Peosa) = 0 —VP)  {45.1)

{nog p noapasymMeBaerc NJACTHOCTb CBOGOAHHX 3aps-
JoB). B TakoM BHufe ypaBHeHue MAAOIPUTOAHO AJA Ha-
xoxaenua E, Tak kak onpeaensier E ne ToAbkO vepes
ACTHOCTE CBOGOAHHIX 3apAA0B, MO H Yepe3d XapakTep
noaApn3aumu gnsaexTpuka. [loaspHsanusa e ecTb B
cBOIO ouepesb hynxuua E.

Jlerko 3aMeTHTh, YTO €CfiH BBECTH BCIOMOraTeJbHYIO
BEAHUHRY

D —E -+ 4aP, (45.2)

TO BAd Hee ByAeT cHpABSANNRO ypaBHEeHHE
VD = 4np, (45.3)

T, ¢. VD onpegeqscica TOABYO RJOTHOCTHIO CBOGOAHEIX
34pAanos,

Beavunny D nasupanT aaexrpudeckod undyxyueil.

Conocrapnehte ypapHenut (45.1) u (45.3) mnokasu-
Baer, YTO onepauus Haxoxjaenus D ropasio npoine, yeM
onepaunn Haxoxiaecaua E. Oanako or penannel D 6niso
61 MasNio Npoxy, ecqH On He 70 OOCTUATENbCTBO, YTO
8 GoABUINHCTBE NPAaXTHYSCKH BaXKULix cnydyaes D okash-
paerca nponopuuchaasHo#t E. Iloaromy yaaercs ocyue-
CTBHTh «OGXONHEA MaHeBp»: BMECTO OCHOBHOH Xxapakre-
PUCTHKH NOJA E BHiUHCAAIOT cHauyaJa BCIOMOTaTEJBHYIO
peanuuny D, a satem cosepuaior nepexos ot D k E.

Baecaenne penuunrn D nenecoobpasHo Takke No TOH
NpAYHHE, YTO MHOrHe GOpPMY/H, HanHCaHHbLIE C HCMOJb-
sopadueM D, oKasHBawTCA MHOTO HpOHle, YeEM OHH Bhi-
rasgenn 6w, 6yayen BupaxeHHHMH wepes E n P.

OnuT AaeT, YTO BO MHOTHX HMEIOWHX HPAKTHIeCKAA
HHTEpeC clAyyadx NoASpH3OBAHHOCTD OPONOPUHOHAALHA
HANPAMEHHOCTH TONA

P=x«E (45.4)

{MH noxa orpaHHYHMCA PAcCMOTPEHHEM H30TPOMHEX AH-
3NCKTPUKOR). BeanunHa x HMasnBaercH OusAexTpusecxod
80CNPUILMLUBOCTSI0 BelllecTBa. OHa BCerja NOAOKHTEABHA,

7 WH. B. Cavearen, T 1
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[oacrapus {45.4) B (45.2), naiizen, uto
D == E 4 47xE == ¢k, (46.8)

e=14 4ax (45.6)

ecTh OUINEKTPULECKAS NPORUGACMOCTS BLINOCTEA.

Taxum o6pasom, D u E BO MEOrHX cayyasx nponops
LHOHAJBHEI ADYT APYry. 2THM H o6ycacBJeHA HEneconBs
PasLOCTh BEeAcHUS D\

OcHosusanch Ha ypaeHehmn (45.3), MOXKEO, KA3@s
Aock OH, 32811CUKTh, 410 D onpemersercs YoRLKO HAOTe
HOCTBIO CBOGOAHKX 3apsfos. OAHAKO 3TO He Tak, On-
HOro ypashcuusl (45.3) naa onpenesnenna D Henoeras
T04H0. “ITO6W oTYeTAMBER 3TO HOHATS, BCTIOMHHM, KakK
OCYHLECTBASIETCA Haxonfelne E B OTCYTCTBHE RHINEKTPH.
Kos. Kpome ypasueunss VE = 4mp, MM, BOCHONBIOBAB-
wice TeM, uro [VE]==0, nosoxuisn E= —Vg. [Togcra-
BHE 3TO BLIpPQXKeHKe B YDABHCHHe AJS ZWBEpPreHLHH, M
nprual K yparnewnio Ilyaccena: V2 = -—4np. Penlenne
3TOTO YpaBHEIER MOZBONAET HaliTh ¢, a 3aTem H E.

Ecau HATH Tem e nyTeM npu HAXOXICHHH D, syxkHo
B ponoanenue K (45.3) paccmorpers ypaesenue

[VDI =V, ¢E]=(ve, E] + ¢[VE]=|ve, E]

'(MB npumenuau dopmyay (XI.27) wu HPHHANN BO RHN-
manue, uto [VE]=0). 310 ypasuenne nepexognr B
[VD)=0 Tonbko B TOM cayvae, xorna Ve =0, T, e, AR-
SACKTPHK oxuopones. B obwem cayvae [VD] aasucur
ot E_. T. €. B KOHEYHOM CYETe OT CRA3AHHEX 3apanos.

Onuako, xora D, pooGuwie rosops, 3asHcHT OT CBIIAR-
HEIX 3apAR0CB, COBOKYNHOCTE YPABHEeHHH

[VE]=0, VD =4np, D=3:E

NO3BOMIAET MO H3BECTHOMY pacnpefe/ieHHIo B NPOCTPaR-
CTBE CBOGOAMMX 3apsL0oB BNuUHCAUTL E u D,
BocnospsoBaBmnes  cooTHOINEHHEM (45.4), moxko
BLIAICHHTD, NIPH K2KHX YCHOBHAX QOcans OTAHYHA OT HYAS,
HNoncrasum sravenne (45.4) B Gpopmyny (44.8):

Lopms = ~VP == —V (xE) = —xVE — Byx (45.7)
(cM. (X1.26)). Cornacno (45.1) VE =4n (Ocros + Penna).

3amenns aTHM 3HadenneM VE B thopmyne (45.7), no-
AYYHM

rae

Pepas = —H4AN (Penos + Pesns) — E ¥x.
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Teitepb paspewny momyumnpweecs YPaBHeHHE OTHOCH-
TEABHO Popg=l

*

1
Oopgg == — = [43“‘@4:506 Sr EV"]-

Hz waiinersoro Hamu coorromtenus CACAYET, UTO Pepra
OTAWMHA OT HYJAs, BO-NEPBHIX, B T€X TOMKAaX, Iie OTJHUYHA
OT HYJA Depos, H, BO-BTOPHIX, B TeX TOYKaX, rfe Vi 0,
T. ¢ B MCCTAX HEOAHOPOLHOCTH AHI/EKTPHKA. OTMeTHM,
iT0 B OAHOPOJHO-NOAAPH3OBAHHOM JHSMEKTPHKe (P =
== const) ob6bemMHEEe cBA3aHNBE 3apsfibl He BO3HMKAIT.

PaccMmorpam nose p opmopoxsom Tusnerpuke. Mo-
NyCTHM, YTO B OTCYTCTBHE AHIAEKTPHKA NPH A2HHOM pac-
fipejeNeHrn CBOGONHKIX 3apAA0D BOIHHKAET noJe, XdpaK-
TepH3yeMoe Hanpskennoctsio Ep u noteHunanom ¢o. Mu
3HaeM, 4To Eo H @o ABAsIOTCA pelmeHnAMH YPaBHeHui

VE, = 4np, (45.8)
Aqy = —4np (45.9)

(cm. (42.3) u (42.4)).

Teneps, He uaMensn pacnofoxerns cpOGORHKEX 3aps-
foB (T. €. p), 3aNONHEM BCe NPOCTPAHCTBO, B KOTOpPOM
none OTJIHYHO OT Hynsi, OAHOPOAHHWM (& = comst) ugo-
TPONHHM AHINEKTPHKOM. TOrAa HaNPAKEHHOCTh ROMS
cTaHer papHoRt E, a noTeRuuas npHMeT 3HAYeHHe ¢. Ha-
nuweM ypapHenda aas E n ¢. Corracuno (45.3)

VD = ¥ (¢E) = 4ap. (45.10)

3ameHuB B s1oM ypasueniu E uepes —Vo u npruse so
BHHMAHHE, 9T0 & = const, MOXKHO HanKHcaTh

—V{eVg) = —V2 (ep) = 4np,
Afeq) = —4np. {45.11)

CpasHenne (45.10) ¢ (45.8) w (45.11) ¢ (45.9) no-
KA3HBAET, YTO ypanHenHe aaa ¢E cosnajaer ¢ ypaene-
HHeM AaA Eo, a ypaedenwe anst ep —c ypapHenuem pas
@o. Orclona caefyer, 470 3amofiHeHne NPOCTPANCTRA, B
KOTOPOM HMeeTcA NoJie, ONHOPORALIM HIOTPONHHM XH-
3ICKTPAKOM NPUBOAHT K YyMEHbUICHHIO KaK HanpAnceHHO-
CTH 00OAA, TaK H NoTeHuWana B ¢ pas. B gacTHoCcTH, AAR
MOt TOUEYHOro 3apsina, NOMeWAIOMErocs B OAHOPOAHOM

HJH

T
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JN3NEKTPRKE,
- = (45.12)

Otsernm, uro cornacho (45.11) ypasnerue Ilyacco-
na (42.4) pas nonsa B OAHOPOAHOM H3OTPONHOM JHSJEK-
TPUKE BRIVIAAHT CJeAYIOIWHM 0Opasom:

Ap=— Lo (45.13)

IMpneeaem Ge3 BHBoAal) ycloBHA, KOTOPHM AOJXKHH
yaosaersopath E n D Ha rpasune ARYX AH3NEKTPHKOB:

Ey=Ep &E, =¢8£E,
Dy =Dy, Dyfe, = Dpley

(#Hgekc T TpHMeHeH AAA 0GO3HAUEHHA TaHreHUHBANLHOR
COCTABAAIOMEA BeKTOpa, HHAEKC n-— ARl O6O3HAUCHHSA
HOpMAAbHOMN cocraBasioued).

Haxoxnaenne noas nyTeM peileHns ypaBHeHkR (42.4),
(45.3) m 1. n. B obumeM ciayyae npeAcTaBlisieT OUeHb
TPYAHYIO 3ajady. B cayyasx, o6/aajaiomux CHMMeTpHeR,
yAaeTcst yCTAHOBHTb BHA TNOJs, He pelias ypaBHeHHH.
IMoxaxem 910 Ha caeayiowem npumepe. Ilycrs nmeercs
NACCKan TpaHKuA ABYX MONYOECKOHEUHHWX OAHOPOAHHIX H
HSOTPONMHHX AMIICKTPUKOB € NMPOHHUAEMOCTAMH &, H &2
B nepsoM AM3/MeKTPHKE Ha PACCTOAHHH @ OT FPaHHNE
HMeeTcA Toveyrmii sapag ¢. TpeSyercsa HafTd node B
06GOHX AHS/EKTPHKAX.

[losie B mepBOM AW3JEKTPNKE COCTABHM H3 Noaed T0-
YeyHOro 3apsijla § H €ro 3epxa/bHOro H3o0paxkenns —
soobpaxkaeMoro 3apsaaa ¢’. 310 AonyuleHdWe yIAOBJAETBO-
pSieT OCHOBHOMY YCJOBHIO, YTO B NEpPBOM JH3/NEKTpHKE
HMEETCA TOJbKO OAHH HcTouBHK D — 3apaa ¢ (¢° Aexur
BHe Nepporo AusiekTpHka). Utak, OyAeM HcKaTh noTeH-
UHAA B NepBOM JAA3EKTPHKE B BHIE

=42 {45.15)

(45.14)

(3savuenus r ¥ r’ AcHH U3 puc. 45.1).
ITone BO BTOpOM AH3JEKTPHKE NPEACTABHM Kak noje
BOOGpaxKaeMoro 3apsjia ¢”, NOMeUIeHHOro TaM e, raeq.

1) BuBos MOKHO NaliTR BO MHOPMX YyueOnHKax ofued GHIBKR
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3ro ponyuiesHe coryacye eM ¢

AOMYIIEHHE COTJIACYETCH C TeM (aKTOm, uyto BO BTO-
poM AHANEKTPHKE HeT HCTOYHHKOB D (¢” snexur sHe nToO
poro nusnextpika). Taxum o0pasom, 6yaem uckars no-
TeHIlHAJd BO BTOPOM IHANEKTPHKE B BuAC

. 4%
P=r- (45.16)

[lonpoGyen moZobpath 3HAUEHUR ¢ U ¢” 1ak, urobHm
YyROBAETBOPAAHCH TPAHMYHNE YCAOBLA (45.14) nan D
Tlo caenauynM HaMH NMPEANONOXKEHUsM D yyeer p nep:
BOM H BTOPOM AHSJAEKTPH-

KaX 3HaYeHus:
o
D!=fa_f+qr_’;.

L4
r
D,='y (#5.17)
Ha FpaHHLE AH3JIEKTPHKOB
[r} = |¢"]. Caenosatenn-
HO,

*

D | gr+qr’
1rp ™ I

D, == L. (45.18)

Hafipem wHopMmanbuue cocraBasiompe
(45.18). Beicrop . HANpaBAL. OT meooide BEKTOpOB 8
| b - 3 p n HaNnpagiMm oOT ne;;gu;o IH9NEKTDHKA
Ko propomy. [lpunsie BO BHUMaHHE, yTO HDU&i:iAHﬂ"ﬁ' *: n
Ha

PaBHA &, 2 NPOEKUASA ¢ PABHA —~a, NOJY Ry

9—9q &
Dy = A g, Dyp == ‘%5' a,

C yueToM TOro, YTO TaHreHNHAJNbHuIe
H CGCTABASTION,
r . -_— ' Ll
BEKTOPOB T H f° OAMHAKOBHL I ==!_, MOXHO HanucaTh

' q”

+4¢
D= g 5T .Dg.‘a-;-s- .. (45.19)
M3 paeencrna Dy, = D,, BHTeKaer, uro
9—9=q". {45.20)

Ha coornowenus Di(fe; =Dy fe; {cu.
NOACTSHOBKH B HEro taﬂa'lel-lﬂﬁ (45.€9) ng,s,:.iwtf o&::

ﬁ_s ”
9+4q —éq . (45.21)
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Pewus coBMecTHO ypasHenna (45.20) u (45.21), nalts
AeM 3Hauennss ¢ W g”, yAOBJeTBOpRKOINKE TPAHAYHMMW

YCAOBHAM:
(45.23)

Ham ynanoch «cKoMcTpynposath» (ynxunn D) ¥ Dg
(cm. (45.17)), xampaa H3 KOTOpPWX B cBoeH OONACTR
yiosnersopsier ypaptenuio VD = 4np. Kpome Toro, sTH
(GYHKIIHA YAOBAETBOPAIOT FPaHHYHBIM YCJOBHAM. 3naunt
¢yuxunn (45.17) u coorsercrenno {45.15) u (45.16)
G6yAyT (nocne MOACT2HOBKM B WHX 3Hauenn#i (45.22) aan
¢ W ¢”) pemenHsMH 3ajauH. B cany TeopeMH O eiHMs
crBennocTH {cM. § 42) HUKaKHX ADYrHX peuleHHHA He Cye
IecTBYeT.

&1 — &2 o 2gy

O ey | i et SR Ry
=0 Ter 9 e te

§ 46. Nloae p ANH3OTPORHLIX JHIAEKTPHKAX

B aHH30TPONHEIX AWIMAEKTPHKAX HANpPaBJEHHA BEKTO-
pee P u E, sooGme ropops, ne cosnapaior (cm. Tlpuao-
Kenue X). CpAsb MeXAy KOMIOHEHTAMH STHX BEKTOPOR
Jiaercs COOTHOLIEHHSIMH

3
P,=§Zl:cm83 =1, 2, 3), (46.1)

Te i, —— CHMMETPHYHBIL TEH30p BTOPOro paHra, Hashs
BaeMBll TeH30POM RHAJCKTPHYECKOH BOCNPHRMYHBOCTH.
Cornacuio (45.2) D= E 4 4nP njn, B KOMROHEHTAX,

D;‘=Ei+4ﬂpl.

Noncraeue P; us (46.1), nonyshm
Di=FE,+4n };_‘, . Ep

Ecnn npeacraputh £; B BHIe Z 8, Ep, MOXKHO HANHCATH
E

D= g 01 Ep 4+ 4m ; #pEp = ; (81p + 4mnyy) Ey.

Beanyunp

&1, == Ogs -+ 4y, (46.2)

CQYeBHAKO, CYTh KOMNOBEHTH CHMMETPHYHOTO TEH30pA
BTOPOrO paHra. Ero HasHBAOT TEH30POM AH3JIEKTpHUE:
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EHOR  NpORHUAEMOCTH  {HAH, KPaTKO, AHMNEKTPHYECKHM
tensopom). C ero GOMOIULIY CBS3b MeXAY BEKTOpaMH
D u i: MoxeT OLTH HAGHCANHA B BHAE

D‘ = ; E;kﬁk (5 = l. 2; 3)- (46*3)

‘:HMMGTPH‘IHHF[ TEH30p HMeeT INecTh He3apHCHMBIX
womnotelt. Ecan ero NPHBECTH K TIJAAYHWM OCAM, OH
BTN AART CACAYIOINM 06[)330MJ

g 0 O
(eir) =( BENEZ 0 )
0 0 £3

O ¢METHM, YTO NOCKONBKY IMaBHHE 3RAY€HTA TER30Pa X
NOJS0KNTENbHE, FA3BHBE 3HAYEHHA TEH30pA €. BCETAa
Hoaniie eHHALH.

I} xpHcTaAnax TPHKAWHHOA, MOHOK/AMHHOA M pomMGH-
YeuKOA CHCTEM BCE TPH TJABHWE 3HAUCHHA TEH30pa £,
# cACROBaTeNbHO, M MOAYOCH TEH3OPHOTO 3JAMHNCOHAA
pasinudb. Takue KpUCTaMaH HA3WBAIOTCA ABYXOCHEIMH.

BB kpucTranaax TeTparoHanLHoN, poMGO3ApHUECKON W
I¢HCATOHAJBLHON CHCTEM ABa TABHRIX 3HAYEHMS] COBRA-
Anir: g) =gz = e3. TEH30PHHH 3JJHICOHI B 3TOM CIY-
Hie AeagetTcd aslnHncondoM Bpamenud. Taxne kpucran-
Jild TAAHBAKTCA OAHGOCHRMH.

I} kpucTananax KyOW4eCKOH CHCTEMH BCEe TPH NaBHHE
WtnUCHHA TEH30P& . OAWHAKOBHI, TEK YTO TEH3Cp HMeeT
B/l 5. TeH30pHHI 3AAHNCOMA B 3TOM CAYY2Ee BEIPOK-
faevesn B chepy. [To caoum axzmektpudecknM (W OnTH-
YuCKItM) CBORCTBAM TaKHE KPHCTANJIL He OTJAHYAIOTCS OT
HAOTPONHEIX TEN.
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§ 47. CraurcHapuoe MArHNTHOE NOAE B NYCTOTE

Ha toueunniii 3apan e, ABHXYWMUECR cO CKOPOCTHIO ¥,
AeflcTBYeT B MarRuTHOM noxe cujal)

F=—[vB] (47.1)

(c —ckopocts cBeta B Bakyyme). BexropHas BesHuMs
Ha B, nasupaemasn macrurtHoi undyxkyued, ABAACTCH
OCHOBHO#A (CH/IOBOM) XapakTepHCTHKOR MarHHTHOrO MoJs.
CoorHouenne (47.1) MOXHO paccMaTpHBaTh Kak onpes
JAesieHHe BeJHulHE B,

BeaeacTeHe OTCYTCTBHS B NPHPOJe MArHHTHHIX 3apss
A0B, aHAJNOTHYHKLIX 3JIEKTDHYECKHM 3apsaaaM e?), JAHHHH
BeKTopa B He uMewT HH Hayana, HM KoHua. [losTomy
NOTOK BexTopa B uepes nobyio 3aMKHYTYI0 nOBepXHOCTH
BCerga papeH HYAIO:

@ B, df =0. (47.2)
f

Dopmyna (47.2) ABAAETCA AHINHTHYECKAM BHpaMKes
HHeM TeopeMu [laycca ann Bektopa marnnteofi MH-
AYKIHH.

Bocnoansopapmucy, teopemofi Ocrporpaackoro — la-
yceca, Bupaxennio (47.2) MOXHO npuIaTh sHj

S VB dV =0. (47.3)
v

1) Cymmy cua (41.1) u (47.1) masmmaior cunolt Jlopenua.

£} Hexonm u3 Toro, wro ypasHenns npHpoin BoOGLEe H YpaBHG
HHA SICKTPOAHHAMHKH B YacTHOCTH AOAMHW GHTH CHMMEeTPHYHRIMMN,
Jlupak Buickasan npeAnofioeHHe, uTO B NpHpoAe NOJAMKHEL CYLLes
CTBORATL MarEHTHBe 3apaaw (mononoan Jmpaka). Tloscku 9THR
S2pAACB DOK4 He MAl{ HAKGKHX PesyJbTaToB, TaK YTO BODPOQ
€ CYIlecYBOBAHWA MoHoMoAeli Jlmpaka ocraerca oTHpHITHM.
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N¥enonue (47.3) NO/EKHO BHNOMHATHCA ANS JIOGOTO npo-
BanGYEHO BROpansoro obbeMa V. 3To BOSMOKHO Julb
t YoM cayuae, ec/id NOALIHTErpaJbHas QYHKOMA B Kax-
il rouke pasHa Hyaw. Tagum 06pasoM, MH IPHXOAKM
K WWBOAY, YTO JHBEPTEHIHS! BEKTOPA MArHHTHON MHIYK-
WM DABHA HYJIO B KaXKAOH TOYKe MOJA:

VB =0. (47.4)

B uekropHom aWanHse jgoxasmBaercs (cw. (XI. 44)),
WHO NBCPTEHURA pOTOpa BEKTOPHOR (YHKIHH BCeraa
pinia Hymo. [losToMy MarHHTHYI0O HHAYKUHIO MOXKHO
nlu-;l;{raaurb K4K pOTOD HEKOTOPOW BeXTOPHOH (yHK-
LINTE(] :

B—[vAl. (47.5)

Dyuinuio A Ha3WBAKT GeKTOPHOIM NOTEHYUAAOM Ma2-
HUTHOZO ROAR.

BexTopHbA moTeHuman, Tak ke Kak u CKaNAPHKIR
HOTCHUHAN @, onpeleAsieTcs HeoAHO3HauHo. [leficTeH-
IWILHO, TOCKOJbKY PpOTOp rpaguenta Ji060i (GYHKUHH
oerh nyab (cm. (XI.43)), nobasaenue x BEKTOPHOMY MO-
felikany senuuuel V§ (p — npousponbHas ¢yskuus)
e Hamenser sHauennst [VA], t. e. B. Takum o6pasom,
0CAH A ecTb BeKTOPHHA MOTEHWHAN, OTBeYAIOUIHH JaH-
NOMY MATHUTHOMY NOMO, 70 H GyHKIHA

A=A4vp (47.6)

faime GymeT BEKTOPHHM MOTEHNHANOM AAHHOIO MOJIA.

CooiicTeo  (47.6) nossonser BHOHpaTh mNOTEHHHAN
nanGosee yaoGHHM 06pa3oM, HanpHMep, HAK/AAABIBATH
HipeceHHBe YCA0BHA Ha AvBeprenuuo A. deficTBH-
fednno, u3 (47.6) cneayer, uro

VA’ = VA 1 V (V) = VA 4 Ay,

'K NTO TIOAGOPOM ¢ MOMKHO npHRaTb VA’ nio6oe nane-
e 3aflandoe 3HavyeHHe. B paMKax MarHaToCTATHKH Mu
OyacM BHORpPATh § Tak, YTOOH

VA =0. (7.7

B xavecTpe waaocTpaunu K CKAa3aHHOMY paccMOTpHM
BCRTOPHMA NOTeRUHAN OAHOPOAHOIO MATHHTHOTO TOJIS:
I} v const = B,, Hanpasum oce 2z Baoan By,. Toraa
flywa By, =0, B,= By u ypasHenue (47.5), BanucanHoe
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B KOMITOHEHTAX, GYII.ET HMeTh BHI

aAz 6143 an alqz
x=—.—--———=0, F=—__6_=0’
dy dz gz X (47.8)
aAy an i

=~ =58

BuaBo, 4T0 5THM YpaBHeHWAM YHOBJIETBOpSeT, CKa-
KeM, TAKOoe 3HaYeHHe NOTeHnHana:

A, = —By, Ay =0, 4,=0. (47-9)

Ha punc. 47.1, & n306pakeHH JHHEH BekTOpa A, HMeio-
Iero KoMnoHentH (47.9).

lﬁ,_ zY /__ °
a & &
Puc. 47.1

Pewenne (47.9) He aApAdeTca eAHHCTBEHHWM. Ypas-
HenuaM (47.8) yaoBieTBOpSeT TakkKe chenyomHuhi no-
TeHuHan:

A,;=0, A,=Byx, A,=0. (47.10)

Jlnnnn A B 3T0M cayyae nokasaHu Ha pHc. 47.1,6. Oue-
BHJHO, YTO pelleHueM GYAeT Taxme

A= —aBy, A,=(1—0)Byx, A,=0,

rie a — awboe uncao. B uactrocty, ypaprenusm (47.8)
YAOBAETBOPAIOT

Ac=— By, A,=4Bx, A=0 (7.11)
IMocaeanee peweHne MOXKHEO DpelcTaPHTs B BHAE

A,= 5 (Bz—B,y)., A=+ (Bx—B.2),

1
Az O (Bxy 3 B,x)
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{nanomnnM, uto B, = B, =0), otkyna
A = [Bor] = 5 [B.R], (47.12)

rte R — cocrapasiomias paanyca-BekTopa r, nepneHiH-
KyJIpHAA K ocH 2. JIMHHA BeKkTOpa A, OTPedaoiAe
(47.12), nanw Ha pue. 47.1, 8.

Bee npuBejiedHbie HaMH SHadYeHHs NOTeHUHana YIOB-
JAcTpopAlOT ycaoeuio (47.7). Orciopa sakaiouaes, uTo
ypanrenua (47.5) u (47.7) He noaHOCTHIO onpeAeasior A.
Jlta Toro 4roGH onpegenenue BeKTOPHOro NOTeHIHaja
O1tno  OAHOIHAYHLIM, HEOOXOAMMO 33JaTh I'PAHAYHHE
ycnoBrA aag A.

§ 48. Ypasuenue Ryaccona
haa BEKTOPHOrO NOTEHUHARA

H3 xypca obweli ¢pusKukn H3BecTHO, 4TO BUPKYBALHSA
Bextopa B no mobomy samkuyromy xowtypy T, B3ATOMY
B CTAUHOHAPHOM MAFHHTHOM NoJe (B N0Je NOCTOAHHMX
TOKOB), MPOMOPUHOH2ABHA anrebpandeckof cymMe TOKOB,
OXBAaTEIBAEMhIX KOHTYPOM:

?sm=-‘§‘-2:. (48.1)

Qopmyany (48.1) mu 6yaem paccMaTpiBaTh KAK COOTHO-
UleHHe, YCTAHOBJICHHOE ONBITHHM NYTeM.

Beefs nAeTHOCTL ToKa §, CyMMY TOKOB MOXHKO npen-
CTaBHTb KAK MOTOK BEKTOPa | Yepes NOBEPXEOCTh, Orpa-
HuuenHylo koHTypom I'. Toraa ¢opmysna (48.1) npumer
BHI

§Biar="2{an
o f

[IpeoGpasyem aAecyio yacrs BONYYEHHOTO0 HaMH COOTHO-
menna na Teopewe CTokca. B peaynsrare noayuam

S[va]dt=-‘ijig jds. (48.2)
f f

[Ipeanonoxnm, yTo WATCrpHPOBaHEE cfleBa H cnpapa

BEACTCA MO OAMOH H TOH e NOBEPXHOCTH (XOTH pabeH-

cTBO (48.2) BHNOJMsETCA W ANA PA3NHYHHX ROBEPXHO-

CTefl, MHMb GH OHH QNUPAMHCH HA OAHH H TOT Xe KOH-
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typ T). Coornomenne (48.2) AONKHO BHNOIHATHCT AN
AloGofi NpOMSBOJLEO B3ATOW mnopepxHOCTH f. ITO BO8e!
MOMCHO TOJABLKO B TOM CJyuae, €c/IH B KaXJ0# TouKe NOAR

[VB]=j (48.3)

(HANOMHHM, 9TO PACCMATPHBAETCR NOAE NOCTOAHHEX
TOKOB).

VYpasueuue (48.3) mrpaer B MarHATOCTaTHKE TAKYIO
3e OCHOBONOJAralomylo pojb, Kak ypasHenHne (42.3)
B saekrpocratuke. CoBmecTHo ¢ ypasHenuem (47.4) oHO
NOSBOJIeT BHUHCAHTL IOJie 3aJaHHLIX CTALHOHADHBIX
TOKOB,

TMoacrasum B Qopmyny (48.3) smecro B porop A
{cm. (47.5)):

v [VAll=2-).
Cornacuo (XI.45) [VIVA}}=V{(VA)— AA. Tlonoxns,

Kak Ouno ycropaeno (cm. (47.7)), VA =10, nonyunM
aas A pnddepeHnnarbHoe ypaBHeHHE

4
ﬂA#‘ —-—c—!.

510 BeXTOPHOE YpaBHeHHe IKBHBAACHTHO TPeM CKaAfap-
HHM YpaBHEHHAM:

i .
AAk=_TI§ (kﬂx’ Y, 2), (48‘5)
Ka)Xkpoe M3 KOTOpHX amanornuno ypasnenuio Ilyaccona
ana @ (cm. (42.4)). C MaTeMaTHUeCKOH TOYKH 3pEHHS
ypaphenusi (42.4) u (48.5) TOXHeCTBEHHE. Cnegnona-

Te/IbHO, 3aMeHHB B pellennn ypasHenns (42.4) ¢ Ha Ag,
a p HAa jp/c, MH NOJYYHM peuieHHe ypaBHEHWA (48.5).
Ipunsis 2o BHAManue dopmyay (42.7), noayuum

4 ’
At=_l' o (') AV

c r—re'|

(k=x, y, ), (48.6)
e HATErpHpOBaHuUe PacnpoCTPaHsAercs Ha BCKY 06/1acTD,
B KOTOPO#l TEKYT TOKH, CO3AAIOMNE N0AL.

Tpn supakenns (48.6) mMoXHO OOBEAHKHTL B ORHO

PEKTOPHOE:
_ 1L jue)yav’
A__crs iil’—r’l L

(48.7)

(48.4)"

§ 48. YPABHEHHE N¥ACCOHA 205

®opuyaa (48.7) nospoaser no H3IBECTHOMY pacmpe-
AcNEHHIO TOKOB 8 MPOCTPAHCTBE BHUHCAHTL BEKTOPHUHA
IOTeHUMAN 1OAA, CO3AaBAEMOr0o STHMH ToKamH, B kaue-
cTBe MPKMEpa PacCMOTPHM fode mpsamoro Toka. HMseecr-
HO, YTO NMOTEHUHAJM 3JACKTPHYECKOTO MO, CO3ARBAEMOro
TOHKON GeCKOHeYHO AJMMHEOA paBHOMEPHO 3apsKeHHON
HKTbIO, MMeeT BHA ') (paccMaTpuBaeTcs mose BHE HHTH)

@{R) = —24In (R/Ry) = —~2pc In(R/R;), (48.8)

rae R — paccrofinde OT HHUTH, R¢— paccroduHe jo TO-
yeK, MOTCHRHAJ KOTOPHX NPHHAT 332 HyJb (B AaHHOM
ciayyae Heb3sd MONOKHUTE ¢ =0 Ha GeCKOHeYROCTH, TakK
KaK NpH Taxofl HOPMHPOBKe NOTEHUHAJ MpPH KOHeYHHX R
nofiydaercsi GecKoHedHO GO/bUIKM), A — NHHefiHas DAOT-
HOCTh 3apAfa, KOTOpYIO, NMPEeANnoJOoXKHB, HTO 3apAf pac-
npefcfieH PABHOMEPHO MO BCeMY TONEpeTHOMY CEUeHHIO
HHTH, MOMHO MPEACTaBHTbL B BHle po (0 — miomajb no-
NePEYHOro CeYeHHA HHTH).

Teneps AONYCTHM, YTO HMeeTcs TOHKHA GeCKOHeWHO
AJNHHHBIH NpAMOR NpPOBOA, MQ KOTOPOMY Te4eT paBHO-
MepHO pacnpeieeREbA N0 CeYeHHI0 ¢ TOK NIJIOTHOCTH j.
Hanpasus ocb z BAOAbL NpoBoAa, OyAeM HMETh jr ==
== fj, =0, j;=/j. OCHOBEIBAACL HA HAEHTHYHOCTH YpaB-
HeHuit (42.4) n (48.5), MOXKHO MONYYHTL BHIpAKEHHE AN
A;, samenns B (48.8) p uepes j./c=j/c:

AR =— mR/RY=—2-In(RIR), (48.9)

rie { = jo — cana TOKa, Tekyulero no nposoay. [loacra-
HoBKa B (48.8) j. =0 H j, =0 BMecTO p Kaer AN HOM-
nowedT A, u A, Hydaepne 3HaueHWA. CaeloRaTes]bHO,
BEKTOP A MOXHO 3aNHCaTk B BHIE

A=—ZinE®R)e.,
rie €; — OpT OCR 2. \
Bsas porop or phipaxenns (48.10), nafinem B:
B=[vAl=—2[v, ng-e]=
21 i
= —— [Vlﬂ Ria’ ez] in Tl“%[vea]

[

(48.10)

(Mu Bocnoabzopaanck ¢opuyacii (XI.27)). Tockoabky

1) C nomowbio Teopemm Faycca Jserko nafite, ure E(R) =
= 2A/R. Cnenopratensno, d@fdR = — 2A{R. Hurerpnpossnne BDpi-
Boaut K Qopuyae (48.8).
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e;=const, Bropofi ujsen papen myaw. Tax xax
VIn(R/Ro)=R/R?,

<
B=— 2 [& e]="¢le. R (8.11)

B coOTBETCTBHM ¢ NOJYYeRHHWM HAMH pesyJbTaToM
BekTOp B B KaXaofi TOUKe NEKHT B NNOCKOCTH, IEpHeH-
AMKYJSIpPHOA K NPOBORY, H HanpaB/eH NO KacaTeibHOH
K OKPYXKHOCTH, OXBaThBalomeil nposoa. Mounysar B pasen

2i
B=C—R~.

§ 49. toae coneHonna

Buyncasm mose GeCKOHeMHONo COACHOHAA, MPENCTa-
BHB ITOT £ONCHOHA Kak OeckOHeyHHWA NHARNHAP pajHy-
€8 @, B MNOBEPXHOCTHOM CJAD€ ROTOPOTO TOJMHHE
(b <« a) Tewer TOK maoTHoctm § (bj SKBHBaNEHTHO ni,
The {—cHJIA TOKa B COJe-
HOHAE, N — YHCAO BUTKOB Ra
€JRHHLY AJHHH).

BrGepem npaMoyroasHue
KOOpAMHATHHEe OCH, COBMec-
THB OCb Z C reoMeTpHYUecCKOR
OCbl0 cojdcHoHAa (puc. 49.1).
Ilpoekunn Bektopa j Ha Ko-
OpAMHATHHE OCH paBHbl

fx=—jsina=—jL,
Jp=jcosa = —E—, ==,
(49.1)
W3 j;=0 cpasy cremyer, yro A,=0. B cooreer-
CTBHH €O CKa3aHHEIM B NpelHAaylieM naparpade cocras-

aAman Ay cOBNajaer ¢ NOTCHUHANOM ¢, CO3MABAEMEM
3apAAOM, KOTOPHHA pacipellesieH B MOBEPXHOCTHOM CJI0€

Puc. 49.1

NHAHHAPA € IJOTHOCTRID P = f./¢c=—(j/c)(y/a)=
= —po(y/a). Mu pBesu obosnauenne
4=
="t =2 (49.2)

AnajorsuHo, cocraAsomian A, COBIajaeT ¢ NOTeHIMA-
A0M 38pana, pacnopeaenessoro p MOBEPXHOCTHOM cJoOe
€ RMAOTROCTLIO py = j, [c = py(x/a).
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[1A0THOCT, H3MEHSAIOHIYIOCS O 3aKOHY —¢/@, MOXKHO
noAyunTh caeayioulym obpasom. BerasHM oRuH B Apyrof
ABA UHAHHAPA, OAKB W3 KOTOPHIX 3apsKeH PaBHOMEpHO
¢ 0ffbeMHOH NAOTHOCTBIO pg, @ ApYrof — ¢ NJOTHOCTLIO
—po- B HenmoM cucTeMa ABYX NAAHHApop 6GyAer B KaX-
nofi Touke Hefirpanbhofi. Temeph CMeCTHM OTPHNATENBHO
SapAMGEHHHA UHANHAP HA OTpe30K &/2 B HanpasAeHKH

, dem a7 y limadf
Je<t) 2

&
&

Sz>0

P e p prament
a &
Prc. 49.2

OCH Y, 2 NOJOKHTENDHO 3aPAMKEHHMIA UHAHRAP HA Ta-
KOe K€ PpaccTofsHHe B MNPOTHBONONGKHYI0 CTOPOHY
(puc. 49.2, a). Tockoasky b € a (@ paaRyc URAHHAPOB),
06pasoBaBINYiOCA CHCTEMY MOMKHO paccMaTpHBaTh Kak
HHTARAD, B MOBEPXHOCTHOM CJ0E KOTOPOro TOAMHHH b
pacnpejenen 3apaj ¢ NepeMEHHON MJIOTHOCTLIO py. B neik-
CTBHTEABHOCTH MJOTHOCTH 3aDANA B MOBEPXHQCTHOM CAOe
NOCTOAHHA M PaBHa po (RAH —po), H3MeHACTCH Xe TOA-
MUHA HeROMIeHCHpOBauAoro caos. Kak BuRHO W3
puc. 49.2, ¢, 3Ta TOAUINRZ MeafeTCH 110 3aKOHY b sine,
TaK YTO 3apsf, NPUXOAAMEACA HA €NMHHNY NOBEPXHOCTR
WHAHHApA, paBeH —pob sina = —poby/a. Onnako mu He
chAenaeM 3amerHolfi ommbGru, ecan OyneM CUNTaTh
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TONMHHY 3apAiKeHAOro ¢flos BCIOAY OJHHAKOBON W paB-
HOfl b, a MAOTHOCTL 3apAfa B STOM CAOE H3MeHsIOMIeH-
€Sl IO 3aKOHY

0x = —doy/a. 49.3)
Yrofin MOAYYHTH MAOTHOCTb, H3MEHSIOMYIOCA 10 3a-
Kony x/a, cliBMHEM UHJIMHADH, KaK NOKa3aHO Ha

prc. 49.2,6. B sTom caydae NJOTHOCTbL 3apsina B BO0O-
paX<aeMOM MOBEPXHOCTHOM cJioe TOJIIHHK b H3MeHseTcA

Nno 3aKOHY
p, == perfa. (49.9)
B paccMaTpHBaeMMX CAYYasX NoAR NpeACTaBAsior
cobof C}’ESITIK.‘I::HI_LFEED }liij}{ OJWHAKOBHIX MO BeJHYHHE, HO

NPOTUBONOJOMCHKIX NO 3HAKY HoJeHd +@p H —@o, CABH-
HYTHIX APYr OTHOCHTEJNLHO ApPYyra Ha O4UeHb MaJbiH OTpe-
sok b (B cayuae px BexTop b HanpaBJieH NPOTHBOMNO-
JIOXHO OCH y, B cayuae py — no ocH x). Ilycrs nepsora-
yadpHO NOJiA TOYHO KakjJajbBanucbk Zpyr Ba ADYyra,
BCJGACTBHE uero NOTeHUHaJ B TOWKe, olpejesiseMmoil pa-
pased {-+@o(r)) -+ (—@o(r)),

JHYCOM-BEKTOpOM T, Ghln
y ! =~ ¥ ] B N . o .
T. € HYJH0. '!i-.u_-_f}‘, cABHHEM noae -«I—(p{) Ha a;/,;, a noJe

—po Ha —b/2. Torpa 8 TOUKE € PAAHYCOM-BEKTOPOM T
6y,-'.;.:r TOT TMOTEeHUHanR "E"{i-"n, KOTY 6Ll B T €
(r — b/2), u norennuan —gp, KOTOpPHHA OHJ B TOHKE

(r - b/2). Takum obpasowm,
P (1) = @ (r — B/2) — @ (r -+ B/2).

Beuny manoctd b o0a wicHa ROAY4EHHOFO HaM¥ BH-
paxenns MOXHO npeoBpasosaTth no QopMyse (XL 5),
T. ¢. HANKCATh

@ () == (9o () — Vo - b/2) — (o (1) + Vo - bf2) =
—vgo-b=— (G2 b, + S b, + 52 0.).

B cayuae p, Bekrop b HMeeT KOMNONHEHTH: b.=

= b, =0, b, =—>b, Tax uTO
o{r)= %‘—b s A, (49.5)
B cayuae p,: by, = b. =0, b.= b, Tak uro
eN=—S320 am A, (49.6)
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Tenepy ocrajoch HaliTH @o M NoAcTaBHTL B (49.5)
n (49.6) ero mponssofanme. HanoMuENM, UTO @ — 3TO MO-
TeHUHAA NOAS, CO3LABAEMOro NHJIHBAPOM palnyca 4, 3a-
pAKEHEHIM C MOCTOAHHOH 0GbeMHOH RACTHOCTBIO (o
MoTennuan BHYTPH W BHE TAKOro LHAKHApa onpele-
JIAeTCA Pa3HBIME POpMYyNaMHA.

Iione sHyTpu coneHonaa. C nomoubio TeopeMbl [ayc-
ca JerKo HafiTy, 4To RnoJje BHYTPH 3apsAKeHHOro LH-
aungpa papHo E = 2npoR, rae R — paccrosinne OT OcH
upaaeapa (R <C a). DtoMy noJsio OTBevYaeT MOTEHIHAA
@0 = —npoR? 4 const = —npo(x? + ¥*)+ const. Ero mpo-
H3BOAHKE:

0 % __ _
= 2nppx, od o 2np.y.

MopacTaphiM HalileHEHe 3HAUeHWS NPOH3BOAHLIX B
(49.5) n {49.6):
@{r) = —2npby ana A,
o (7) = 2npebx s Ay

3aMenus B 3THX BHpaKeHHsx po vYepes nifbc (oM.
{49.2)), nonyunm poipaxenna aas A, 0 A, (pHue 6oio
yCTAHOBMERO, 4To A, = 0):

2rni 1 Anni
Ay=— ¢ y=—3 ¢ )y’
LT e dnni 49.7
A= ) ( ; )x, { )
A,=0.

B § 47 6binio nokazano (cu. (47.11}), uto noresusan
(49.7) onpenensier OAHOPOAHOC MArHNTHOE NOJIe ¢ Mar-
HHTHON MBAYKOHei

B = (Anfc) i, (49.8)

napajaieabHofl OCH 2z, T. €. OCH cOJIeHOHAA.
Itone Bre coaenonpa. IToTenuuan sHe UMAUHAPA, 33-
PAXKEHHOro ¢ NJIOCTHOCTBIO Po, PaBeH

o = —2pena® In (R/Ry),

vie R — paccrosude oT och unaunapa (R > a), Ro—
xoHcTanta (cp. ¢ (48.8)). IlponspoAHHE Qo HMEWT BHA

%e x o
o= 2w gy, = 2o g
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TIlogcranoeka sTuX 3HaveHnit B (49.5) u (49.6) naer
@)= — e’ 4 nna A,
q>(r)=2p0m2b%- angs A,

Samenus po yepes nifbc, nonywim A, u A, Hannmeu
3HAYECHHNA BCEX TpeX KOMIOHEHT:

2nnia®
A= — =K.
A= K (49.9)
A, =0.

Benuunna R? =x2 4 y? we comepxur z. Caencsa-
TEbHO, 0Ax/0z = 0A,/02=10. U3 A: = 0 sHTekaer, uTo
0A,/0x = 0A./0y = 0. Takum obpasom, B, n B, pasuu
Hymo. Hafinem B.:

B 04y ad,
S
=k[(z~F7) - (-=+%4)]=
2

2 x! 2
~ K| — 7 ] =
Hrax, MH monyuuan, uro nose BHe GeCKOHEUHO AJTHH-
HOro COICHOWAA paBHO HYJK. BekTOpHEE e noTeHuunas
BHE COJIEHOHAAZ OTAHYEH OT HyAs. CoBOKYNHOCTH Gopmya
(49.9) moxer 6wrb npeAcrasjeHa B BUAE OAHOMN BEKTOp-
HOH opmMyib:

2nnia?
A= — [e-R]. (49.10)
Cpasrenne ¢ opmynoit (48.11) noxkasmsaer, uto mode
BEKTOpa A BHE COJIEHOHAA HMEET TAKOM Xe Xapakrep,
KaK none BEKTOpa B BOKPYIr NpsimMoro JAHHHOrO lpoBoA3
€ TOKOM.
§ 50. 3akon Buo — Capapa
Bupaxenune
Lt 1) eV’
Am=-{l0a (50.1)

MO3BQAACT, 3HAA pacinpefienenie TOKOB B IPOCTpPaHCTBE,
OnpeaeNHTL BEKTOpHHﬁ nOTeHNRaANl MATHHTHOrNO [DOJR
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(cm. (48.7}). Flonnraemca HaiiTH dopMyay, koropas no-
aBoAdNa OH Mo 3ajJaHHHM TOKaM Hafitm cpasy B. Ona
3T0T0 BHuHcAUM poTop ¢ynruun (50.1). HecOGroaumo
HMEeTb B BHAY, UTO HHTerpHpoRanMe B (50.1) ocyulects-
AAETCA 110 WITPHXOBAHHEM KOOpARHaTam X', ¥, 2, nnd-
(depeHIHPOBaRHe e NPH B3ATHH POTOpa NPOH3BOLHTCA
Mo HelNTPUXOBAHHBIM KOODAMHATaM x, g, 2. IlostoMy
oNepanyd HHTEIPHPOBAHHA H B3ATHS POTOPA MOXKHO Me-
HATE MecTaMHi. TIpHHABR 3TO BO BHHMAHHE, MOAYYHM

BO=Iv, AWl =+ | [v. L] av.

Paccmarpubas j{r') /|r —r’| kak nponspefeHHe Bek-
ropuoB ¢ysrund j{r') u ckanaprolt ¢ynknuu 1/}r —r’|,
Bocrionbsyemca dopuyaok (XI. 27):

7. P2 ] = ey 16O) ey . 1600

Bropoe caaraeMoe paBHO HYJIO, TaKk Kak j(r’) He cogmep-
KHT HEWITPUXOBAHRLX Koopanuar. I'pagunent, ¢uryph-
pyiomuii B NepsoM caaraeMoM, papes

v_]_ =V.._..._._L__ Py —r
Ir—17| 1/2 (2~ 5 it—r' P
Taxum obpazoM, MH NPHXOAHM K thopMyse
l T i Fi
B =+ { [~ =7 160] v’ =
; -_—_LS () v —2'1dV’ (50-2)

= e —x']?

{MH BHHecJH CKaAAPHHNA MHOXHUTeAb 34 SHAK BEKTOpP-
HOro TNPOH3BEAeHHS H, KPOME TOro, MOMeHANH MecTaMH
COMHOJKHTEJNH, BCASACTBHE Yero Heues IRak MHRYC).

IMonyyuenrar ¢QopMyna peliaer NOCTABASHHYIO HaMm
3afiayy — N0O3BOJIfeT NO 33A2HHLIM TOKAM BHUYHCAHTHL B.
®opmyna (50.2) ynpomaercs, €cNH TOKH TEKYT TOJBKO
no ToHKHM npoeofaM. Ha puc. 50.1 nsoGpaxen yyacTok
Takoro npomroja. M3 pHCYHK4 BHAHO, 4T0 BHpalKeHHE
jdV’ MOKHO NpPEACTABHTh B BHIE

jdV’ =jodl = jodl=idl, (50.3)

rje o-— nonepedynoe cedyeHHwe mpopona, i— CHAa TOKA,
dl — BeKTOp, COBRNARAIOWHI ¢ 3JeMeHTOM npoBoia df H
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HanpaBJeHHHH B TY CTOPOHY, KyAa TeueT TOK. 3ameHuB
B (50.2) jdV’ uepes idl, nosyuum

B___LSi[dl.r——r'l (50.4)

c Jr—¢' B

(urTerpuposaniie MPOHIBOAKTCA MO ANHHE BCEX NpoO-
BOJOE).

q

Puc, 50.1 Pge. 50.2

®opmyna (50.4) nApaserca aHaJNUTHYSCKHM BHpaXe-
HHeMm 3akoHa Buo— Capapa. Puc. 50.2 nosachser, 410
r—r’ npeacTapaser co6ofi BeKTOp, NPOBEACHHHA H3
TOYKH, B KOTODOH PAacmonoiKen 3jaeMeHT Toka dl, B TOuKy,
A KoTopof Buancaserca B.

§ 51. MaruuTAni MoMeny

[pexae yem o6paTHTLCS K TeMe AaHHOrO naparpada,
HOMy4YHM TaK Ha3hBaeMoe ypaBHeHHe HeNpephBHOCTH, KO-
TOpoe ABJNAETCA CJAeACTBHEeM 3aKOHa COXpaHeHHSA 33p$llll2.

ITycTb B HekOTOpPOHA 06JACTH TEKYT TOKH, XapakTepH-
ayeMBle€ MJIOTHOCTHIO j= j(r). Buaeaum B s10#t ob6sact
BooGpaxaeMufi 06veM V, orpaHHYeRHBIA NOBEPXHOCTLIO f.
3apdAn, BHTEKAIOIHA UYepe3 3Ty NOBEPXHOCTL HApyKY
B eAHHHLY BpeMeHH, MOXHO MpeAcTaBHTL B BHAE

§indi=\viav.
f

v

Hanucannoe BHpakeHHe paBHO CKOpOCTH yGHBaHuA 3a-

pAfla, 3aKA09eHHOTO B 06beMe V, KoTOpas onpefieisierca
BHpa}KeHHEM

—%§p4V=—§%dv
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(M Hanucanu JaCTHYIO NPOH3BOAHYIO TO f/, NOCKOJLKY @
ecTb ()YHKIHA HE TOJbKO BpeMeHH, HO M KOOpAMHAT).
TlpupapHaB 062 BHpPaXKEHHS, TIOAYIHM

§v1dV=_.S7‘;—f;dv.
¥

HankcanHoe HAMH COOTHOIUEHHE JAOAXKHO BHNOAHATLCA
AAs MOGOTo NpOH3BONBHO BHOpaHHOro obvema. J10 BO3-
MOXHO JIHIlib NPH PABEHCTBE MOAWHTETPAJNLHEX BHpaKe-
HH#l B Kaxpaoll ToYKe npocTpaHcTBa. TaxuM obpasoM,
MHl JIpHXOAHM K COOTHOUICHHIO

q d
vi=—%, (51.1)

KOTOpOE HASHBAETCH YPABHEHUEM ReNpepoienoctTi B Akd-
depennnanphoii Gopme. B nurerpasnioit popme ypapue-
HHe RenpepHBHOCTH HMEET BHA

! d
§inat=—2\oav. (51.2)
f
Tenepb pAaccMOTPHM CHCTEMY CTAalHOHADHHX TOKOB,
UMPKYAUPYIOLIHX B Tpejiesax orpannuessoro obpema V,
H BhRIUHCJAHM MarduTHOE l'IOJIe, co3jlapaemoe BTOﬁ CHCTE-

MOfi Ha paccTostnaX, GOAbUIHX NO CPABHEHHIO C paaMe-
paMHE cHCTeMHu. ID7a 3ajaya aHajorHuHa 3ajgauve, pac-
cMoTpernoi B § 43.

[pexne BCEr0 OTMETHM, YTO B CHAY CTALHORAPHOCTH
TOKOP HH B ORHOH H3 TOYEK CHCTEMH He MOXET MPOHCXO-
JANTH HAKANAHBAHHA RJAH DPACCACHIBAHHA 3apAAoB, T. €.
ROMKHO OHTL Beloay Opfdt=0. Orciopa corizacho
(51.1) BHTeKaer, 4TO B NpeAenax CACTEMR

V) =0. (51.3)

Ilanee, 3a npefienaMn CHCTeMH ToxoB Her. Otclofa
caeayeT, UTO BCIOAY Ha TMOBEPXHOCTH, OTpaHHyuBalowed

CHCTEMY,
ja=0 (51.4)

(TOKH He nepecekaloT MOBEPXHOCTL).
Haxkoxeu, goxkaxem, 910

S]dy=0, {51.5)
3
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TRe KHTeTpaa Gepercs no BceMy ofbeMy cHcTeMbl. B cuny
CTAUHOHAPHOCTH H OTPAHHYEHHOCTH CHCTEMH BCe TPYOKH
TOKOB'), KOTOpHle MOMKHO BHIICNHTH BHYTPH CHCTSMH,
OyayT 3aMKHYTHIMH. SHAYUT, BeCb O6BEM CHCTEMH MOMKHO
pasGuTh Ha 3AMKHYTHeE TPYOKH TokoB., His Kaxioil u3
TpyGOK HHTerpasn no ee o6beMy MOXHO NpeoGpasopaTh
CAEHYIOHM aOpazom:

S jdV=Sjodt=§ud|=s@dl_—.o (51.6)
oo Tpyfie

{oc — nonepeunoe ceuenne TPyGKH, { — CHAA Toka, dl—
3/IeMeHT JNHHB TPYOKH; cM. dopmyay (50.3)). Mpocym-
MHpOBaB Bhipaxenue (51.6) no scem TpyGkam Toka, no-
ayuum hopmyay (51.5).

BuifepeM Hauano KOOPAMHAT BHYTPH CHCTEMH H Ha-
NHIIEM BhIpAX(EHHe 1A BEKTOPHOTO NOTEHUHANIA:

1 1)y dV’
A(r)—-—;-gw—. 61.7)

3nech r— paaMyc-BexTOp TOYKH, ANS KOTOPOf BHIYHC-
asercy A, r’ — pajuyc-BeKTOp TOUKH, B OKPECTHOCTH KO-
TOpOii pacnoNoXeH sneMeHTapHHH o6beM dV’; wHTerpH-
POBaHHE NPOH3BORHTCA MO LWITPHXOBAHHBIM KOOpARHATaM
B Npefienax 06beMa CHCTEMEI,

Bocnoabaosapiinck TeM, 4TO 1O NpeanofoKeHHI0
r' L r, pasnoxim supaxenne (51.7) B pAA N0 cTeneHsM
orHouterks r’/r ?). C TOYHOCTBIO AG Y/ACHOB MEPBOro MO-
pPaiKa

An=-" S Wbl S 1O v (L) rlav. 6L
v

Ilepswit yaen aroro Bupaxeuns B cuny (51.6) panen
Hyaw. CaepoparednHo, NoAcTapne sHavenne V(1/r), no-

JYIHM
l L r dv’
A =L S e,
|

1) Tlon TpyGKofi s4eKTpHUECKOTO TOKZ NONMMaeTCA TO XKe, aTo
H noj TPpYGKOA TOKa B IKHLKOCTH, T.e. 00beM, OrpaHMYeHHH JH-
HHAMH, KacarenLHhale K KOTOpHMM B KaMAOR TOUKe COBRANAKT ¢ HA-
NpaBJcHHeM BexTopa )
Paccvarpupes —i’ Kak Maznoe DpHpaHleHne pPajHyCca-BeK-
Topa T, Mbl npeacTapases yHxuaio f{r) = ljr nan snayesms apry-
MeHTa r~r1" B BHAe

It —r)=f(r) + Vf {r) (~1").
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Hanuwem k-0 KOMNOHEHTY MOTeHHHAga:
9 o r
e S fyxidV

F; r 1
Ak=-E:—aSjk(l")(Z x‘x‘)dV =? 4
. (51.9)

(MH BHIpaswiH CKanspHOe NpoH3BefeHHe rr’ depes KOM-
NOHEHTH painycoB-BeKTOpOB). [IpoH3BENleHHA f X, CYTb
KOMTOHeHTH TeH3opa BToporo paura '). Tlpeacrapim 3107
TeH30p B BHAE CYMMK CHMMETPHYHOTO H BHTHCHMMETpHY-
HOTO TeH30pOB:

; Ty + iy fgx; — %y

hox = 3 + 2

(cm. (X.27)).

NLOKaKeM, YTO HHTerpal OT CHMMeTpPHYHON COCTaB-
asowed Tenaopa (51.10) pasen nyaio. Aas sToro Boc-
MoAb3YyeMCS TOXAECTBOM

V () =1V (vx}) + 6V

=S+ Au  (51.10)

(51.11)

(cm. (X1.26)). B caay (51.3) sropoi HJeH 'npanoﬁ 43-
CTH eCTb Hy/b. 3anuuleM Bhpaxenne V' (¥jx,), Hcnomb-

3ys ¢opMyay ANs FpaineHTa NpOH3BERCHHA CKANAPHBIX
dyukunh {(cm. (X1 25)):

V (xi5) = Xiv'x, + 15 =
r
ax ax} b g
=x}'Zem—7—a 3 +x;Zem e =Z°m(x:6m+x36:m)
m m e m

*m

(ram yuam, uro 6x;/6x;|=6m). Bmpa}l{euu(? l? ckoGKax
€CTh 11-51 KOMNOHERTA IPaifeHTa PYHKUHH XX,
Tenepb BHuRCAUM BTOpOR ujey supakenus (5h.11):

IV (450) = 2 IV (55 = 2 I (Hi0am + X401m) =
e ; jmxiﬂkm + § jmx:tﬁim‘

1y Hurerpan IM—_—S ka;dv’ Taxxe npecrapaner cobofl Kom-

nonentTy Tenzopa, CjefoBaTenbHo, BEKTOp A € TOYHOCTBID 00 MHO-
muteds |/cr® dpasieren npomaBeiednen Tensopa Sy Ba BeXTOP X
{em. (X.22)].
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B nepboii cyMMe OTAHIHO OT HY/AA JARWb claraeMoe
¢ m==£, a BO BTOpO# — caaraemoe ¢ m = i. Caenona-
Te/bHO,

ICAARI A TRA |
Hrak, coraacuo (51.11)
I x +f < |
Sg = % = & V (%}x4)-

Bo3sbMeM HHTErpaj OT 2TOTO BHpAMKEHHS
5 Sudv' =4\ v (i av =1 (5) ¥xj. df
19

(M npnMennsaH Teopemy Ocrporpasckoro — Iaycca).

B caay (51.4) nocneauufi nuterpan paser HyJ 0. TaxHm
o6pa3oM, Mh 0Ka3aJ/H, YTO HHTErpaj OT CHMMeTpHUYHOH
cocrasasiomefl nogwHTerpanbHol pyuxuun 8 (51.9) ectn '
Hyab. C y4eToM 3Toro o6croaTenbcTBa BHpaxenne (51.9)
MOKHO 3aMHCaTh TaK:

1 fox) — f,a%
&% — ¥
A= E %4 S T dV' =
i v

- 5 {Z x (ie¥) ~ i‘x;)} av’. (51.12) l"

ITokaxeM, 3T0 NOAHHTErpajibHasds (YHKOHA paBHa |
k-i KoMDOHeHTe [BOAHOIO BEKTOPHOIO MPOH3BEACHHUA
[r[ir’1}. Breaa scnomoratenbHoe oGo3HaueHue b = [jr’]

# Hcnoab3osas ¢opmyay (VI.33), MoxHo HanAcaTb I

[c[ie’']). = [rb], = ‘Zl ep1 X0 =

e..e, Xj x

. I.Zm.n BV mnl ifm n
{HABOMHHM, YT0 NPH HHKJAHYeCKON AepecTaHOBKe HHACK- ‘
COB 3HaYeHHE Bin, He H3MeHsercs), [MpouareneM cymmu-
pOBaHHe MO HHAEKCY [, mMpHYEM ROCHOJb3yeMCHS COOTHO- ‘
mennem (VI. 16)

Pl = & Sdutiintn— T SidimFiin¥e

Teneps nponsseaeM CYMMUpOBaHHE MO HHAEKCAM m \
H n. B nepsoii cymMmMe OTAHYHHMH OT HyJAd GYAYT caa-
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raembie ¢ m =4k H n =i, BO BTOpO#H cCyMMe — claraeMble
¢ n==4%u m=i CnenopaTeabHo,

QIR AT EA DN LA AL
Cpasnensie ¢ {51.12) nospoasder HanmucaTh

A=4it .S [r [i#' Tl 4V’

Wi, B BeKTOpHOfi QopMe,

A=—2-:7§[[r’j] - dV’--—rL,[%‘S il dv’, r] (51.19)

(MH TOMEHSRH MeCTaAMH COMHOXHTeNR B OBOHX BeXTOp-
RHX NPOU3BEACHHAX).
Benansuny

m={ i av (51.19)
v
HA3LBAIOT MAZNUTHOLM MOMENTOM clcTembt '),

Ons cHucTeMH OHCKPeTHHX 32pAAOBR BHpaXKeHHe Mar-
HHTHOIO MOMEHTa HMEET BRX

m=5- Z e, [rv.)- (51.15)

3ro BHpaXehue noaydaerca u3 (51.14), ecak NOAOKHTDL

1) =p )V =T ey () (' —r)

(cM. (41.12)) » yuects, uTO S e v{r) o (r —r)dV’, Baa-
TRl B MaJofi OKPeCTHOCTH TO4YKH T,, NpeBpallaercs
B £4Va.

al\*laarnumuﬁ MOMEHT 3aBHCHT TOJABKO OT CBOHACTRE cH-

cTeMH M, KaK JieTko yOefiRTbCH, He 3aBHCHT OT BHOOpa
cucreMn KOOpAHHAT. [leficTBHTeAbNO, CMECTHM Ha¥aslo

1) Mul onycrman WTPHX npH dV, TaKk KaK MOAWHTErpanbHOe BBl
pajieHHe He COMEePXHT HelUTPUXOBAHHBIX KOOPHHHAT. B Bupaxe-
HHAX, COZEPMABIIHX M ©’, W T, WTpHx npE 4V ykaswBan na To,
WTO MHTerpHpOBaHHE OCYIUECTBAsercA MO MMTPHXOBaHHWIM KOOpAuHa=
tam, B januHeflleM B STOM BHpa)keHHH MB OyZeM omyckaTb WTPHX
M OpH T,

|
|
|
|




218 TA. 1X. MATHHUTOCTATHKA

CHCTeMH KOOpAHHAT Ha oTpesok b. Torga paguycu-peks
TOPH B HOBOH cHcTeMe OyAyT paBHbl r’/ =r1’ —b. Mar-
HHTHWH MOMEHT B HOBOH CHCTeMe HMEeT BHI

m'=2—f,§ (ilav = o\ 1 —b, 1 av =
v

= o {rinav — L wyav.
v

v

[Neppmii 4nen papern m, BTOpOR ujgeH MOXHO npeacra-
BHUTL B BHAe o
1
—={oliav].

Ho cornacao {51.5) Sja‘V papeH myal. Cneacsaren-

HO, MB! NPHIONTH K paBeHCTBY MOMEHTOB m’ W m, 4TO M
7pebopanoch AOKA3aTh.

C yuerom (51.14) empaxcenne (51.13) moxno 3amu-
€aTh cASIYIOUNM 06pa3oM:

AR =151 =—[m, v1]

(51.16)
{cp. ¢ popmyoii (43.7)).
Hro6u Hafith B, HyXHO BHYHCANTD POTOp BHIpajce-

HHA (51.16). Tloaoxus B dopmyne (I1X.29) a=m, a
b =r/r? nonyunm

b= (oA [o[m 5]~
=(FV)m— @5+ m(v5) —5(vm).

BexTop m He 3aBHcUT OT T, NOSTOMY NepBHA H NOCJesn-
ukh waennt papHe Hymo. Cornacho (X1, 26)

r ] 1 3
Va=tgtavr=r(—oL)+53=0
[losromy u Tpernfi unen parew myawo. Taxum olpa3iom,

B=—(mv) . (L17)
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B coorsercTBul ¢ dopmydoii (XI.33)

(m\?)%-=r(m VTI‘") +%(IHV)I'=

3 r { __ m — 3¢, {me,)
=—r(m- G )+mm=S=F

(cm. (X1, 34), e, —opt BexTOpa r). CorenoparTenbHo,

B=3_°rf"':;ﬂ, (51.18)

Cpaptenue c dopmynodt (43.1G) mnokasueaer, 4TO
MarBUTHOE NOJe BHPANKAETCS Yepes MaCHMTHBIA MOMEHT
TaKoll Ke QOpMYJAoH, KaKOA 3NEKTPRULCKOE NoJie BHpa-
)aerca uyepes IAEKTPHUECKHHA IH-

NGALHEI MOMEHT. \ Alsin
B zakawdetiHe BLIYHCIHM Mar- X ,J
BHTHBIN MOMEHT TOKA, TEKYHEero no V=i

o {

TOHKOMY TpOBOAY, ofpa3yioniemy g‘(:{".:]
niockyio netaw. Hawano koopam- =
HAT BHIfepeM B AAOCKOCTH NACTAHA r\j
{puc. 51.1). Coraacro onpegene- v
aae (51.14) g

i S

m=¥5{r]]dv. Puc. 51.1
17

B paccmaTpipaemoM CAYIae MOXHO RPOUSBECTH 33MEHY!
BV =idt (cu. dopmynm (50.3) n (51.6)). Cnenosa-
TEJALHO, BEPANEHMIO ANA WM MOXKHO NpPHAATH BHA

m=-Li @ Ir, dll.

O603HAYMB OPT HOPMAJH K MAOCKOCTH netii Gyusoft n
(1a puc. 51.1 sTOT OpT HanpasJieH 32 YEPTEN), MOAHHTE-
rpanbHOe BHpaXKeHHe MOXKHO 3anucaTh kak nrsinad/,
TaK 4T0

in r sin & df

c 2

W3 puc. §1.1 puaHO, 4TO NOAHHTETpaanLEGe BLIpame-
HHe paBHO LRJAOMAHY 38UITPHXOBAHHONC TpEYroAbHHKA.
MoatoMy HETerpas paeeH naoulaid neran f. Takum
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oﬁpaaom, MEl OPHWJAH K BHpaXEHHIO AJAY MArRATHOTO
MOMEHTS:

Wi
m=— ifn.

§ 52. Noxe B MarHeTHKAX

Tipy Haauynu MarHeTHKOB Ha NOJIé TOKOB NPOBOAH-
MocTH B; HaknainBaercAd noje, co3faBaeMoe MOMEKY-
AaMH, Buos, TAK 4TO PE3YJAbTHPYIOIEE MHKPOCKOTHYECKOO
i1oJle MOXKREO NpeACTADUTL B BHES

Bpea i Bl + BMO.I' (52.1)

[None Bp.s, nogobro onpeneademony opmynoft (44.1)
noao Epes, ABAACTCH GHicTpONepeMeHNOR (yHKRuueil Bpe-
meHH. Kpowme Toro, oHo CHALHO MEHAETCA B MPOCTpPaH-
CTBe MeXAY INBYMA cocelhnMH Moaekyaamu. Iloaromy
B KauecTBe X3pPaKTEPUCTHKH MAFHHTHOrO NOJAA B MarHe-
THKAX §epyT MaKpOCKONHYECKYIO BeNHYHHY

B = B] + (Buon), (52-2)

KOTODYI0 HAHWIBAIOT MAeMuTHOS undyxyued B MATKETHRE,
YcpeltieAne MHKPOCKORKYECKOTO moAst Buyon NpOHIBO-
AWTCA TAKHM e cnocob0M, KAaK H ycpelHeHHe noJjisft Equys
{cM. § 44).

CocroAanHe MarHeTHKa TNPUAATO XapaKTepH30BaTh
MACHUTHHM MOMEHTOM elHHHIH 06LeMa MarHerHKa, Ko-
TOpbifi HA3LIBAIOT HaAMAZKU4EHHOCTH10. Mu Gyaem ofo-
3Hayatb ee ciMpoaoM M. Quesngro, uto M MoXHO onpe-
AeNHTL KaK

(52.3)

rge dV — dusznueckn GeckoHeuHo MaJuf 06beM, m; —
MACHATHHA MOMEHT OTAE/[bHOA MONEKYAH; CYMMHPOBa-
HHE OCY]J.I,'(-!CTBJIﬂeTCﬂ no pceM MOAeKyJAaM, 3akalYeHHh M
B oGbeme dV.

Bxaan, BROCHMEHAI MArHeTHKOM B MaKPOCKOMNHYECKOE
MarduTHOE NOAC, MOXKHO BHYHCAHTD N0 HhopMyne (51.16).
Coraacno (52.3) snement o6neMa MarHerhka 4V” o6na-
f3aeT MarHRTHHM MOMeHTOM dm = MdV’. Caenoparenn-
HO, B TOUKe, onpeaeaseMofl pafnycoM-BeKTOPOM f, STOT
3NeMeHT o0beMa CO3AaeT MATHHTHHA NOTeRUMAN

dA ()=o) gy

jr—r'f?

(52.4)

|

§ 52. IONIE B MACHETHKAX 221

{r" — paanyc-BeKTOp TOMKH, B KOTOpPOH PACHOJNOXeEH aJe-
mMenT obbema dV’, M(t')— naMarHHYenHoCTh B 3TOH

TOYKe}.

Hurerpan or shipaxenus (52.4), B3aTHi no BceMmy
0fbeMy MarmeTHKa, AAcT BK/AaA, BHOCHMBIH MArHETHKOM
B MaKpoCKONm4ecKAH MarduTHulfi norenunan. Ero HyxHo
npuGaBATL K MArHHTHOMY MOTEHLHANY, OGYCAOBIEHHOMY
TokaMu npopoxrMocTH (cM. dopuyay (48.7)). Cyexopa-
TeNbHO, NOJC IPH HAANYHH MardeTHxa, 6yAeT XapaKkTepH-
30BaThCA NOTEHUHANOM

L { 1@)av M) r—v e I
A(r)=78_l_l'—r’l +S lr—¢ ] & 114-(5;.5)

Bropo#i aHTerpan B STOM BLHPaMKeHHH MOXHO npeob-
pa3oBaTh CAeAYIOLIHM O0pasoM:

= { B gy (M), =S ov =
={[me). v Zer]av

(wrpHx npr V 03Hayaer, YTO NPH B3ATHH rPpaineHTa Iud-
¢repeHiHpOBaHKE OCYULECTBJASETCA MO  ITPHXOBAHHLIM
KOOpAHHATaM). ) W

Moaoxus B popmyae (X127)g=1/|r—r'| n a=
= M (r’}, nonyunm, 410

[v. ] =[v 2o MO+ =7V MO

OTKYAA

, 4 Y IV M) [ MED
[M(r’), v |r—r’i]— [r —r] [V’Tr—-—r_'l :

CJegopaTeNbHO, BTopoe caaraemoe B opuyae (52.5)
MOZKHKO NpeAcTaBHTh B BHAE

[V, M ()] f__ M(r') ! o
1,={ TR0 4y \[v, e )av =1, +1;
TlpeoGpasyem muterpan {; no ¢opmyae (XL 60):

" M (r’) Rl Y M (l"}
I =§[v’. e av —S[dt, ).

EcaH MarkeTHK 3aHuMaeT KoHeuHnfi o6bem nan M(r')
HOCTATOYHO OHCTPO YGWBaeT Nnpm ymaleHny OT Hauaaa
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KOOPAKHET, MOC/ieAHNM HETETPA paseH HYAO (B cryyae
JAOKaNU3AUAN M2rHETHKA B KOHEYHOM o6meMe NOBepx-
HOCTbh WHTErpHpPOBAHMS MOXHO BHOpPaTh BHe MarieTHKa
H TOTRa BCIOAY HA noBepxBocTH M (r')=10).

Takum o0pasoM, NpH HAAHYKH MATHETHKOB BEKTOp-
Hbifi NOTEHUHA ONpeieasieTCs BHPAXKEHHEM

A(')=f|+1;=%g = +S [V’, M ()] av”

ir—r’| lr—r']

L) eV, M ()]
== S | ~dv’. (52.6)

[TonyueHHu#i Ham#u pe3yabTaT MOXKEO HCTONKOBATH
T4K, YTO HAMArHUYEHHOCTb BHOCHT B BEKTOPHHI MOTeR-
LHaA TAKOA e BXAAZ, KAX H TOK MJOTHOCTH

s ==c [VM] (52.7)

(MH onycTHANW ISTPHX ApH V, cOOTBETCTBeHHO M pacemar-
pHBaeTcA Kak ¢QyHKUAS He 1/, a r). OTclona BuTekaer,
YTO NPH HaNHYWH MarHeTHxoB ypamHenHe (48.3) nyxuo
nH¥caTh B BHAE '

C o IVBl="Zj 4 ax]vM). (52.8)
OG6beanHNs Y/eHH, COAEPKALIKE POTOP, NORYIUM
[v, B—4aM] =2,
Bennunua
H=B — 41M (52.9)

HA3LIBACTCA  HANPANECHROCTHIO MA2HUTRO20 noan. OHa
npegcTaBafer cobof BCNOMOTATENAbLHYIO MaKPOCKOMHYe-
CKYI0 XApaKTepUCTHKY MAarHUTHOrO NOJS, AHAJOTHYNYIO

sJeKTpHYeckol uuAykuna D (cm. (45.2)). Oas H umeer
MecTO ypaBHeHHe

4n
[vH] =-2. (52:10)
Onwt maer, yTo AAA TAaK HA3LIBAEMHK AHA- M Mapa-
MATHETHKOB HAMAIHHYEHROCTh nponcpuHORaJdbHa HanpA-
X EeHHOCTH NToAd:

M=qH. (52.11)

(Tlpeanonaraercs, yTo warHerwx wuzoTpomumii. Kpome
TOTO, HMEIOTCA B BHAY NOJAA, NPH KOTOPHX HaMarHUYyeRrie
AAJEKO OT HachimeHHN.)

§ 52. TIOJIE B MATHETHKAX 203

Beauynna § HAsbIBAeTCA MASHUTKON 8ocnpuumui-
0CTHI0 BemlecTBa. A napaMarHeTHKOB y NOJOMUTENb-
Ha, A8 ANAMACHETHKOB — OTpHUATeabHa. [logcranomka
supaxenun (52.11) B popmyay (52.9) naer, uyro

B=H 4+ 4nxH =pH,
p=1- 4ny

€CTb MUSHUTHASA NPOKULAEMOCT BELIECTBA.

CootHomerun (52.11)—(52.13) pacnpocTparslT H
Ha heppoMardeTHKK, paccMaTpHBAA X H p KaK QyHKUKH
nanpsnkensoct noas H.

Lleaecoo6pazuocth ppeaeHHs H o6ycnoBiena TeMHd Xe
COOSPAMEHBSIMH, KaKHe ObIN HaNoXens B § 45 mas
0fOCHOBANHNA NefNecooGpasHocTH BeefeHus D.

PaceMoTpuM noJsie B OAHOPOAHOM H3OTPONHOM Marye-
rure. [TIpeanono¥um, uTo B OTCYTCTBHE MarHeTHKa HAaH-
#1712 TOKH MPOBOAMMOCTH BO3OYMAAIOT NOJE, XapaKrepH-
ayemoe WEAYKIHeHd By 0 noTernuanom Ao HasectHo, uTo
By 1 Ap ABAAIOTCA PeUIEHUAMH YpaBHCHUI

[vB,] =5,

(52.12)

A (52.13)

(52.14)

WAL i:—j (52.15)

{en. (48.3) u (458.4)).

Teneps, He H3MEHAR TOKOB NMPOBOAHMOCTH, 23NONHAM
BCe MPOCTPAHCTEO, B KOTOPOM NOJA€ OTJAHYHC OT RyAs,
ORHOPOAHEM (1 = const) H3CTPONKbIL MAFHETHEOM. To-
rAa WEAYKUUA DOJIA cTaHeT papHOA B, a noTedunad NpH-
mer sHauenue A. Hanuwem ypasuenusn aas B n A Co-
rsacio papedersy {52.1G)

| 4an
(vH) = [v-]=—F0 (62.16)
3amenns B sToM ypasHeun B gepes [VA] (cm. (47.5))
% NPUASS BO BHUMAHHE, YTO p = const, MOXHO RanucarTb

4
VAL =),

FaspepieM JISBYIO ©acTh NOAYHSHICLO BHPAX(eHua TNO
Gopuyae (XI.45). B pesyspraTte noayusM

4
- (7 (VA) — AA) =T,
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Onsako MB ycnoBuaHCh BHOHDaTE A Tak, wTo6n VA
pasussach Hymo {cm. (47.7))}. CaemopatennHo, nepBHfl
aeH B QUrypHBIX CKOOKAX paBeH HYJMI0 ¥ M NPHXOZHM
K YpaBHeHHIO

. {52.17)

Cpaenenue (52.16) ¢ (52.14) u (52.17) ¢ (52.15) mno-
Kasugaer, ¥To ypasHeHHe mia B/ cosnagaer c ypasne-
HueM EAs Bo, 2 ypapHeHue ans A/n— c ypasHeuneMm ans
Ag. OTciona caemyer, uTo 3anosHeHHe npoCcTpaHcTRA, B
KOTOPOM HMeeTCs NOje, OAHOPOAHWM MAarHeTHKOM mpH-
BOAHT K YBEIHYEHHN) KAK MarHHTHOM HHAYKIHH, TaK H
MarieETHONO MOTeHIAAAA B p Pas.

Cornacro pasencrsy (52.17) ypapHeuwe IMTyaccona*
(48.4) nas noss B omHOpORHOM H3CTPONMHOM MArHeTHHe
Oyner umers caenyowuii Bun:

AA == — T g (52.18)

B cayuae, xoraa oRHOPOARHA HIOTPONMLE MaTHETHK
¢ p==const (7. e. ¢ p, He zapucsueR or H) sanoanser
BCC HPOCTPMICTBO, B KCTOPOM IIOJIe OTJRMHO OT HYJIf,
CNDABCANUED COOTHOILCHHA

H = [VA] =[vA’] (52.19)
rie A" == A/p.

[lopuepiues, 4ro HaupsKeHHocTs nois H MOKHO
NpeAcTaBuTL B BHAE pOTOpa (PYyHKUHH A/p TOABKO B TOM
CJyuae, KOTAa Mar"eTHk OLHOpofeH W p = const. Mar-
HHTHYIO K¢ HHRYKuHIO B MOMHO npegcrapnts B BHAe
B =[VA] Bcerna, nockosbky NpH  MO6HX  YeAOBHAX
vB =0.

Hanomunu, uto wa rpammue iapyx warueruxon sex-
Top B 1 H aoaxum ygosaersopsts CASAYIOIHM Ycao-

BHAM:
B =By, Bufity = Bofps,

52.20
Hy=Hy wHy= Poff . ¢ )

Brigog 3THX rpaHHunmix

ycaoshfi Moxyo naftta B yue-
HUKax obwel dHIAKY.

§ 52. MOJE B MATHETHKAX 495
B aHn30TPONHHX MardeTHKax cbd3b MeEKAy MaH
AAaeTcA COOTHOLIeHHAMH

3

M=) xuHy (=123, (6220
g=1

rfe yix — CHMMETPHUBHIA TEH30p BTOPOrO paHra, HasH-
fi TeH30pOM MATHUTHOA BOCHPHHMYHBOCTH.

Baeggb'r;e-rc'rgenﬂo ypabHEHHS], CBA3HBAIINE BEKTOPH

B u H, BHrIAAAT CAeAYOmHM 00pasoM:

3
B,=D puH., ((=1,273), (52.22)
k=i
rae eeHMRUBH
Bep =05 + dip (52.23)

CYTh KOMMNOHEHTH TeH30pa MATHHTHOH NPORHUACMOCTH
(cp. ¢ popmynamn § 46).

B M. B, Capemes, 7. |




Taapa X
HECTALLHOHAPHOQE 3NEKTPOMATHHTHCE HOJE

§ 53. 3akon IEXTPOMATHHTHOA HBAYKIMK

Ilps n3MeHeHHM NOTOKa MarBHTROA WHAYKUHH 4eped
3aMKHYTHR xoHTyp I' B 3TOM KOHTYpe Bo3HuKkaer I3JIC
HHAYKIHH, paBHas

(@ — MarHHTHRA  NOTOK, NpoNNsHBaKWHA  KOHTYP),
Ecan nosepxHocTb, 00 KOTOpo# Gepercs MHTErpan, He Ha-
MeHACTCA CO BpPEMEHeM, Onepanun AHGPepeRUHpPOBAHHS
no { U UHTErpHpPoBaHRA MO KGOPRUHATAM MOIKHO NMOME-
HATH MecTamy. [losTomy Bupaxenmo aaa &; MOXHO NpH-
BaTbh BUA

& = _LS IB (53.1)

c ) ar

(MBI HATIHCA/NIH YACTHYIO NPOHSBOAMYIO (0 7, IOTOMY YTQ
B, Boofule ropops, ecib (YHKUHA B BpeMeHH, H KOOP-
AHHAT).

3IC no onpefesenHIo ecTh UHPKYISNAA N0 AaHHOMY
KOHTYPY BEKTOpa HaNpAXKEeHHOCTH NOJAS CTOPOHHHKX CHA
Ecr. B Rannom capyyae nanpsixkenuocrbio E.,. aBAsieTcs
HanpsxeHnocrb E BHXPEBOro 3JeKTPHYECKCTO MOMA, BO3-~
Sy aaeMoro HIMeHSIOUMMCS MarHHTHRM nonem B. Che-
A0BATE/NLHO,

& = @EI dl = S [VE] af (53.2)
T

F
(M1 npuMennan reopemy Crokca).
Hpupasaaer npasme wuactn supaxersh (53.1) =
(53.2), npupem K COOTHOWEHHID

S[vE]df= —%Sf,—:’dr.

(53.3)

& 5¢. TOK CMEIIEHWH 27

Nonyeram, uyro o6a wurerpana Gepyres no oAroR
i T0i e nopepxdocTH (papeHctso (53.3) BHNOAHACTCS
H oA pAasHBIX nopepxHocTefl, ARIe Ol 5TH NMOBEPXHOCTH
Gilipasuch Ha oauH H TOT e wouryp I'). CoorHomenue
(h3.3) JIONKHO BHNONHATHCH AAS JilOGOH moBepxHOCTH f.
WiG DOIMONHO JHIL B TGM cAydae, echiv NOALHTerpaib-
Wige HYHKOHN HMeloT OAHHAKOBOE 3HAYEHHEe B KamaoR
tonice npoctpancersa. TakuM o6pa3oM, MH NPHXOARM
i Y[POBHERHIO

1 98
[VEl= ——3%. (53.4)

B NoaydeHiioe HaM4 YpabHelide He BXORAT Napa-
MeTpI KOUTYpa, ¢ pPACCMOTPEHHA KOTOpOro Mul Ra9aJH

w01 naparpad. EcTecTBeHHO TMpEANOJOXHThL, HYTO 3TO
yasHeine A0MKHO BHNOAHATLCS AT JI0O0H TOUKH noAwl,
HELARHCHMG OT MpHCYTCTBHA B 3TO0M noJie (}}E‘ft!'r!'-{ECHH Bhl-
jencunoro (B wacTHocTH, nposofsmero) koatypa. Kak

UANECTHE, 9TO NPSANOAONKEeNNe ONPABAKMBACTCA HA ONLITE.
Wiz ypasaenna {53.4} coenyer, U0 H3MeHAWDWEECH BO
WpeMend MarauTHoe noae B JoKHO HOPOKNATH IACK-
ipieckoe node E. JeficTuteAbHo, A TOTO YTOGH [VE]
6101 OTAHYLH OT HYAd, HeCOXOAHMO HANWYiE HEORHOPOXN-
Horo (T. . MeHmIoulerocs OT TOYKH K Touke) noas E.

§ 54. Tok cvemenns

Ananusnpya ypaBHeHHS, ONMHCHBAWIINE 3JEKTPOMAr-
nntiuWe ApAeHXd, MakcBena o6paTHN BHHMaHbe Ha TO,
MG It HECTALHOHAPHOM CAyyae ypaeHeHHe

in .

[VH]=—-i {54.1)

(¢m. (52.10)) mecosmecTuMO npH Op/ot =0 ¢ ypaene-
HiHeM HenpepHBHOCTH

frmran e 4.2

Vi=—3; (54.2)

{esr. (51.1)). Uro6u ybeaurbca B 9TOM, BO3bMEM AHBEpP-

reninio ot oberx uacrelt ypasHenns (54.1). Tlockoabky

AlBeEreniny poropa seerga pasua uymo {(cM. (XI.44)),

Ml DNAlCM K BLIBOAY, Yi0 AHBEpreHuws j, a cjaenona-

faato, i Op/d re MOryr GHITh OTAHUHLME o7 HyAs. O&-

IAKG SAKMOYCHNE 0 TOM, YT dp/Of Bcerfia PaBHO HYJIN,

n*
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He coraacyercs ¢ OMHTOM: NPH HecTAalHOH2PHHX nporec-
€ax NNOTHOCTb 3apANOB CIAOUWL H PAAOM H3IMEHACTCS
¢ TeueHHEM BPEMEHH,

Ypaptenna (54.1) n (54.2) momHo cornacosaTh, A0-
Gasus B (54.1) k j HekoTOpYIO BeAHUNHY (06O3HAYNM ee
Jecuem), HMEIOLLYIO Pa3MEPHOCTb NJIOTHOCTH TOKA. Ty Be-
JIHYHHY HYXHO ONpEAEeNHTh TaK, 4TO6H BCeraa cobamoma-

Aock ycnoane

M3 nero ¢ ywerom (54.2) caemyeT, 4TO CNaraeMoe jewem
AOMKHO YROBAETBOPATEH COOTHOLICHHIO

 Vieem=—Vi=2%. (54.3)

Mpoanddepenunposae no BpeMenn ypasuehe (45.3),
TIONYYAM ypaBHEHHe

a ap
o7 (VD) =4n o

HAM, NepecTaBnp NOPAAOK AH(depenunposakns D no
BpPeMeHH H KOOPAWHATAaM,

v(;,—",’)=4u3—‘;.

IToacTaBns noayuamwilleeca H3 3TOTO COOTHOLIEHHA BHpa-

WeHHe Aan Op/Ot B Gopmyay (54.3), npniem K papen-
cTay

Vicsem = ';?V (‘f;_?') .

H3 31010 paBencTBa clteflyer, 4TO B KAYECTBE Joyom AOJN-
HO GHITh BIATO BHpaXeNHe

Jowem =4 2 (54.4)

(b o6mweM cayuae HyKHO BOGABHTH K npapofi yacTH npo-
H3BOMILHYI0 QYHKUHIO BpeMeHH f(f), HO MH TOJOXKHM ee
PaBHOl HyJ10).

Takum o6pasom, Maxkceean mpullien K BHBOAY, YTO

B cay4ae HeCTaUHOHAapHOro moas ypasHenue (54.1) cue-
EYeT INcaTh B BHAE

VHI=2(j+ =2

§ 55. YPABHEHMA MAKCBEJJA 299

HJAH

4n 1 oD
VHI=—j§ 4+ -5 (54.5)

Bendunny jewew MaxcBens Hassan Tokos cscugenusn,
0 CYMMY § + lcmew — ROANOIM TOKOM.

N3 ypamuenns (54.5) caeayer, yTo mMarHuTHOC Done
MOXKET MOPOXKAATHCA HE TONBKO TOKAMH NMPOBOAHMOCTH,
HO TAKHE H MEHSIOWHKMCA €O BPEMEHEM 3JAEKTPHUYSCKHM
noaeM. Taxum o6pasom, BBefeHHE TOKA CMEIIEHUS CHE-
sano monsa E u B papHONpaPHRIMH B OTHOWEHHR CNoc06-
HOCTH MOPOXKA2Th APYyr Opyra.

§ 55. ¥Ypasuenus Makcpeana

CoBokynHocTs ypasvennsi (45.3), (47.4), (53.4) m
(54.5) obpasyer cHcTeMy ypasHeHHH Makcsenna. Ita
yp2BHCHHR MNPHRATO FPYNMHPOBATL NONApPHO, NpPHYECM
ypapHeHus

(vEj=—+ 2 (55.1)
i VB=0 (85.2)

Ha3HBAalOT neppolt napofl ypasneHnii MakcBeana, a ypae-
HexHst
1 4D

vH =2+ L+ 5 (55.3)

VD = 4np (55.4)

HOCAT HasBaHHe BTOpOfl napH ypaBHeHHA. 3aMeTuM, YTO
B NEPBYIO Napy ypapHeHH# BXOAAT TOJbKO OCHOBHHE Xa-
pakrepuctuky noas: E u B. Bo sropofi e nape ¢ury-
PHPYIOT BcnOMoratrenarHele aeayunan D u H.

YpaBHenns Makcseasa COCTapasOT OCHOBY Beeft
3NIeKTPORHHAMHKH, OHH HTPawT B KJAACCHUeCKOR 3JeK-
TPOAHHAMHKE TAKYI0 3Ke pOAb, KAaKylo B KAaccHyeckofi
MeXaHHKe HI'paloT 3akoHw HblotoHa,

Cucrema ypapHenufi MagcBeana BKjAtodaer B cebs
8 cranspHHX ypaBHeHufi (KaXkKaoe H3 BeXTOPHHIX YpaBHe-
HHA (55.1) u (55.3) skeuBadeHTHO 3 CcKAAAPHHM}, B KO-
TOPHEIX COAEPKUTCA 12 HeH3BeCTHHX CKAAAPHHIX BYHKUHA
(komnonent pexkropos E, B, D u H). IMosrouy camu mo
cebe ypaprenus (55.1)—(55.4) HeAOCTATOUHH AAA
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onpefieflcHNA ONEKTPOMATHMTHHX noiefi B Beniectse.
B 3tom cMuCHe cHcTeMa ypapHennft Makcpeana spaser-
¢q HenoAHofl. s Toro yTo6H MOXKHO 6HIIO MPOH3BECTH
BHUHCAcAAe noJefl, ypaBuensus MakcBeana HYXHO A0-
HOAHNTL YPAaBHeHHSIMH, CBA3HPAIOIIAMH JIPYr C ApYrom
peanuyynn D, } u E, a taxoke H n B. Otn ypaeHenun ')
wMeloT BHA {cM. (45.5) u (52.12))

D =¢E, {55.5)
B= ',[“, (55.6)
j=0E {65.7)

(0 — snexkTponpoBOAHOCTL cpeAnl). [laa pemeHus 3ajgaus
ROJXHH OHTb H3BECTHH X4PAKTEPHCTBKA CPeAH: €, 1 B g,
KOTOpHE B npocrefiiliem cayyae ABAAIOTCA KOHCTAHTaMA.

OtmeruM, 910 ypaBHeHHR MaKcBesla MOXKHO Hanu-
caTh Tak, YTOGH B HHX He BXOAHJH BCTIOMOTaTelbHuE
BeanyuAn D # H. Jlas storo nyxHO BO BTOpPOA mape
YpaBHeHHH 3aMeHHTP 3TH BENUYHHH HX 3IBAYeHHSAMH
(45.2) nm (52.9}. IlpenmocraBnsieM uuTaTenio yGeAuThCH
B TOM, 4TO NOCAe Takofi 3aMeHH ypasHeHHs Maxkceennia
npnoSpeTaloT BRA i

9B
1 JE

IVBI=‘T"(1+cIVM]+ ) ++5
VE—4n(p—VP). (65.9)

Jaa Tore 4roSH pPeUITh CHCTEMY ypaBHeHnﬁ (55.8),
(55.9), uyxuso snatp BHA ¢yHkuri P = P(E), M=
=M(B) n j=j(E).

B pannnefiinemM HaM NPHAETCA PACCMATPUBATH 3JeK-
TPOMACrHWTHBIE T0AS B OOHOPOAHHX H H3OTPONHHX cpe-
Jax, NpOHUIAEMOCTH KOTOPHX € B p NOCTOSAHEH. B sTOM
cayyae NPOHKUAEMOCTH MOM(HO BHHOCHTL H3-TIOA 3HAKOB
APON3BOAHKX AHG0, HA0GOPOT, BHOCHTL HX NOA 3HAK NpO-
H3BOAHWX. TTosromy ypaBReHnaM (58.1)— (55.4) moxHG
NPHAATL BHA

VEl=—~22, VB=0;,  (55.10)
[vB]=22 4 228 =2, (55.10)

1) Hix nasueawT HACTAA YPABHEHESMH COCTOAHHA,

& 56, MOTEHLUHMAAN SAEKTPOMAFHUTHOTD Nong 231

B oTcyTcrbde NONAPHIYIOWNACA H HAMATUMYRDBZIO-
IMUACS Cpel & H | paBHKW eAHHHIE, TAK YTO YPaBHeHHA
Maxcpenna ANA NOAA B PAKYYMe BHINALAT CACRYIOWHM
ofpa3zom:

[VE] = _.(‘:._‘f);f_, vB =0 {55.12)
[vB] =& j e : ‘;‘: , VER=4mp. (55.13)

IockoAbKY B rayccoBoi cucTeMe aas noas B pakyyme H
cosnapaer ¢ B, b ypapuennsx (55.12) u (55.13) moxuo
B 3TOM cayuae nucath H Bmecto B.

§ 56. MoTeHUHANM SASETPOMATHETHOND ROAA

B § 47, pocnoab3oBaBlIHCh TeM, 4To VB =0, uMu
NpedCTaBRJAH MarHHTHYIO WHAYKIHIO B BHAeE

B =[vA], (56.1)

rie A — pcnomorareabnas (QYNKUHA, Ha3EPaeMad oex-
TopHeiM notenyuarom. Bupamenne (56.1) ocraercs B
CHJe H U151 HecTaHoKapHoTo fonda. ONHAKO B 3TOM CAY-
yae A caefyer cuntaTh PpyHKuUeil He TONBKO KOOPAMEAT,
1O K BpeMenn: A= A(r, 1).

IToncrasum (56.1) B ypaeHenne (55.1). B peayabrate
NOJAYYHM

1 A
[VE]=— 7 E [VA] = — [V 57

310 CODTHOIIEHNE MOMKHO 3aMHCATDL TAK:

1 A
[v. B+ 5F]=0.

Mockonpky porop sexropa E 4-(1/c}0A/dt okaam-
BaeTcd PaBHWM RYJI0, 9FOT BEKTOP MOXHO NpeACTABMTE
B BHIe TpajMeHTa HeKoTOpOfi GYHKIHH ¢!

1 8A

DyHKUMA ¢ HAZHRACTCA CXOAAPHOIR ROTERYUAAOM FNEK-
TPOMATHHTHOrO noas. B RecTauuoHapHOM clywae OHa
3apHCHT OT T H oT {. U3 (56.2) cneayer, 4T0 MOTEHONANEE
® 1 A HMelOT OHBAKOEYIO P23MepHOCTD.
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Cornacuo (56.2)
E=—Vvo———5 - (56.3)

Taxum 06pasoM, HANPANKEHHOCTL INEKTPHUECKOro MONR
B ofmeM cayyae OnpenensieTcs He TOABKO CKaJAAPHEM
MOTEHIHAA0M ¢, HO W BeKTOPHHM noTeHunanom A. Bro-
poe caaraemoe B (56.3), ouepHAHO, 06ycnoBAEHO ABJE-
HHEM 3JIEKTPOMArHMTHOHCRaRAYKuHH, B ciyvae cranmo-
HapHoro noas GA/dt=0 u dopmyaa (56.3) nepexomur
B (41.5).

Cootrontenns (56.1) u (56.3) BHpanalor MarHuTHOE
H 3NE€KTPHYeCKOe NoJA Yepe3 BeKTOPHHA H cKaAApHHNA
NOTeHIHAM,

Harizem ypapnenns, ¢ nOMOMbIO KOTOPHX MOXHO BH-
YHC/IMTL MOTeHORAAW A H ¢ ARA NONT B ORHOPOXHOA H
H3OTpONHO# cpefle € MOCTOAHHNMA € H p. C sToft HeAbID
3aMeHHM B ypasHenmsix (55.11) E supaxenuem (56.3),
a B poropom A:

[VIVA)) =22 ) — 2 0 (gq) — 2 ZA
voo + s v(3)=— 2
Tlpunsie 8o BHHManue, uro [V[VA]]= V(VA)— AA

{cM. (X1.45)), a V(Vg)=Ag@, sanuuweM noayueHHme
HAMH YPABHEHHA B CASAYIOWLEM BHAE:

A _ 4
M—%W=- 1“1+V(VA+-%-6§ . (56.4)
4 a

= -2 2 (VA) (56.5)

(B HeKOTOpHX uJeHax YpaBHEHHH MH TIOMEHAAR NOpPA-
BOK AHDGepeHunpoBants N0 KOOPAHHATAM H BpEeMEHH).

Ypasuennsn (56.4) n (56.5) u cyTb uckoMHe ypaBHe-
HRA AAR HaXOXKAeHHA A H ¢. 3TH YPaBHEHHS AOBOJbLHO
CACKHE, OCO6eRHO HENPHATHO TO, YTO OHH B3AHMOCRSH-
3aHW — B KaXAOe U3 WAX BXoAuT H A, H ¢, OAkraKo, KaK
Mh YBHAHM HHXe, NOTEHUHAAN MOXKHO BHOpaTh Tax,
YTOGH ITH YPABHERHS CHIABLHO YNpPOCTUAHCH,

[Moresnnansn A ¥ ¢ onpeaensoTcs HEOAHO3HATHO.
IlosTomy wumeercn Hekotopas cBofioia B HX BHGOpe.
B vacrHocTH, HanpAMep, Kk A MOXHO NPHGABHTL NPOMA-
BOJBLHRA NOCTOAHMHWA BEKTOP, a K @ — NPOM3BOMBHYIO

§ 66. MOTEHUUAJIE 3JEKTPOMATHHTHOTO TOAA 033

NOETONIIEYE0  6es Toro, 4YTOOH H3MEHHJHCH 3HAYEHAs
B n E. Paszymeercda, eufop NMOTERUHANOB CACAYeT OCY-
e tRANTL HauGonee yIOOHHM AR AAHAOTO clydan of-
jrnsoM. Taxoit Haubosee nestecooGpasHHi nmoaGop noren-
WHAAOND HA3KIBACTCH HX Kaaubpoexofi. 3aMeTHM, 4TO MH
YN DOJH3OBAJNHCH BO3MOXKHOCTBI0 KaNWOGPOBKM NOTER-
Wiajtor B MarHRTOCTaTHRKe: B § 47 Mu BuOYpanu A Tax,
wioBn ero AHBepreHuus GOulia pasHa Hyaw (cM. dop-

myay (47.7)).

Qnpeneaum caMibiid oOwHit BHA KaJHOPOBOYHLIX Npe-
ohpatonaHuil, T. € TaKWX npecfpasoBadnii NMOTEHIHAJIOB
A 1 ¢, npn koropuix mona E u B ocrajorca HeWsMen-

niamn. {lone B =[VA] Be HameHuTcR, eca & A po6a-
WiTl. PALHEHT MpPOH3BOJLHOH CKANADHOA @YHKUHH ’f
(po1op rpajHenTa paped HyJI0), T. e. mepeiitd o A x A,
pannomy A 4 Vf:

A—-A"=A+V| (56.6)

fli TOrO YTOOH OpH 3TOM He H3MEHWAOCh JEKTPHIECKOS
noae E=—Vp —(1/c)dA/dt, onnonpeMenio ¢ mepexo-
fumt (56.6) HYXHO COBEPLUINTE NMEPEXOn

P 1 &
9P =‘P—"c—“5£—. (56.7)

tae [ —1a ke ¢yurnunA, uto W B (56.6). ﬂf&ﬁc‘l‘B}!’l‘eJleO,
nose E’, onpegeasemoe moTeHunasamu A’ n ¢/, Gyader
K 4TOM <Jlyuae papHO

! , 1 AN
=—Vo — o =
10 19A 13, o 1 0A
Vo +oVag— T —cavi=Ve—-=E

(wanomunm, uro V(9f/8)==a(V[)/ot)). Taxum oGpa-
WM, npeoBpasoBanne NoTeRKnanos no gopmyaam (56.6)
i {H6.7) e uamensier 3HaueHnd B u E.

[ipeoGpasopanns (56.6) u (56.7) npeAcTaBAALT CO-
foll kanuGpoBouHne MpeoGpasopanus HanGonee obuero
wina. 1TocKoAbKY MpR OCYLMECTBACHHH 3THX Npeobpaso-
nanndi noaa B u E ocraorcAd HeH3MeHHBIMH, BCe YpaBHe-
HiH, ONUCHBAIOUHE 3TH (04, ACNKHE OHTh HHBaAPHAHT-
MMM 0O OTHOLIEHHK) K KaJHGPOBOYHEIM npeoﬁpaaona:
minm, JTta HHBAPHAHTHOCTL HA3HIBEETCH xa,auﬁposomou
(nnu 2paduenTroil) UHEAPUAHTHOCTSHIO.
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Ha npaxruke, xak yie oTMevancch, NpUMEHSOTCR Kas

AuGpoBKa, HauGoNtee NesecOOBPasHan B KaMAOM KOHa

KperhiomM cayuae. B vacrmocth, MOXHO BNOGpaTh mOTEHs
UHAAL TaK, YTO0H BHIOAKAROCH YCaoBHe

ep P
va4+ RSt (56.8)

HasmBaeMoe yerosuen Jlopenya.
Hna nona e pakyyme ycnosue Jiopeuna mmeer shi

VA+-22 o (56.9)

¢ ot

TMoxaxem, uro yeronue (56.8) moxer 6uTh ymopser-
BOpcHO HaAneMamuM BuGopom Qymkuuu f B opMmysax
(56.6) u (56.7). llsim 571010 NOACTABHM B YpaBHeRH®
(56.5) smavenus A’ m ¢’, onpeseanemule 3THUH Popmy-
AamH:

e g ep 9
VA-I-A)‘-!*T-E‘—-—*BT*&?——O
(V(¥f)=4f). Orciona noayuaercs ypasHenme ans Ha-

XOWOeHRA PyHKIE f:

a2
af — B 2L —Fe, 0, (56.10)
rae F{r, {) = —VA —(ep/c)d¢@/0t ecth 3anaunas (yHK-

uusa v o ¢ [Moxcrasus Gynkuuo f, noryuaoumyocs us pe:
IIEHHS ITOrO ypaBHeHus, B Gopmyan (56.6) u (56.7),
MH HafineM sHaueHus norenuuanos A’ B ¢, yAOBNETBO-
pAinHe yeaoeHK (56.8).

Kaau6ponka noremumnanos, yaosaersopsaomasn yCI0-
BHI0  (56.8), WasmBaercsas sopenyesod KaruGposkod,
70T BAR KanuGpoBKH ABASETCs HanGonee ynorpetu-
TesibHEIM,

Ycnosue Jlopenua cuavho orpannunsaer Hafop 3Ha-
YeRUI NOTEHUNANOoB, NPHrOANLIX AJS ONUCAHHY AAHHOTO
noss, KO Bee Xe He Henader BWOOP NOTEHUHANOP BHOJAHE
ORRO3HauNwM. JleficTeuTesnHo, He Hapymas ycAoBHA
(56.8), Moxuo ocymecTasTh npeo6pasopakus

A-A=A4 vy,
i o (56.11)

P> 0 = P

§ 66, MOTEHLUMANK SAEKTPOMATHUTHOIO nOAsd 295

(uOn aGopa norenunanos — A, ¢ u A’, 9’ — npeanosa-
YANITCH  yROBAETBOPSIOWIHMY ycnopuio Jlopenua), rie
(yHiansa $ SBARETCH pellleHHEM YpaBHEHHA

[
A —<pp7 =0, (66.12}

JlsAcronTenbHo, noAcTaBus B Jepyw dactk (56.8) BMme-
¢1¢ A M @ WTPHXOBAHHHE NOTeHNHaAW H3 (56.11), no-
AYIM BHpANKEHUE

a &
VA 4 Ap+F G — 3 5 =
ep 3

=(VA+23)+ (00 -5 F).

notepoe s chay (56.8) n (56.12) papno pyato. Taxam
0fpatoM, ecAM NOTeHUHaAH A ¥ ¢ NpHHaAAeXaT K Jo-
pennenod xaanbpoeke, TO H onpeAeddcMbie Npeobpa’o-
panunmu (56.11) (c ¢, noauuuswmednica (56.12)) noren-
kA A’ u @ npudagnexar x Tofi Ke kaaubpopke. ITo
BOCFONTENBCTBO NO3BONART HAJOXKNHTL HA ROTEHUHAJB,
ipome yenosHa (56.8), eme oxHO HONOARHTEALHOE YCaO-
wwe, Hanpumep, MoxEo norpefoBarh, 4T06H TNOTEH-
unan ¢ Gua pased HyJio. Jas 3TOrG COTIacKO BTOPOMY
ni ypacHenuat (56.11) mocrarouno sufpate GyHRUHIO ¥§
i, 4TOON ee NPOH3BOAHAA N0 BpeMeHH GLiia paBHa C@.

8 xavectTBe AOMOJHHTENLHOTO YCAGBHR MOMeET OHTh
t#iHe npHEATO Tpeboganye

VA =0, (56.13)

Wa (56.11) caexyer, ato VA" == VA + A, IlosToMy ans
1010 MO0 BHINOJHANOCH TpeGoBanne VA’ =10, HeoGxo-
AMMO COGJIOCHHE PAaBEHCTRA

Ap = —VA.

Buecre ¢ ted 13 (56.12)

Ay

Ilovromy, ecad B3ATb B KayecTBe ¢ pelleHHe YpapHeHHSA
e 621]7 - B VA

_ & &Y

& o

=T

# HOACTABHTL 3T0 pewmeHde B (56.11), MH MOAYYHM 3HA-
wetinn A’ u ¢, yaosiersopsioniHe H ycaoBrio JlopeHiua,
1 YpeGovannio (56.13).
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Jlopenyera KaauGpOBKA, YA0BACTBOPAIOWIAA ACHONHH:
1eAbHOMY ycaosuio (D6.13), waswmaerca kysonoscrod
(nim nonepeunoft) xeaubposkod. B ra. 1X mbl 1104630+
bajsHCe HMeHHO sToR Kaaubposko#t (cm. (47.7)). Us
{56.5) caenyer, yro npH KysoHOBCKO# KannGpoBxe CKa-
NApENA NOTEHUHAN yAOBAeTBOpsieT ypaBHenuio [lyac-
coHa

Anp
P)

A(p=_._

(cM. ypasnenne (45.13)), T. e. aABAAeTCA KYJNOHOBCKUM
noresnuanoM. OTciola W NPOHCXOAMT HA3BAHHE <KYJAQ-
HOBCKas KaauGponkas.

§ 57. ¥Ypasneuue Jlanambepa

Ilpu cobrionennn ycaosus (56.8) nocaennuf waen
B ypasHenuu (56.4) ob6pamaerca B Hynb. Kpome Toro,
NpoY3BOAHas RO BpemeHH oF VA KMeeT sHaueHHe
—(ep/c)F*@/d8®. Cnepopatennso, ypasvenus (56.4) H
{56.5) npnoGperaior Bna

AATLCE Ol gk (57.1)

(57.9)

Takum obpasom, BMecTo aBYX B3aHMOCBA3AHHHX
YPaBHEHKA MH NOJAYYHAH ABA pa3fleNbHHX YpaBHEHHH,
NpHieM YpaBHeHws AAA A H ¢ npHOoGpeaH CXOAHYIO
dopuy.

Andrdepenstnansioe ypasuenne snia

62
A —% Sl —F(r, 0 (57.3)

HasuBaercsa ypasnenuem Harambepa (cp. c (56.10)).
Ero MOXHO 3anncath B OYeHb KOMNAakTHON dopMe, ecaH
BBECTH TaK HasnBaeMuli oneparop Jarambepa:

—A_ @ _ @ L e F o
O=A-Gap=datoptaz—wom 619

Torna ypaewenne (57.3) sHrasaut chrenyiomnm o6pasom:
O f=F(r, 1. (57.5)

B crannoHapHOM cAy4ae MpoWsBOANHE MO BpeMeHH
ofpamaioTca B HyJAb H ypaBhenne aaambepa nepexo-
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ant p ypapnenne ITyaccona (cu. ypasmenna (45.13) n
{Bb2.18)).

(. ncnosib3oBaHHeM cuMBona (57.4) ypaprenns (57.1)
W {72} nprobperawT BUL

. mareMarTuueckod TOYKH 3penHs ypasHenus (57.6)
n {#7.7) npowme, ueM ypasHeHHda Maxceenna. [lostouy
Agiie OHBACT BHYHCJAHTL NOTEHNHAAH A B ¢, UeM Heno-
gpeacroento nons B u E. Ecau xe moTennpann uspecrt-
4, Maxokagenne moser no popmynam (56.1} u (56.3)
#iy cOocTapAsieT GOABIIOrG TPYAA. 2T0 OGCTOATENLCTBO
AVHUT ONpaBAaHHEM BBeAeHHS BCINOMOTATeJbHBIX BeJIH-
i A 1 . Kpome Toro, Kax Mu YBHAMM B clemylonei
Faune, pRefcHHe NOTEHNHANOB [103BONSET NPRAATL ypab-
MEHHAIM PAEKTPOANHAMHKH OYeHDL KOMNAKTHYIO H H3AUL-
HyWr popmy.

4 58. MMAoTHOCTL U MOTOK INEPTHH
SJACKTPOMATHHTHOrO NOJN

¥l3 onuTa caefyer, 4TO SJEKTPOMATHHTHOe RoJje 06-
Agfaacr sHeprued, KOTOpasd pacnpefieNaeTca B NPOCTPAK-
Uin¢ ¢ HeKOTOPOH NJOTHOCTLIO @ H MOXeT fepeTexkath
Wit oflnoro Mecrta B apyroe. Kpome Toro, sta SHEpTHS MO-
Wt NpespaliaThes B ApYrHe BUAH IHEPTHY, HaOpHMED,
AWTPAYMDATECS HA cOoBeplleHHe paGOTHl HAK YaCTHUAMA
MEIHECTRA,

Bunendm B pemectTse, B KOTOPOM HMEeTCST MAKPOCKO-
KO 3IEKTPOMAarHRTHOe noJe, obrem V, orpaxnyen-
wiafl nonepxuoctbio f. B 3TOoM oGbeMe cocpepoToueHa
BUEPCNA 0N, PABHAS

IV-—-Sde. (58.1)

MWeprin MOMeT BHTEKATh Hapy:XKy H3 obnema V ue-
Ji8E oFpannuuBaomyio ero nmopepxwocTb f. Ecam peectw
BAWTGp [AOTHOCTH MOTOKA 3HEPruu €, TO MOTOK SHEprum,
ui eI napyxky depes f, MOXHO IIpPeACTaBHTh
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chienywHM obpasom;

O — S S, df = S vS dV (58.9)
s )

(M BOCHONB3OBaAHCL Teopemodi Ocrporpasckoro — Ia-
ycca).

Hafizem paGory, cosepmaemylo n E€AHHHLY BpEeMeHR
CHIAME NOAA Raj 4acTHnamu peulecrsa. Hap wacruuef,
BMeoWed 3apan €s M ABAXKYWEHCH CO CKOPOCTBIO Vg,
CHAR DOJs COBEPIIAKOT B eAUNHNY BpeMeHH paloty:

N,=e,{E+-.:—[vaB]}va=eavaB

{cmemrannoe mpouspenetne v, [vaB] passo Hyawo). Ipo-
CYMMHPOBAS 370 BHPaXKeHHe N0 BCEeM YacTHIAM, 3aKAI0-
JeHHLIM B €fiHHHIle O6BbeMa, NOAYYHM NNOTHOCTL MOMIHO-
CTH, pa3BHBaeMOfi CUNaMK 3JEKTPOMATHATHOTO HOJS NPH
COBEpUIEHUH PAGOTH HaJ YacTHUaMH Beulecrea. O6o3Ha-
9HB NAOTHOCTb MOWHOCTH Gykpofi N, MOXHO HanHCaTe

N=) N,= EVZI AR

Bssitas no epundne ofbemMa cymma Z €V, ecThb
TJIOTHOCTh 3AEKTPHYECKOTO ToKa j (ecAH BCe YacTHUUH
OOHHAKOBH, ABHMKYTCA ¢ ONNHAKOBONA CKOPOCTBIO H WHCHO
BX B €RHHNWIE OGBEMA DABHO 1, TO 2, €,V, npesBpama-
€TC5 B H3PeCTHOe BHpaXieHHe: j = env). Taknm o6pason,

N =<Ej. (58.3)

3akaovennan B o6beMe V sneprus W moxer ymeHs-
WaThCA 33 CYET BHTEKAHHS 3HEPrHH HApyHy Yyepes no-
BEPXHOCTL f H 33 CyeT coBepleNHst paGOTH HAN yacTH-
LHaMH BelllecTpa. CJIE,IIOBaTEJ]bHO, ACANKHO BRNOAHATRECH
COOTHOUIeHHe
4w

4

(HanoMuuM, uro N ecTh MNOTHOCTL MOUIHOCTH, T, €. MOLL-
HOCTh, pa3BHBaeMasd B eaAHHHUe o6tema). IloncTAEHE BLI-
paxenun (58.1}—(58.3) nna W, @ u N, noayunm
d
loav=—{vsav —{gav.
17 v 17

§ 68, IHEPTHA SAEKTPOMATHHTHOTO TOAG ane

[Momenaem MecTamu B nepBoM HuTerpasie Rudpdepen-
WHPOB 2HHe N0 BPeMeHH H HHTETPHPOBaHHE MO KOOpAMRA-
TaM, a TaKXe OOBLeOHRMM Bee TPH HMHTErpalra B ORHH.
B pesyabTare noAyuHM

L(&2 +vs 4+ B1)av =0 (68.4)
¥

(MB NpHMEHHAH CHMBOJN 4acTHOA OpOH3BOAHON, NOTOMY
To @ B OGLIeM cAyuae AprfercA (PyHKUneHA He TOABKO
BpeMeHH, HO H KOOpAHHWAT).

Ycaosre (58.4) NOAXKHO BHNOAHATBCS AR A1060ro
UpOH3BOABHO BHOpaHHOTO OOBbeMa V. Ortcioaa 3arAW-
yaeM, YTO MNOAMHTErpaJbHasd (QYHKUHA ROMKHA OHTH
paBHa HYI0 B Kaxpol Touke. CrepoBaTensto, MH NpH-
roauM K pHDDepeALHANLHOMY YPABHEHHIO, KOTOpOe
MOHO HaNWCATb B BRAE

dw
E]=——6‘——VS. (58.5)

ITa0THOCTS 9HEprHA @ H MVIOTHOCTS MOTOKA SHEPTUHH
ABAAIOTCA (DYHKUHAMYM BEJHYHH, XapaKTepH3yIolWuX rnonae.
UroGel HailTH BHA 5THX (QyHKUHA, nonuTaemcs npeobpa-
3oBaTh Bupaxkende Ej Tak, 4r00N OHO CTan0 CyMMOM
ABYX CJATaeMblX, OAHO H3 KOTOPHIX GbliO Gbl NPOH3BOA-
HOW 110 BPEMEHH OT HEKOTOPOH CKaNAPHOH BeJIHYHHBI, KO-
TOPYIO MBI CMOXeM OTOXAECTBHTH C W, @ BTOpOE — AH-
BepreHiHel OT HEKOTOPOM BEKTODHOA BeNHUMHH, KOTO-
PYIO MBI OTOXJAECTBHM C S.

Bocnoss3opasuincs ypasHenuem Maxcseana (55.3),
BHpa3HM j uepes xaparrepucTuiy noas H u D:

¢ 1 oD
j=5w VBl — 557

Tenepb YMHOXHM CKaAsSpHO 3T0 PHIpaxenne Ha E:
1 Jb
Ej =-—E[VH] — B {58.6)

Cornacho Qopmyae (X1.28) V[EH]=H|[VE]—

— E[VH], otkyna E[VH]==H[VE]-— V[EH]. Hoacra-
BHB 5T0 3Ha4eHRe B (58.6), nonyunm

1 7)1 ] [

Ej = —-%V[EH]-{- {T‘;‘-H [VE] — 57 'ﬁ'}- (58.6")

Bocnoab3opaBituck ypabHeneM Makcseana (55.1), aa-
mehum [VE] va —(1/c)dB/dt. B pesyabrate BupakeHRe
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B QHrypHHX CKOGKAX NpHMeT BUA

1 oB D
(y=—g{n5F+ez)
Harkoney, ucnonpbayem cootHomenusn (55.5) u (55.6):
] 3 (WH) 3 (¢E)
{‘“}_"'E{H o TE—5 }=
D (eE® , wH?
- (& +%

{MH npeanonOXKHAN, UTO & H W He 3ABHCAT OT BPEMeHH).
Hrak, ¢popmyay (58.7) Moxno sanmcaTs chemyromum
obpaszom:

B;=—§,—(-"'E’%‘—’1’—)——v{%[eu]}.

Conocrapsenne NMOAYYEHHOrO COOTHOLCHHA ¢ GOPMYAOH
(58.5) paer nas w u S BHpaxenus

E? 2

w=2TLET (58.8)
[

S =-Z [EH). (58.9)

Onpenensemufi  Qopuynoli (58.9) mekrop S Hazw-
Baercs sexropom lodnrunea.

OrmetnmM, uTO Bupaxenue (58.8) BkaouzeT B ce6n
KaK cOGCTBEHHO SHEPTHIO MOAs, PABHYIO

£2 4+ H?
wO=_8” a

Tax W 3IHeprBio, 3aTPauyeHHYI0 Ha NOAAPHSALUNI0 H Ha-
MarHHYHBaHHE CpefhL

§ 59. HMnyasc 3eKTPOMArHBITHOTO NOAR

M3 cymecTeoBaHH NaBAeHHA CBeTa BMTEKAeT, YTO
SACKTPOMArHUTHOE NoJAe 06Najaer He TOAbLKO SHeprHed,
HO M uMnyrecom. HIMUyAbe, Xak W SHeprusi, MOXKeT «me-
peTeKxarb» W3 OAHOrO MecTa B Apyroe. 370T npouecc
MOX(HO OXapaKTepH30BaTb, BBEAA ROHATHA ROTOKE W
RAOTHOCTU NOTOKQM WMAYALCQ.

Ilorox umnyabca, B OTIMYHE OT NOTOKA 3NWepruM, Ab-
JSETCA HE CKa/AsipoM, a BeKTopoM. ChlenoBaTenbHo, M0T-
HOCTE NOTOKAa HMOYAbCA HOAXKHA OGHTb BeJHYHHOH Ta-
KOl NpHPOAH, 4TOOW NpH YMHOMeHHH Ha Bektop df

§ 50, UMIVJBC SEKTPOMATHUTHOTO TIOASA 241

(df — snemeHT NOBEPXHOCTH) AaABaTh BEKTOP. B npuao-
enun X NOKasaHO, YTO CKaJyisipHOE NMPOHMSBEACHHE TEH-
jopa BTOpOrO paHra Ha BeKTOp NpeicTaBjiser coboH
pexrop. OTclopa 3aK/aiouaeM, YTO IJIOTHOCTH no)mxa HM-
nyasca ects Tensop. O603HA4HM KOMIOHEHTH STOrO TEH-
30pa CHMBOJIOM Gix. TOrA@ NOTOK i-fi KOMIOHEHTH HMIYJlb-
ca uepe3 naomaaky di Gyaer onpeiensTsCs BhlpaKeHHEM

; 04 Af g

2 BOTOK BeKTOpa HMNyAbca — GopMynon
; €y ; o f .

B cHeTeme, cocrofillefi H3 cBOGOAHBIX JapAmeHHHX
YACTHI M BHEHT]JOMaI“HHTHDT‘O IIOJIE, JONMEH COXPaHAThCA
CyMMapl-Ibti’I HMIOYJIBLC, claramigiucad H3 HMIOyJabca Hac-
THIL H HMOYJAbCa ooJiA. C.ne,uoaa'.re.nbno, 0b03HauHB CyM-
Ma]‘l}ib[fi HMNYAbLC HacTHlL CHMBOJIOM i’, a NJOTHOCTL HM-
nyjbca (T. e. HMIOYJbC €AHHHIB o6bema) aJjekrpomar-
HHTHOrQ NOAA CHMBOJOM £, MOMKHO HANHCAThL

dit(P .|_§ ng)=Ze; ? ;Gikdfk'

Jlepas uwacTh AaerT CKOPOCTh BO3pacTaHusi cyMMapHOro
WMIyJbea, cofepianerocs B obpeme V, nparas 4actb —
NOTOK HMMIyJbca noas, Brekalomuii B o6beM V uepes
OrpaHHUMBAIOLLYIO €ro nopepxHocts f. Ilpeanosnarae, ¥ro
YaCTHIL HE MepeceKkaioT STy NOBEPXHOCTb, TAK UTO nepe-
HOCA yepe3 Hee HMMYJbCa YACTHUaMH HEé MPOHCXOAMT.
[MpeAcTaBHM RanHCaHHOE HAMM COOTHOIlEHHe B cae-

AyiolieM BHAE:
-¢f—rP=—S-‘;—f-dV + Zei@ Zm}dik. (59.1)
v i f &
CKOpOCTb H3MEHeHHsi HMNYJ/bCa HacTHUH ONpele/is-
eTcA cHuAoR, AeficThylollel Ha YacTHLY:

dp _ e
-RT—BB-F ¢ [VB].

TIpocyMMHpOBaB STO BHIpaXkeHHe MO YACTHLAM, 3aKJIO-
yeHHWM B ¢AHHHUE OObeMa, MOJYUHM, UTO

2o _ pE ++[jBl,
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TAe Po— NNOTHOCTL HMNyAbca yacTuiu. Hakoei, npons-
TErpHPOBaB 3TO COOTHOWIEHHE NO BCeMy 0ObeMy CHCTeME,

HaflleM CKOPOCTb HAMEHeHHS CYMMApHOTO HWMNYJAbCa

YacTHu:

%P=Spe dv+%§ [iB]aV. (59.2)

v

HckaiounM H3 3T0r0 PHpaXKeHHs p H | ¢ NOMOUIbIO
ypapHenn# Makceeana. Cpelly, B KOTOpPOH HaXoAATCH
YaCTHUM H novie, 6yAeM Npeanoaararsb OLHOPOAHOMA W H30-
TPONHOHK ¢ MocTOsAHHHMH & W p. U3 ypasuennh (55.11)
caeayer, 4To

e OB

2R kb
p= 4“VE, i—W[VB]—E-T.

IMoacranoska sThx sHavenui B (59.2) naer

aP={Evear + L (vmrByav —
L 4_3“2_5 ZEBlav. (59.3)

IIpec6pasyem nonyueHunyio dopmyny, BOCHONL30BAB-
HIHCh COOTHOLUEHHEM

a JE a8

>r [EB] = —a—,-B]+[E-5,— X
OTKYAa

JB a B

% B]= [EBI—[EZ2].

3amennm snecs IB /0t wepes — c[VE]} cornacho neppomy
H3 ypaBHeHHA (55.10). B nrore nonyunm

2B = [EB] + ¢ [E [VE]].

Iogcrapus monyyennoe sHaueHHe B (69.3), npuaem
K COOTHOIIEHHIO

e

%P=7;‘-SEVBdV+-;1mTSl[VB]B]dV—

— oV Zemav — £ ivrnav.

IIponaBeaAeM BO BTOPOM W TPETbEM HHTErpPanaX 3aMeHy:
B = uH, xpome Toro, BO BTOpOM HHTerpajse noMeHAeM

§ 55, AMIYAIBC 3JEKTPOMATHHTHOTO TIONA 243

MECT3MH COMHOXHTeNH (NpU STOM 3HAK HIMEHHTCA Ha
o6paTHHR)

¥ ] p
W1;>#Tm-S]E:,rlzaw— S[H [VHI) 4V —

i

 anc

e a DEN
{2 emav — = {EWvED Y,
Urobu cAeAaTh 3TO BHpaXKeHHe¢ CUMMETPHYHHIM IO
E v H, pofapdM Kk ero npasoft uvacrtn cJaaraemoe

(p/«lu)s HvH dV. Ot sT0or0 BHpaXKEHHe He H3IMEHHTCH,

TaK KaK 310 cAaraemoe papHo Hyadio (WWH = V(uH)=
= VB mcioay ects Hyar). Hakouel, crpynnuposas Haa-
NexawnM obpasoM YAEHH, MOAYUHRM

4 ep | @
Ep.=_m_S-aT[F.H]a!V-J,-

+ - EVE + nHYH — B {VEN — p {1 (VHI}) aV.
(59.4)
Bropoli muTerpas, xak MH yGeAHMCHi HHHKe, MOMKHO

npeo6GpasoBaTh B MATErpaj NO NOBEpXHOCTH f, OrpaHHYH-
paiomedt o6nem V. Takum o6pasoM,

4 p— {2 {2em)
—P—_§ al { anc [EH] {4V +
-+ nurerpan no mosepxuocth f. (59.5)
U3 cpapHeHus Haiinendoro cootHomenus c (59.1)
creAyeT BHBOA, YTO NJOTHOCTb HMIYyAbca 37eKTpoMmar-
HHTHOrO MOJS OnpefensieTcs BLpaKeHHEM
g = [EH]. (59.6)
Mpuuas Bo sHnManne (58.9), MOXHO HanmHcaTk, YTO

g=2s, (59.7)

rae S —eexrop [TofinTrera. B pakyyme 570 cOOTHOLIE-
HAE HMeeT BHI

&
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OrMmeruM, uT0 BHIpaXKeHHe (59.7) kpome coGeraenno
HMIYJbCa NOJAA BKAIOYaeT B ce6s HMOYJbC CBA3AHHBX
3ap5/i0B, BXOASIUIAX B COCTAB Cpelibi, B KOTOPO# CO3NAHO
nosie. YTo6H NOJAYYHTH MMMYJBC ONHOTO TOJNBKO o,
crienyer B dopmyse (59.1) nox P nompasymesats mexds
HHYECKHA HMINYJbC He TONLKO CBOGOLHHIX, HO TaKKe M
CBASAHHBEIX 3apanos. Toraa B xauecree E u B HyxHO
6LiI0 Gul B3ATHL He ycpesHeHHOe MaKpOCKONMHYECKOe noJie,
4 MHKDOCKONHYECKOe MO0Jie H COOTBETCTBEHHO MO/b30-:
BaTbCAd NPH NpeobpasoBaHHAX ypaBHeHHuNIMH Makceesid
Anst noas B Bakyyme'). 1o paBHOSHAUHO TOMY, 4TOGM
TNIOJMIOKHTE BO BCeX (OpMyJax AaHHOrO naparpada e ==
=p=1. B pesayabrare Mm npuuin 6 K bopmyae
(59.8). Takum o6pa3oM, NAOTHOCTH HMIYJbca ONHOIQ
TOJIbKO MOJIS BO BCeX Cayuasix (H B BaKyyme, H B Belles
cree) onpepeaserca dopmyaol (59.8). Conocrassienue
510 opMyan c dopmyaoh (40.36) NMoKasblBaer, yTo
MEXy NMIAOTHOCTAMH MOTOKOB SHEPTHH H HMITYJALCa SJEK-
TPOMArHHTHOrO MOJIA CYIIECTBYET TOYHO TAKas e CBAd,
Kakasi Ounsia nosydyewa s § 40 pas NPOH3BOJLHON CH-
CTEMHI,

Teneps paccmorpum BrOpOIQ HHTerpaa B dopmyae
(69.4), 1. e. HuTerpan

T:;‘S {eEVE + wHVH — ¢[E[VE]] — p[H[VH][} V. (59.9)

[Monuraemes npeoSpaszosath ero s NOBEPXHOCTHRIA HH-
TerpaJ.

Tloanuterpansiast QyRKUHA coAepMuT RBAa aHANO-
THIHHIX BHPAXEHHA BHOA

avVa — [a [va]].

B oanom us uux pmecto a crout E, B Rpyrom — H.
Nonoxnus 8 popmyne

V(ab)=[a[vb]] + [b[va]l + (a¥) b + (bV) a
(cw. (XL.37)) b=a, noayuum
Va?=2[a[va]] + 2(avy) a. (59.10)

Hafizem 3nauenne mmpamenus (va)b, B koTOpOM
npeanonaraercs, yro V deficTsyer Ha o6a cTofulMe nocde

1} Mu He cpena/m ITore ¢ caMoro nawana, STOGH NOAYMHTI
Gosee ofltee BHpaeHHe AAA MAKCBEAIOBCKOro TeH30pa RATKenuld
{cM. nHXMe), mpHrOAMOE TAaKMe M AAN NMOAS B cpene.

§ 50, UMIYAbBC SNEKTPOMATHUTHOrO NIGAH 245

weiro cominxutensn. [lo ofuieMy npaBHdY BHYHCHSHHA
PHlEHE BLPRKeRUH HMeeM

(Va)b=(V,a}b -+ (V,a} b=bVva 4 (av} b
Waw, oNoXKe b = a,
(va)a=ava -} (aV)a.
Bupasnp W3 nocaelHero cooTHowewdws (aV)a, moAcra-
winM ¢ro B gopmyay (59.10):
va?=2[a [va)] 4 2 (Va) a — 2aVa.

Lrcions | :
ava — [a[va]] = (Va)a — < Va'.

[Ipumenns Takoe npeoBpazoBanne K HHTErpajiy
(H12.9), npuBeaeM ero K BHILY

= S{"(VE)E+"(V“)“ + L VEE+ pH) V.

I} ualncaHHOM HaM¥ WHTErpajte oneparop V neﬁc'r?g:;
Wi nee crosione 3a HUM oyHKNuH. [lo3ToMy MH MO
¢ OMOLWBIO NpeofpazoBaHuA

dv - v--»df
{¢m, (X1.65)) npespaTHTL 3TOT MHTerpajl B RNOBEPX-
nocTuui

L § L B @ )+ wH (H df) — 5 (B2 + pH) at}
"“ (59.11)

(nockonbky dif He obinajlaeT CROACTBAMH nncb(pepeul?:;
ANEHOFO ONEpaTOpa, COMHOXHTENH B BHIPAMEHHAX B

; amn).
(/l 4) 2 MOKRO MEHATL MeCT
Packpeem Bupamenue (59.11) uepes xomgz:‘emu
WNOASINKK B Hero pekTopos. B pesyabrare noay

1|-. 2‘: ¢ @ {BEI ;Ekdfk'l' HHJ;defg—
— 3B+ uHYdf: |

(Ipeacrasum B mOCNeaHeM uaehe df; Kak ; 8, dfy u BH-

wevom dfy 2a cxobxn. Kpome Toro, 3aMenuM BhIpaXKenusd
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BUAa e£; vepes Dy, a Buga yepes B. B
K BHDAKeHHIO wi; yepes B, B urtore npuaem

_4!:':'2‘" (§ ;{E}D, + H.B, —-.:T(ED + HB)ﬁu}dfh

KOTOpOE COBMAET ¢ NOCACAHHM YAEHOM hOpMYR
eCAH MONOKHTH dopuyan (59.1),

ol 1
o= {E,D,, + H/B, — 3 (BD + HB)3,, ). (50.12)

Kak OblJI0 BHACHEHO B HauaJde 3TOro naparpada, TeH-
30p Ox XapakTepH3yeT MJOTHOCTH MOTOKAa HMIYJabca (CM.
rakxe § 40). Tenzop i, KOMNOHEHTH KOTOpOro omnpene-
agores popmynoh (59.12), HasHBAIOT MAKCBENIOBCKHM
TEH30DOM HATKEHHA (MKW HanpsKeHut),

HTo6M - NOAYEPKHYTH CHMMETPHYHOCTD TeH30pa O,
€0 KOMITIOHEHThI NMHIIYT HHOTAZ2 B BHIe

1= = {EDy + EuD, + H,By + H,B, —(ED+ HB)3,,).

Iaa noas B sakyyme dopmyna (59.12
CAERYIOULHM 06pa3om: pMysa (59.12) ynpomaercs

w L 1
=gz { EEx+ BBy — 3 (B BN, }. (50.13)
Tenaop oux nosBOMSIET CBECTH 3aMauy O HAXOMKACHHEH

CHJIBI, AeHCTBYIOWEA B 3/IeKTPOMATHHTHOM HOAE HA HEKO-
TOpHA 00BeM BELIECTBa, K BHUHCIECHHIO NOBEPXHOCTHOrO

HHTErpaJa
; € ? Z Typ dfg‘
k

Fnasa XI

YPABHERHA SJEKTPOILHHAMHKH
B YETHIPEXMEPHOHA ®O0PME

§ 60, YermpexmepHsiit noTenuHan ')

Cornaca0 7NPUHOHAEY OTHOCRTEALHOCTH YpaBHEHHA
SAEKTPOAHHAMHKH, PABHO KaK W BCE JApPYyrHe ypaBHeHHs,
BHpaMalouye 3aKOHH NPHAPOAH, AOMKHH OHTbL peNsTH-
BUCTCKH-HHBADHAHTHHIMH, T, €. COXPaHATL CBOXO dopmy
npu npeoGpasosanusix Jlopenua (nph nepexoje OT OXA-
HOfi HHepUHAaJbHOA cHcTeMbl oTcuera K Apyro#). Ilyrem
HEeNnoCpeACTEEHHOA NpPOBEPKH MOXKHO YOEAHTBCA B TOM,
yTo ypasHeHHsi Maxcsensia yAOBJIECTBOPSAIOT 3TOMY Tpebo-
panuio, OAHAKO MH BhOepeM JIpyrod MHyTh — IOKaXKeM,
YTO ypaBHeHHUs 3JEKTPOAHHAMHKM MOTYT GbiTh HanmHCaHH
B uernpexmepHofi dopMe, B BUAE COOTHOWEHNA MeXny
4-pekTopaMu H 4-TeH30paMH, OTKYAa M GYAer cnefoBaTh
HX PeNIATHBHCTCKAA WHBAPHAHTHOCTD.

OTnpaBHKM NMYHKTOM AJA HAC NOCAYXHT NPHHAMae-
MOE B 3JeKTPOAHHAMHKE (B COOTBETCTBHH ¢ ONMHTOM) HO-
JIoJKeHHe O TOM, YTO SJeKTPHYECKHA 3apsj MpeACTapaser
co6of MHBAPHAHT, T. € YTO BEAHUHHA 3apfAla 4acTHUH
OAMHAKOBA BO BCeX HWHEPLUHAJBHHIX CHCTEeMax oTcueTa.
Orcioaa caellyer, uTo BeAHUHHa pdV TakKe Gyler HHBA-

pPHAHTOM:
pdV =pdxs! dx*dx®=inv. (60.1)

TpexmepHulil o6bveM dV He AB/seTcd, KaK MH 3HaeM,
HHpapuanToM (cM. ¢opmyny (35.17)). Caesoearenbho,
3 (60.1) aaxawyaeM, YTO NJAOTHOCTL 3apAla p TaKKe
He AIBASieTCS HHBapWaHTHOMN, a mpeoGpasyeTcd NpH nepe-
X0fe OT OAHOH CHCTEMH! OTCYeTa K ApPYrof N0 K2KOMY-TO

1Y B srofi raaBe paccMaTpPRBaWTCA NOAA P BaKyyMe, T.e. Opel-
nonaraetca, wro e = 1, p = 1.

CoBeTyeM nepell TeM, KaK NPUCTYNNTL K YTEHHIO 3TOA TAaBH,
npocnotpers TIpuaomenne XII v ra VII
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3akoHy. YTo0H YCTAHOBHTH 3TOT 3aKOH, MPUMeM BO BHH-
MaHHe, YTO HeThipexMepHhit 06beM €CTb HHBAPUAHT

dV' =dxtdx'dv’d*=cdidV =inv.  (60.2)

HeficTeHTeNbHO, NPH Nepexofe K ApYrod cHcTeme OT-
cyeta 4t u dV npeoGpasyiorcs no popmynam

IRV S, g 1= o3
dt Wi av’ =dV 4/1 = v¥/c2,
TaK uto dt’ dV’ = dit dV.

Hs conocrasaensa (60.1) ¢ (60.2) cheayer, uto p
npeofpasyercd MO TAKOMY Xe 2aKOHY, 4T0 H dx T. e
KdK BpeMeHHas KOMNOHeHTa HEKOTOpOTO 4-BekTOpa.

B Ilpunoxcenun XII noxasawo, 4ro KOoHTpaBapHaHT-
Hble KOMIIOHEHTH 4-onepatopa I'aMuABTOHA paBHE

vi=(+2. —v)

(cM. popuyay (XII. 45)).
Cornaco (XII.38) cumponnyeckult Kpaipar Bek-
TOpa V* paseH
. 1 & 1 & :
V= or — V= o — A, (60.3)
rae A — tpexMepnuii onepatop Jlanaaca.
Cpapnerne {60.3) ¢ (57.4) noxasmBaer, 410 onepa-
Top JlanamGepa ana nons B Bakyyme (e=1, p=1)
OT/HYAETCH OT V' TOABKO 3HAKOM:

v=—0. (60.4)

Ha Bcero ckasaHHOro BHTEKaer, 9T0 YpasHeHHE
(57.7) MOXHO 3amHCATh B BHJE

Vip=4np. (60.5)

Buille Mul BHACHHAH, YTO o 00Aafaer CBOACTRAMH Bpe-

MEeHHOH KOMMNOHEeHTH 4-BeKTopa, V'z. KaK H Kpajpar
aioboro 4-sektopa, BefeT cefa npH npeobpaszoBaHHAX
Jloperna xak nHpapHaut, C y4eToM 3T0ro Ha OCHOBAHHH
(60.5) sakalouaeM, 4TO MOTEHLUHAA @ AONXKEH NpeoGpa-
30BHIBATBCA NO TAKOMY Ke 3aKOHY, Kak ¢, T. €. KaK Bpe-
MeHHad KOMNOHeHTa 4-BeKTopa.
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PaccMOTpEM BeKTOp TJIOTHOCTH TOKA j=pv. Ero

KOMIIOHEHTH PABHH:

& i
h=pr=p- (k=1,2,3.  (60.6)

1pn npeo6pa3opaHHAX p BeLET ce6a nopobho cf AHGO

¢ df. CaenopaTennio, jx OyAyT BecTH cebs noaobuo dx*

(¢=1,23), T e KaKk NPOCTPAHCTBEHHKE KOMIIOHEHTH
4 *KTOpAa.

1 mﬁmﬁ. NMpH NpeoBGpasoBaHHAX KOOPAHHAT p BEAET cebs
KAK BpeMeHHAA KOMIIOHEHTa 4-pekropa, Aa ne.r!wu;_rlm
fx — KaK NpOCTPaHCTBEHHbE KOMIOHEHTH 4-pektopa. llo-
)TOMY, YMHOXHB p Ha cKanap ¢ (uro6pl MOMYHHTH BEJIH-
WHHY TaKoH e pa3MepHOCTH, KaKyio HMEKT jk),“ MOXKHO
06BeHHHTL P M | B OAHH 4-BEKTOp, Ha3hHIBAECMLIH 4-BE-::1{-
TOPOM 3apAjia — TOKa HJIH NMPOCTO 4-pexTOpOM TOKa. ETO
KOMTIOHEHThl HMeKWT 3HAYeHHA!

jl] =cpy jl =ju j2 i jy’

4TO MOMKHO 3aNHCaTh KPaTKO CJelyiolnM 00pasom:
*={cp. 1)- (60.7)
JaMeTHM, YTO KOMUOHeHTY j°==Cp MOXHO NpeacTa-

B9Thb noaoGHo komnouentam (60.6) Kax

o dx®
I —P di

P=jz

{x® = ct). [ToaroMy KOMOOHEHTH 4-pekTOpa TOKa MOXHO
onpefensnth clenyloWUM 06pasoM:

p=pls  (n=0,1,29. (60.8)

BuTexalomee H3 COXpaHeHHs 3apAfa ypaBHeHHE He-
npepHBHOCTH UMeeT BHA (CM. (51.1))

@
Vi +o =0

C yuerom (60.7) 310 ypapHeHHE MOXHO 3anHcaTe B 9e-

THpexMepHOl dopMe:
]
A —o. (60.9)
o
=0
Jlepas yacth NOCJAENHEro COOTROWEHHS MPEACTARIACT
¢o6oil 4ETHPEXMEPHYIO AHBEPreHUHIo 4-peKTOopa TOKZ.
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,ueﬁﬂc'?me.nbno, N0 aHaNOTHH ¢ TpexMepHOH HRHBepreHs
nyel 4-AHBEPreHIHIO BEKTOPA a¥ HVKHO onpelesinTb KAK
CKa/JAApHOe NPpOH3IBeAcHHe BeKTOpoB V* K g¥, T. & KAk

3 3 3
Ts
Z V', = Z ve=3 %
i ax*
B=0 n=0 p=0
(cM. popaxenne (XII.42) maa koBa
A HaH

e L ) PMANTHHIX KOMNO-

Papencrpo HyJ 10 4-1HBEpreHUHH BEKTOpa f* ABAAETCA
ana.ng'rw;ecmm BHpAJKEHHEM 3aKOHA COXpaHeHus 3aps-
Aa. To obcrosiTenbcTBO, YTO BBEeleHHHN HaMM BExKTOp
(60.7) ynRomnerpopser CTONL NPOCTOMY YC/IOBHIO, #AB-
nfeTcd elle OXHWM KOBOXOM B MOJb3 :

o0 be NN

H j B onus 4-BeKTOp. % WU

Yars, uto (1= —V", Hanumew
u (57.7) cneayiommM oBpazom: ypaprednsa (57.6)
2 4
I e (60.10)

. 4n
Vig=—Icp) (60.11)
H3 ypapHedus (60.10) putexaer, uto pennunnu A, Be-
Ayt ceGA TaK JKe, KaK BEAHYRHH ji T. €. NOAOGHO Mpo-
:Tpaucmenuuu KOMROHeHTaM 4-BexkTopa. 310 ofcrofl-

€AbCTBO AAET BOIMOXHOCTD OGBEAHHHTH
e AHHUTD @ U A B OZUH

A" =(g, A), (60.12)

HaIHBaeMbll 4-nOTeNyUAAOM 3AEKTDOMALK
Toraa ypaeHenus (60.10) u (60.11 P UTHO20 NOAR.
B BYAE OAHOTO YpasHEeHUS (60.11) moxuo npeacTaBuTh

H in
VEARSS el (60.13)

au6o

O A"’ _ 4_:1 j“

4

n=01,23. (60.14)

KopapHanTHHe KOMT
OHEHTH 4-TO0TeHUHANAa BHIAARS
ChAelyIOIHM O6pa3om: -

Ay=(p, — A). (60.15)

Hanogﬂl—lm, 4yTo 4-nOTeHUHan ofipefenseTcs HEOAHO-
3Hayno. Cornacko (47.6) 3HaueHds NPOCTPAHCTBEHHHIX

§ 61, TEH30P SAEKTPOMATHHTHOTO MNOASH 2%1

xOMNOHEHT A; MOTYT OHTH 3aMeHeHH BelHYHHAME

A= Ay RED (60.16)
a jHauecHHEe KOMMOHEHTH Ag— BeANUHHOR
Ay= A +C (60.17)

C — KOHCTaHTa, CM. TEKCT, creayomufi 3a Gopmyaoh
(41.5)) Ges Toro, YTOOH HIMEHHANCH A2PAKTEPHCTHRH

noaa B u E.
JlopeHueso ychoBhe xann6posku (cM. (56.8)) B ue-

Tpexseprof dopme HMEET BHA
3
2 L
= I

Jr0 03Hauaer, YT0 4-MOTERHHAN BHOMpaeTCA TAK, y1o0H
ero 4-IHBEepreHUHA paBHANACH HYAIO {cp. ¢ (47.7)).

(60.18)

§ 61. Tenaop SAEKTPOMATHHTHOTO NOAH

[TepefiieM OT MOTEHUHANOB K CHAOBEIM XapakTepu-
crukam noas E u B. DT0T nepexon ocymiecTnaserca 0o
dopmynam (56.1) n (56.3). Oas yRoGcTBAa BHNHUIEM

3TH GOPpMYJH eule paa:

B=[vAlL. . {61.1)
=—Vp— 5" 61.2)
HanuiueM Bhpakesus AAf KOMOOHEHT BEKTOPA E:
E ' _%%__ :_ a%x .
Ev;"'%}—% 6013 .
B

B ueTHpexMepBHX 0603HAUCHHAX STH $OpMyAbl MOXKHO
npeACTaBHTh B BHAE

84 a4 . .
=='5?;'"‘57?'=V0A| — Vi,
a4, a4 o
E,= 6::‘f i 3.\:: = VoA, — V24, (61.3)
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(cM. dopuyan (XII.42) aan KOBaPHAHTHEIX KOMNOHEHT
4-omepatopa rpagneHTa H ¢dopuyau (60.15) ana kopa-
PHAHTHHX KOMMOHEHT 4-noreHumana., CoraacHo nocsen-
HHM (opmMysam, Hampumep, A, = —A, y 1. n.).
Tenepb HandineM BHpaXeHnn AAS KOMUOHEHT Bek-
Topa B. Corsacro (61.1)
4, 24, 84,  aA, )
B,= 9y~ 9z om0 ax — Vah— VoA,
B I an aAz I, 0143 aA]

4 0z dx = A axt =VIA3—-V;A|,

dA, oA 94, A, »
— o = VoA — VA,

Ha rensophoft anre6pum H3BECTHO, YTO BHIPAXKEHHSA
BHAA @by —ayb, CYTh KOPAPHAHTHHE KOMOOHEHTH aH-
THCHMMETPUYHOrO TEH3Opa BTOPOro panra (g, u b,—
KOBAPHAHTHHIE KOMNOHEHTH [PON3BOJABHBIX BEKTOpOB).
Hs ¢dopmyn (61.3), (61.4) caeayer, yTo kKOMNOHeHTH
Bekropop E w B MoxHO TpakTORATH Kak KOPApHAHTHHE
KOMIOHEHTH aHTHCHMMETPHYHOTO 4-TeRsopa

(61.4)

.. dA, o4
FM,=V:‘AV——V‘, =

ax"‘ ox'? 1 (61 '5)

3TOT TeH30p Haawmpaercs TERIOPOM INEKTPOMALHUTHOZO
ROAA.

[epemectus B obenx wacrsix PaBEHCTBA HHAEKCH |
H v, MONYYHM BHpaXKeHHe AN KOHTPABAPHAHTHHX KOM-
NOHEHT TeH30pa NEKTPOMATHHTHOIO NOJS

v__ aA¥ aa
il i (61.6)

Conocrasaenue Qopmya (61.3) u (61.4) ¢ Bmpaxe-

HieM (61.5) nmaer, uro
Ex=F01=_'Fl0’ -Ey=F02=-'__'F20’ Ez=F03=_F30o
Bx=F32= — Fy, By=FI3= — Fy, Bz=F2] = _Fl2-
61.7)

Takum o6pazom, Tensop Fyuy suirasgur caeayomam o6-
pasom:

0 Ex Ey .Ez

=1 1 Ex 0 =] Bg By

) =| _ Ey By 0 —Byg
—E; —By By 0

(61.8)

|
|
|
|
i

§ 62. OPMYJNB NMPEOBPASOBAHUA THOJEA 263

Tpunas Bo BHuMaHue dopMyan (X11.58), l-lang:.l:}:
9liaveHHs] KOHTpaBapHaHTHHX KOMMOHEHT TeH3opa

1TpOMarHATHOTO NOJA
L1 = Ex i E" — Eg
E, 0 —B, B,
Vg T B e
E; — By By 0

61.9)

Utax, B ueTHpPEXMEPHOM HPOCTPAHCTBE 3INeKTpOMar-
HHTHOE MoOJe OnMcHBaeTcs He NOCPEACTBOM ABYX Bext-)rl?o
pos (E n B), a ¢ nomMolbi0 OAHOTO AHTHCHMMETPHYH
TeH30pa BTOPOTC paHra. )

pruemmlf uTo B TO BpeMs, Kak 4-moTeHuuan A+ onpe
ReAseTcs HeONHOIHAYHO, KOMMOHEHTH TeHsopa Fy. oka-
SHRAIOTCA OAHO3HAYHHIMH. JlefiCTBHTENLHO, NPOH3PEAEM
s (61.5) aameny komnoneHT A, BeauyuHaMu A, c01l*na2cné)
gopMynam (60.16) n (60.17). Ecam p K v paegu 1, 2, 3,
NOJY9IHM

- 67, A a4, (721; (x‘. x°, xs) -

Fuy= ax®  ax" = e + P ax’
a4, P9l 5 oA, oA, i
T Bt axodt ax*  ox'

EcAn OXHH W3 MHAcKcop (HampHMep, pu) paBeH HYJIO,
DOAYYHM COOTHOLIEHnE

— 9A, oA, 9a, o ()
W=0 T ey 9 ' 3 axY
_aAo-—aC=0Av—aAo=Fw.
ax® axv ax’ ax®

Taxum o6pa3soM, MR BOKa3ajH, 4TO BeJHYHHH Fuy
OnpeieRloTCa OAHO3HAYHO.

§ 62. dopmyas npeobpaszopanna noaeh

] é MerT-
dopMyss npeoGpa’oBaHuA KOMIOHEHT AHTHCHM
])H‘-II-IOI?O Yt-"renaopa Beipelenn B [lpnnoxeHuu X11 8(cM.
dopmyan (XI1.62)). Tloacranoska snavenu#i (35.8) u
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(35.9) nast o W @ NPUBOANT 3TH GopMyAH K BHAY

oz 1 03 13
A = A%, A —B4 A —84
VI—F ’ NT—P
12 02 [&] o
A= A" —p4 A= AT —BAT g gm (62.1)
e i e
(B = vofc).

Hanucas ¢opMyan (62.1) aaa Tenmsopa (61.9), nos
AYYHM

FO=F" T. e. Ex=Ex,

{2 12
op _ F—PBF” r  E,—BB
5 T.e Ey=—

Ji—p "
H T. A. Bunucas coorHowenns (62.1) Ans Bcex KOMMNO:
HeHT TeHsopa FW B 3aMeHHB F¥¥ coOTReTCTBYIOIIHMH
3Havenusmu F. ¥ By, npuleM K dopMynam npeoGpaso-
BAHHA KOMNOHEHT BekTopoR E u B npu nepexonae oT oA:
HOW WHepUMAIbHOM CHCTEMH OTCUeTa K ApYroi:

F g, et ety

¥ i—p° * z 'V’l — 2 y

P U UL ) L) A i

x x* " T—p2 z ‘\/1_:?'5 i
®opmyas obpartHoro npeobpasoBanHs OTAHYAlOTCA OF
STHX (pOpMYyJl JTHUIb 3HAKOM NPH WieHax, COACpIKAUIHX
MHOXMUTeNb B (T. €. 3HAKOM NPH Up).

Paanoxus sekropul E u B Ha cocrasasiomue napaijs
JNefbHble OCH X (a 3HAYHT, K BEKTOPY Vo) W IEpreHAHKYs
JAspHsle K 3To# ocu (T. €. MPeACTaBHB, HANpHMED, E
p sufe E,+4E ), MoxHo sanwcaTh dopmynn (62.2)

B BEKTOPHOM BHAe')

(62.2)

E, + (1/e) [v,B,]

E/=E, E — ,
0 8 1 a2
: ; 62.3
¥ £n 8 B, — (1/e) [veE.] (62.3)

+ /\fl-—f.%'/_a:E

!} 3amertum, uTe Nockoapky B) H ¥, KOJmMHEapHH, [voB] =
e=fvoBy] + [voB1]= [*eB L] Ananormuuo [vyB] = [voE ) ] TTostomy
B BOKTOPHLWX TpoM3Befewnax cdopmyn (62.3) MOKHO ONYCTHTL RH-
nexc «<l»>npn B, n E,.

§ c2. SOPMYNIL TIPEOBPASOBAHUSA TIONER 968

{ithnOMHANM, ¥TO Ux == Vg, Uy = Uz = 0). Uz srux dopmyd
#i010, 4TO TMpoAoJbHLE ') cocTaBisiomue noJseil NpA ne-
pexofie OT OAHOH CHCTEMB OTCYeTa K Apyro#t He HaMe-
WnioTeH, a npeoGpas’yioTcs TONbKO TOMEpeuHbié COCTaB-
Auonmne.

Eean p1 (7. e 0o ¢), BEIpAXKEHHe 1/4/1 —ﬁﬁ
WPHOANIKEHHO paBHO 1 4+ (1/2)p2 ChnenopaTesbHO, ¢ TON-
HOCTHIO 1O YJeHOB TOpsAka B = vo/c QopMyan {62.2)
HEFASAAT CASAYIONIHM O6PA3OM:
aF 4
Pl E,, E,=E,—(0,/¢)B,, E,=E_+(v,/c)B,, (62.4)
W= B, B;=By+(vojc)Ez, B;=Bz—(uo/c) B,

Heryo y6eauTbes B TOM, 4TO 3TH $opMyab MOryT GHTD
\icaHul B BeKTOPHOM BHAE

E—E+LivBl. B=B—_[vEl (625

{ep ¢ hopMysnamH (62.3)).

Fean B cucreme K uMeercsi TOJNBKO 3AEKTPHUCCKOE
waae (1. e. E 5= 0, B=0), T0 B CHCTeME K’ 6yayr cyue-
cenopars o6a noas. CoraacHo QopmyniaM (62.5) arn
fliy paBiibl

{
E'=E, B =— -c-[voF.].
Virst, uro E == E’, MOXXHO HANKCATh, 4TO
1
B =— ) [voE']- (62.6)

[locnenHee cooTHOUeHHe ?) YKa3nBaer Ha TO, YTO oA
' u E/ paauMHO NepleHIHKY I PHAL H3 a3roro cooTHOLIE-
s BEITEKAaeT TakikKe, 4UTO noJe B’ nepnenABKYy/sApHO
i BEKTOPY Vp, T. € K OCH X.

AnasiorHuHeM crnoco60M MOXHO NOKa3aTh, YTO B CAY-
Was, woraa B cHcreMe K mMeeTcs TOJLKO MarHuTHOE
wone, sexropsl B’ 1 E’ cBA3aHbl COOTHOLICHHEM

E =~ [voB). (62.7)

1) Tak mm OypeM HasnBaTb Ais APOCTOTH COCTABARIOILAE, N4-
fraificAbbIe BEXTOPY OTHOCHTEJIbHON CKOPOCTH CHCTEM Kn K {pex-
vapy ve). IepmenauKkyJsipHEle COCTABAFIOUIHE ME) GyfeM HaswWBAThH
e e IHBIMH.

N Pexomerayen yOeanTbCA B TOM, HTO Tawoe XKe COOTHOIIEHHE
seswny nextopamn B’ ¥ E° monyuaerca B pAacCMaTPHRAEMOM cAyuae

@ i rombix popuya (62.2).
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Caenosarenpto, 1 B 5T0M cayuae noas B’ u E’ B3anMHO
neprnenzHkyAspHH. Kpome toro, E’' mepmeHamxy.nspro
K ¥, T. €. K OCH X.

Taxum obpasom, ecu B cucreme K cymectsyer auus
onHo us nosedt (E nau B), o B mmoGo# apyroii cucreme K*
nonsi B’ u E’ Bsaumno mepnenaukynsipan., CnpapefuBo
H obpaTHOe 3aKJIOYeHHe: eC/IM B HeKOTOPOH CHCTeMe OT-
ciera K nons B u E Baaumuo NepneHJuKyIsapHE (M Be-
JHYHHBE TOJiedl yNOBAETBOPAIOT YC/IOBHSIM, YKA3aAHHEIM
HHIKE), TO CYUIECTBYIOT Takue cHcTeMH K’, B KOTOPHIX
nojne GyHeT YHCTO INeKTPHYECKHAM, 2 TAKKE TAKHE CH-
CTeMEl, B KOTOPWX noAe Oyier 4HCTO MarHuTEeM. Haf-
A€M CKOpPOCTH COOTBETCTBYIOWHX CHCTeM, Hauas c pac-
CMOTPEHHA CAYYadA, Korha Uy < C.

[lyers BekTOopnl B u E Baanmuo NepneHinKy N8 pHE,
Hs ¢opmya (62.5) caeayer, uro anst Toro, 4To6u B CH-
creme K’ nose Owac 4HCTO 3aekTpuyeckuM (T. e. B’
OBIIO PABHO HYJIO), BEKTOp Vy JOJDKEH YAOBJNETEOPATh
YCAOBHIO

1
B= T IVQE].

910 ycnosre Gyner cob/IOAEHO, eClH BEKTOP Vo nepnes-
mRyasped k B (E nepnennuxynsipio x B no mpeanoso-
HEHHI0) H, KpoMe Toro, voF sin @ =c¢B, rie o — yran
Mexay BekTopamH vo H E. Takum o6pasom, none Gynmer
YHCTO 3JIGKTPHUECKHM BO BCEX CHCTeMax, ABHKYLIHXCS
B HanpaBJeHHAX, NepNeHAMKYNApHuHX K B, npn ycaosun,
UTO CKOPOCTH Uy AAHHOW CHCTeMH paeda ¢B/E sina. [To-
CKOJIBKY CKOPOCTh CHCTEMHB ©o He MOXeT npep3OlTH c,
paccMaTpHBaeMbie CHCTEMBl OTCYETa CYLIECTBYIOT JIHLIb
npu yenosu, u4to ¢B << E'sina. Ecan E << ¢B, yxasan-
HOE yC/IOBHe He BHINOJHACTCS HH NPH KakoM yrae o.
Caesnobarenbio, B 310M cayuae, HECMOTPSI HAa B3aHMHYIO
nepneHaukyasprocts B u E, cucrem, B KOTOPHIX MoOJie
ABJISICTCA YHCTO SJIEKTPHYECKHM, HE CyLIEeCTBYeT.

Jlersio y6enutscs B TOM, 4TO HONYYEHHBIH HaMM pe-
3y/AbTaT crnpaBefIHB Ge3 OroBopkd, 4To v <K c¢. Hns
sroro obparumca K ¢opmynam (62.3). Iycte B 1 E
B3aHMHO miepnedauKyaspHu. Bosbmem cucremy K/, cko-
POCTb Vo KOTOPOH nepneHAuKynasipHa K B u pasHa no se-
Juunne cB/E sino (o — yron Mexay BekTopamu vo H E).
BeaeacTBHe B3anMHON nepnenHKy.IApHOCTU BEKTOPOB Vo
u B cocrapasoman By pasua nymo. Corniacko copmyam

§ 63. MHBAPMAHTH NOJAA 257

(62.3) B} Taxxe Gyner ’Hy.uem. PaccmoTpiM qnc:::’l‘(:;b
dopmyast (62.3) nas B’ . Tlpn BHIGPAHHOM HA i
npaBaeHnn vo Bextop B, pasen B. BekropHce npousse
AcHie BEKTOPOB vo H E MOMXHO NPEACTABUTb B BUAL
[voEl == [voByl + [voEul = [veEll

(nepeoe cnaraeMoe PpaBHo HYJIO, TAK KAaK BEKTOpH
v, u B koanuneapun). Takum obpasom, Gopmyay Ajid
B’, MOXHO B paccMAaTPHBASMOM CAyHae HANKCATE e~
ByIOUHM oGpasoMm:

IR e 10 (62.8)

e
f\J.i i— {?Uf' i

Mo yeaoemio pekrop B mepnenankysspen xak X E,
Tax U K vo. Ilostomy BerTop [VoE] KonauHeapeH Bek-
topy B. Bubpas HapnexamuM o6pasoM HaupaBicHNE
BEKTOpa Vo (BNPAaBO HJH BJEBO), MOXHO CAENATH TaK,
yto6u BekTOpH [voE] m B umesn ojnHakoBOe HanpaB-
neuve. Toraa B uncaurene popmynn (62.8) 6yaer croath
PasHOCTb AIBYX OARHAKOBO HANMDABJEHHHX BEKTOPOB, u_o_-
Ayau Kotophix paBhel B m (l1/c)uveEsina. Eciu ve=
= cB/E sin a, MOAy/au STHX BEKTOPOB OKaXyTCHl OAMHA-
KOBHIMH ¥ uHCAHTENb B (opmyse jaas B, o6parirca
B uynb. Takum obpasom, u By, u B B atom cayuae Gy-
AyT OTCYTCTBOBaTh. AHAJOrHYHO MOMHO MNOKa3aTh, -rrg
B caydae B3aHUMHON NepneHIAHKYJNSPHOCTH mOJiel Bu
B cucreMax K’, OBRKyuuxcs B HaNpapieHHAX, NepneHiH-
kyaspueix k Bekropy E, co ckopoctbio vo, PpaBHOR
cE/Bsinoa (a—yroa mexny sekropamu vo ¥ B), none
Oy/AeT YHCTO MAarHHTHHM. DTO YTBEepXAEHHE CIPABEMITHBO
npu ycnaosuu, yto ¢E < Bsina. Ecan B < cE, cucrem,
P KOTOPHIX MOJe ABJAAETCA YHCTO MArHHTHHM, HE CyLie-

CTBYeT,

§ 63. HusapHaNTH NOAR
O6paayeM BHpaXeHHe

B.fz_E!2=ZB;2_EE;2=E(B;2_E;2).
3amennM B HeM BeJuuHsH B, u E; X BHpaMeHHAMH

9 H. B. Capenper, T. 1
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yepes HeWITPHXOBaHHHE KoMnoHenTn (cM. (62.2)):

Be— B =3 (B — )= B — B+

+ (B, -+ BE, —(E, — BB, P + (B, — BE,)? — (E, + BB
1—pe 3

Jlerxo yGeAuThcfl B TOM, UTO DPAaBaf 4acTk NPHBOANTCH
K BHLY
(B —E)+ (B — E) + (B — Y.

TakuM 00pasom, MH NMPHXOAWM K 3aKNOYEHHIO, UTO
pa3nocts Keaapator Bextopos B u E nmeer opHH2KOBOE
3HaYEHHE BO BCEX HHEPUHAILHRLIX CHCTEMAaX OTCYeTa, T. €,
ABNACYCH KHBADHAHTOM

B — BX=inv. (63.1)

Tenepb oGpasyem cKalapHOe NpoH3BEeReHHe BEKTOPOB
r
E' u B, 1. & cymmy Z ExBi. TloAcTaBHM B 3Ty CYMMY
F F
BMecTO £ M By ux 3Hauenun (62.2}. B peayabrate no-
RYYHEM COOTHOLIEHHE

Y, £ =

= E.B, (Ey —BB.) (B, + BE,) + (£, + BB,) (B, —BE,) _

1 —p?
— ZE&B‘.

CnenosaTeNbRo, CKanspHoe mnpousselieHne Bekropos E
A B Tarxxe apaserca HHBapHaKTOM

EB = inv. (63.2)

Hz (63.2) caeamyer, yTo B ciayuyae, Korga s xakofi-
AuGo cucteme oTcuera noafd B u E plaumMuo pepnesauxy-
aspHuM (1. e. EB = 0), 70 oHn GyAyT B3aHMHO HepTEH-
KHKYJADHHME H BO BCAKOR JApyro#t MHepuHaAbHOH CH-
cTeme OTCHETA.

Mz (63.1) sBmrekaer, uTo B cAydae, KOria B KAaKofi-
AnGO cucTeMe OTeueTa MOAyAd BekTopoe B m E oanha-
koBhR (T. e B2-—E2=0), To oun GYyLYT OJHHAKOBHIMH
B- 1080l Apyrof cHeTeMe OTCHETA.,

Kpome Tore, W3 HHBApHAHTHOCTH BHpaxennh (63.1)
H (63.2) moxHO cHenaTh caeayloiise BHBORb. Ecan B

§ 63. HHBAPHAHTH DOAH 959

Wakeli-nuGo cucreme orcuera pexropw B u E ofipazywor
awrpi (nna Tynofi) yroa (EB Oonbime ak6o Merpile
sy}, To OHH OyRYyT 06paz0BHIBATL OCTpHl (HAN TYnOil)

yiosl no Besikoi apyrod cucreme. Ecam 8 Kakoi-aufo ch-
dveme B > E (uau B << E) (r. e. B2 — E? Gomme nu6o
MEinme Hyast), To 1 B Jwboil apyroffi cucreMe Gymer

GOXPANNTHCA TAKOE K€ COOTHOWEHHE MeXAy MOAYATMA
wenTopos B u E.

B cayuae, xorza o6a HHBApHAMTa PaBHE HYJ0, BeK-
top B # £ BO BreX HHepUHANBMEIX CHCTEMAaX OTCUETA
POAHMI0 NEPRCHAHKYAAPHE H PaBHH N0 BeAHuYHHE.

Ecauw paBeH HyJIG Tosqbko HHBapHaunT (63.2), T. e
IR =0, To MOXHO HaliTH TAKyI» CHCTEMY OTCHeTa, B KO-
WON papHo HyJa10 ogno H3 nojed, B nan E, wakoe
HMGIN0, ONPeReNsieTcst 3HAKOM Bbipamenss B2— E2
Crpaneganpo U O6paTHOS COOTHOUIEHHME: GCAH B KaKOH-
#ilho CHCTeMe paBHo HyAwlw oixo H3 nosefi, B nan E, 10
G0 NeAKOR Bpyroi cuetTemMe noaa G6YLyT B3auMBO Nepnen-
ANEYAAPHEMHE (K 9TOMY 3aKAKYCHHIC MH YHe TPHILIA
phoee, AHAARAUDYS GOPMYAW ApeoBpasOBaHNd NOACH).

Hap0 nMeTh B BHAY, ure Hoaa B n E, pooSute rosops,
MonHoTes  of TOYKH K Touke. [lostomy uizapHamtH
{65.1) v {63.2) moryT MMeTE B pasHhIX TOYKaX ONA pas-
e snavenns. Bricka3anuue BHINE YTBEPIKECHRA O CBOH-
ey noaell OTEOCATCA K TeM TOUKAM MOJst, ANS KOTO-
P BWNOAMSIOTCS (IPHHAMAEMbIE MPEeAnosioXcHus (Ra-
UpHIMeR, PaBeHcTBo WY AAWHOr® HHBApHARTA H T. ,D..).
P 474 NpeRIoAoMeHYsT BRINOANSIOTCH B BCeX TOURAX
UAS, TO, PAGYMEETCH, d YTBCPMACHNA ¢ CBO#CTBAX NO-
poft Taxoke OYAYT OTHOCHTHCSH KO BCeM TOUKAM.

[Tpuesz 20 BHUMAHHE cHeNaNANe 3aMedyaHis, RONyc-
i, are B cacteMe K B HEKOTOPON TOUKE 5ONA LPOH3-
wiionne BB OoTAHMYHO OT HYAS, T. € 4YTo HOAA 8 NaHHOH
JONIE 1e HepNeHARKYAsSpHW Apyr Rpyry. Torga moxuo
et Taryio cicteMy oredeta K, B kOTOpo# NONIA B AAK-
W TOMKe mapanneabtsl Apyr Apyry. B 3Toft cucreme
B = £7B, Tak uto noayuaercs ABa ypaBHeHHs:

B —E*=8'—F?, E'B'=EB.
IFoiine cOBMEeCTHO 3TH YpdapHEHHA, HaigeM 3HAYEHUA Be-
aisign FY 9 B’ poToft cMcTeMe ¢TCYeTa, B KOTOpPOH mons
0w B napaaaescAs {sextopul E n B sanaum).
Hupapaanrel 1oAn MoXEO HaBTH, HCXOAA B3 ofmux
sunhorn renaopos. B Ipunoxenun X nokalato, 410 BpH

H*
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NEPEMHOKEHNH TEHIOPOR M-TO K N-TO PAHIOB noJsydaerca
TeH30p (m 4-n)-ro panra, a Takxe Y7o CBepThIBAHHE
TEH30pa no A1060d nape HHAEKCOB NOHMMXKaer paHr TeH-
30pa Ha ABe einnRuH. B wactHocTH, cmeprka TeH30pa
BTOPOTO paHra, paBHasA CyMMe ero AHaroHaJbHEX KOMIO-
HEHT, HA3nBaeTcs cAesoM (wnypom) TeH3opa H mnpen-
CTapnser coGod HHBapHanT (cM. (opmyan (X.21) u
(XII. 63)).

B caynae awtucummerpuunoro TeH30pa, KAKOBWM AB-
JARETCH TEHIOP 3JICKTPOMATHHTHOrO NOMS, clen papen
HyJIO, Tak 4TO 3TOT HHBAPHAHT WHTepeca He npen-
CTaBASIET.

O6pasyeM npomussenenne Tensopos (61.8) u (61.9),
T. €. TEHIOp ¢ KOMMNOHEHTaMH FFP9, On npeacTapiser
€0o60di Tew3op uerseprToro panra. Ilpoussesem asoiinyio
CBEPTKY 3TOTO TEH30PA, NONOXKHE DABHHMH HHIEKCH T
H p, 3 TAKXKE v H ¢ H NPOH3BEAA CYMMHPOBAHHE 1O ITHM
HRAekcam. B pesynbrate pamr tensopa nommsutcs na
HETHpE EAMHHUN (KaMAasn W3 ABYX CBEPTOK MOHHMKaeT
PaHr Ha JB3d) W MH NOAYYHM TEH30p HyJeBOro paura,

. €. HHBADHAHT;
E F].WF“= inv.
[T

Tloacranoska coaa suavenni Fuy u Fw y3 (61.8)
r (61.9) npuBOANT K cOOTHOmEHRIO

3

2 Fu ”_—.-—2;: E§+2§:| B =2(B’— E®) =inv,

he® (63.3)
UTO coraacyetca ¢ dopmyaofi (63.1).
Tenepn o6paayem 4-TeH3IOp BOCHMOTO pamra

e FopF oy, (63.4)

rae e¥r? — aGeonmoTHo AHTHCHMMETDHYHBIA eNHHHYHE
4-nICeBAOTEH30p yeTBepTOro pasra (cm. IMpuaoxenne XII,
TeKCT, cienyiomuit sa dopmynof (XI1.68)). Oranunme
OT HyJIA KOMNOHEHTH 5STOTO TEH30pa paBHH -1 HiH —1
B 3aBHCHMOCTH OT TOTO, KAKMM YHCAOM AepecTanHOBOK —
UCTHHM HAH HEYeTHHM — MONeT OWTh NOAYUECHA AAHHAR
TIOCACROBATENLROCTL HHACKCOB |, v, P, G, M3 NOCHEAOBa-
TeabHocTH O, 1, 2, 3. B Ta6n. 63.1 NPHBEACHW BCe mepe-
CTEHOBKM MHAEGKCOB C YKaszaHHEM 3HAKA IpA eAHHHLE,
KOTOPHA MM COOTBETCTBYer.

§ 64. YETHPEXMEPHRE YPABHEHHA MAKCBEMNA 261

TaGnega 63.1

I
l [ Mocne- ) Raas
| 3nak .=Lm_z;i-3'e::h- 3nak
oo S oo |
01 23 +‘1320 +!j§gé? -~ ggé? -|—-
1] 32 eSS 1302 — el
0231 ull BRSNS 3:32 il g 6
p. — 123 — f .3 | = |
3;:3 + 1032 412301 | +)3021 |+
0321 -— 1023 | - 123190 —]301421':“

YeTnipexkpaTHasn cpeprka Tensopa (63.4) npeacras-
Janet cobofl HEBAPHAHT:
Y, WO F F, =inv. (63.5)
[PV Y |
Hanncan 24 OT/MYHHA OT HYAS CHaraeMHx cymlm
(63.5) (awax caaraemHx HyYXHO B3ATH H3 Taba 63.1},

JAerko yﬁenmbca B TOM, YTO HX MOXHO NOAPa3LcAHTh 1;3-
miecTs TPYNN, BHAKNYAMWIOHX B cefsn mo JeThipe COBI

AQWIIMX BHPAXEHHA;
=4F F —4F01F32+4F02F3] —
B 1 — 4FoF s + AFF 1y — 4FFy.  (63.6)
He AHTHCHMMETPHYHOCTH Ten3opa Fpy npoHsse-
E:§:§M%1F32=—FMF” H T. 8. [losToMy BHpaXKeRHe
(63.6) ynpoumaercs caeayiomum obpasom:

3. =8(FyuFu+ FuFay + FosF i) =inv.

06-
HusapuaRTHHM GyleT, OYCBHAHO, H BHpPAXKeHHE B CK
Kax. lgloncl‘auonxa 3navyenud (61.8) mas Fy, Raer

Ex (_ Bx) = Ey(_’ By} HE Ez ('_ Bz =Inv,

uto coBnagaer ¢ (63.2).

§ 64. ¥paeneuns Makcseana
B 9cTRipeXMepuoft dopme

mapa ypaeHenH#h Makcpeana (r. e. ypabHe-
uunn(e5p5?g)) upomg'l? OGHTb 3anHCala B BHAE OAHOIO YpaB-
HeHHA AAR KOMRoHeHT TeHsopa (61.8)
OF, . OFy, . OFy L 64.1)
ax® + axk +

ax
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3aMeTHM, YTO MHAEKCH B KaXJOM M3 cAaraeMuX obpa-
3YIOT LHKJHYECKY!0 MEPECTAHOBKY MNOCAEROBATENbHOCTH?
ll, vv p'

Brupaxenne (64.1) mnpencraBaser co6oii COBOKYH-
HOCTb HETHIPEX YPaBHEHHH, MepBOe H3 KOTODHX NOAY-
YaeTcA NpH 1, v, p, paBHEIX cooTBercTBenno 0, 1, 2, BrO-
poe —npk u, v, p, paBuux 1, 2, 3, Tperbe —npu p, v, p,
paeHsix 2, 3, 0, W, HakoHel, uyeTBepTOE — NpH B, ¥, D
pasHeix 3, O, 1. B cuay anTHcHMMeTpuu TeH3opa Fuy
YPABHCHNE, noayualomeecs npu Ja06oi apyroii KoMGuHa-
UHW TPex HeCOBNAAAIOUIHX HHAEKCOB, CBOAHTCA K OAHOMY
H3 YKa3aHHHX YeTHpex.

H2anm.uem ypaBrenne (64.1), nonoxns p=0, v=1,
p=2,

AF o1 dF g AFq4
ox? + I + sy =Ov

IMoacrasne snavenns Fyu, 0 koopaunar x¥, NOMYYHM

OTKYZA

Hahaenunoe coornomenue npepcrapaser coofi 2-10
KOMIOHEHTY BEKTOpHOro ypasHenus (55.12). Amajornu-
HO, ypaBHeHHA At p=2, v=23, p=0u p=3, v=0,
== ] JalOT X-10 H Y-10 KOMIOHEHTH TOro e ypaBHeHHs.
(I!onyt;uae-rcn ypaBHeHHe AAsi TOH KOMMNOHEHTH, HHAEKC
KOTOpPO# OTCyTCTBYeT B HaGope 3HaueHuH p, v, p.)
Nonoxus p=1,v=2, p=3, npugem x opmyae

aF,s AF 3y aF
+ 9 4 I
ax! Ix2 )

KOTOpasd nocse NOACTAHOBKH sHadeHHli Fy, u x* nepexo-
HHT B COOTHOILEHHe

OBZ an 3 Bv

== = = =0,

oz ox dy

SKBHBAJICHTHOe BTOPOMY H3 ypaBHeHm#i (55.10).
Takum oGpasom, Mm yGexunuce B ToM, uTO ypaBHe-

Hie (64.1) sxsuBasenTHO neppofi flape ypaBHeRHE Makc-
BeMJIa,

& 65. YPAPHEHHE HNBHXEHHA YACTHLH B IOJIE 263

Bropas napa ypaBheRrfi Makcpeada, T. €. ypaBHeHHA
(55.13), MoxMeT OnTh 3anMcaHa B BHAE

3
IFHY 4
Z axv = __f" (!-‘=0» ll 2’ 3)‘ (64‘2)
=0
IleficTBHTeNEHO, NOJOXKEM, HanpHwep, p=1. Toraa
ypasHenne (64.2) sanuwerca creaylomnM o6pasoM:
aFIO aFI! aFIS __4_“ i
gx° ax* ar® v

(F'' =0). llogcrapus 3navenus F¥¥ K x#, a TaKkXe
CTpYNAKpOBaB HaMeXaluM 06pasoM UAeHH, NHOJYUHM
ypaBHeHHe

38, 0B, 4 1 3E,
dy oz = ltT 5

npeacraBanwiee coboli x-10 KOMNOHEATY BEKTOPHOFO
ypanHenrms (55.13). AHaJOTHUHO, YPaBHEHHS Ansd p=2
H up=23 AAIOT ¥-10 H 2-10 KOMMOHERTH TOro Xe Ypas-
HeRHA.

[Mpx p = 0 ypapHesnue (64.2) rmeer BHA

aFu oF0z aF
ax! + arx® + ox¥ = — 47p-

Iopcranoska araveHnli FWv g xP gaer

ar at oE
X Vs Eg e -
T Tax oy oz 4np,

YTO COBNAAAST CO BTOpPHM M3 ypamHewu®t (55.13).
Taknm 06pasomM, MH NOKa3alH, 4To ypasuenue (64.2)
3KBHBAJEHTHO BTOPON nape ypasHenuii Maxceesia.

§ 65. ¥YpapHerHe ABHIKEHHS YAcTHIH B Noje

Coraacio (38.16) ypanHeHHe ABHXKeHHH 3apsKeHHON
YACTHUHN B 3JeKTpOMardHTHOM none HMeer BHA

%(—-———%P ) ==¢E + % [vB}. (65.1)

Pagnenns o0e uacTH paBEHCTBA HA A1 -‘E’Ic’ H NpHHAB
50 pHHManne, 4T0 df /1 — vFc? ectb dv (cm. dopmyay
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(34.13)), noayaum

_d_( Hv e cE+4[vB]
dr \ /1 = o7/ ¢ 1/1 v¥fct

HAl, B XOMTIOHEHTAX,

_E_( mo, )=icEx+osz~usz
T \ A/l — v3/e? ¢ A1 —o¥jc? #

d ne e ¢cE,+0v B _—v B
k) 4 z X Xz 2
% - , (65,
'\/l U’/c"’) ¢ 1/! — v*/c? (65.24
e :E -0, B,—v B

v-x

(ﬁ/l 02)'02 —‘: 4/1 —--U"r:

Ho H‘/'\/i — vt =u* c[+/1— v¥/c? —czjcz—u“(cm (36. G))
Hanee, Ex=F", E, *Fm, E,=F%® B =F%— . F3,

B,=F®=—F%, B = e F'z. [Mostomy ypaeHe-
HHa (65.2) MokHO BanHcaThb cleaylolEM oBpasoM:

m G == (P + FVuy 4 F),

m S = £ (Fyy 4 Foluy 4 FPuy), (65.3)

m—“—"—=—(F°°uo+Fﬂ'u.+Fm

CnpaBa MH HCNONbL3OBAJNH KOBAPHAHTHHE KOMIOHEHTH
4-CKOpoCTH A1 TOro, uroGn Bce caaraeMHe OHAH €O
3HAKOM <>,

Tenepe Bocnonb3yeMcst TeM, 4TO OHCTPOTa H3IMEHEHH:
SHeprid YacTHnH paBHa paboTre, coBepllaeMoit B eam-
HHIY BPEMEHH cHAaMH, AefiCTBYWOIIMMH HA HacTHLY,

:_t(w%) = (eE. +2 [vB]) v=/cEv. (65.4)

Paszeaus o6e yactn 31010 ypasHenus nHa ¢ A/ 1 — v¥c?,
NOAYIHM u‘
d,

m—— = (F°‘u; + F%uy - F®uy). (65.5)

Conouynnoc'rb ypasuern# (65.3) n (66.5) moxkuo sa-
NHCaTh B BHAE OXHOrO ypapHeHHA

mi'i=-ZF“" (=0, 1,2 3). (655

y=0(
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3T0 W ecTh ypaBHeHHe EBWIKEHHS YacTHRK B NoJe, 3afH-
caHHOe B yeThpexmepHOl ¢opme. Ero npocrpaHcTBeHHMWe
KOMTNIOHEHTH 3KBHBaJeHTHW ypaBHermio (65.1), a Bpe-
MEHHASl KOMMOHEHTa SKBUBAJCHTHa ypaBHeHHID (65.4).

Ypaptenuo (65.6) moXHO NMpHAATh HECKOJbKO HHON
puf. Onyctum B obeux vacrax dopmynu (65.6} cpoSon-
WBft MHgeke p pHU3. KpoMe Toro, nepemMecTHM OIHOBpe-
MCHHO HeMOA HHJZeKke v npu FMY BHA3, a NPH &y BBEPX.
B pesyaeTate nonyqum

d
m e ZFMu" (w=0,1,2 3. (657)

=0}

[MocnenHee ypaBieHHe MOMHMO NOJAYHHTE HeENocpen-
cTReHHO W3 ypaeHenu#i (65.1) u (65.4), ecqn 3amMenuTH
B HHX JE€BY0 4YACTh KOBADHAHTHHIMH KOMNOHEHTaMH
4.CKOPOCTH, 2 BeHYMHH E; U B NMPeICTaBHTbL KaK KOM-
noHeRTH TeHsopa (61.8).



Taapa XII
BAPHALHOHHMA NEFUHUNUA B 3NEKTPOIWHAMBKE

§ 66. Helficrede A9 3apAKEHHON YACTHUL
B 9JIEKTPOMarHHTHOM noJje

Coraacie ¢ ONHTOM noay4aeTcd B TOM cAyuae, ec/ln
B KavecTBe JieHCTBHA AAA YaCTHIR B noJe NpHHATH BH-

paxeHyue ;
3
S=S(_mcds—-§;z A,,dx»). (66.1)

1 p=0

roe m— Macca vacTHuH, e —ee 3apsas, Ap— 4-noves-
unaa fonsa. ObGpamaeM BHMMaHHe Ha To, YTC NOA 3JHA-
KOM RHTerpaja CTCHT, KaK 3TO H AOMKHO OuITh, HHBA-
puaanr, Tlpy A, =0 pupaxenne (66.1) nepexonur B pef-
cTBHE Ann cBobopaHoll wactHnw {cMm. ¢opmyny (39.7)).

OTMETHM, YTO HEOAHO3HAYHOCTL MOTERLNAJA He OKa-
3nBaeT BAMAHHS HAa YpaPHeHHWsa ABMXeHHA. [leficTsu-
TenbHo, 3aMenus A, B (66.1) meanunanamu A, (cu. dop-
uyaw (60.16) n (60.17)), moayunm nol 3HAKOM HHTe-
rpajia BONOAHHTENbHHE ClaracMme

a
A 4 -
.._.% LZ-] =tF dx* 4 C a'x“] = — ;— [d% (¥143x3) + € dx°)

Tlpa MOTerpapoBaHHd ITHX cAATaeMBX NOJAYYaeTcs No-
€TOSIHHAS BeAHYHHA

2
_£S(d¢+Cdx°)=
£
1
= —Z[v @+ e} + S [$ (M) +Cxyl.

£OTODasA NpH BapbHPOBAHHH AEACTBHA RAET HY/b,

§ 66. JEACTBHE OIS YACTHLIK B MOJE 267

Bupaxenyde (66.1) cocrour n3 apyx uaenos. [Teppufl
33BHCHT TOAbLKO OT CBOACTB 4acThHue (ot m). Bropoil
OMHCBIBRET B3aHMOIEACTBPHE YACTHLLR ¢ TMOJEM, B COOT-
BETCTBHH € Y€M COAEPHHT KaK BeJNUUHHY, XapaKTePH3YIO-
Wylo 4HacTHuy (3apsA e€), TAK H BeJUYHHY, XapakTepH-
sywomyio nose (norexuuan Ay). Boobule roBops, HyXKHO
6b110 OB BKAIOYHTDL ellle 4JleH, ONHCHBAIOWKA caMo noJe,
Ho, paccmarpusas ABHKeHHe YACTHLHH B 3aJaHHOM HOJE,
3TOT WJIeH MOXHO He NPHHHMATh BO BHHMaHHe, TaK KakK
OH B CHJY oNpefeseHHOCTH ROAA He AOJKeH BapbHpO-
naThed, [lpaBiaa, 3T0 yTBepXK/IeHHe OKaaLHBaeTca cHpa-
BEAJHBLIM JHIibL DBPH YCAOBHH, YTO 3apaj YacTHLH
HACTOJNBKO MaJ, YTO ero BAHAKHEM H#a noJe MOXKHO nmpe-
neGpeub. [lpn paccmoTpeMMn ABHIKEHHA YacTHUW B 3a-
JaHHOM Mole MW GyAeM NPeANonaraTh, YTO 3TO YCJAOBHE
DBNOHEHQ.

IToayuynM ypaBHeHHA ABHIKEHHA YACTHLH, HCXOHOA H3
OpHHOKNA HaHMeHbUlero jeficteHA. CoraacHo 3TONY
HPHHOANY AAA HCTHHHOH TpaeKTOpUH YACTHIR BHIOJ-
HAETCA YCJOBHE

-

ss=8{(—meAfY dr,ar*~ £ 5 4, dr") =0

(Mu nponssenn sameny: ds?= Y, dx”dx"). OcyinectTaHa
BapbUpOBaHHe, NOJYUUM

2
e G WRTCCR

e
— =) 84,dx»)=0 (66.2)

(cM. dopmyay (39.9); nHanomnum, uto 6(dxr) = d(dx*)).
ITpounTerpspyem neppLie ABa wWieHa B NOAWKTerpaib-
HOM BHPAMEHHH Mo vyacTAM. B pesyanTaTe nepsuft unea

NpPHMET BHI
2

d
Sm Zéx“%dt,
1

rie t— colCTBeHHOE BpeMA YACTHOH, u)— 4-CKopocTh
yactiuu (cM. dopmyay (39.11}). Hnurerpupopanue wo
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yacTAM BTOpOTO WicHa AacT
2 2

2
~_S %_Z A d (dx») = — % Z A, bx» | - S -E—Zéx"' dAy.
1 . i 1

Tlephoe BpHpaXeHHe CNPaBa €cTh HYJb, TaK KaK HA KOH-
iiax TpaexkropHH dx# ==0. ChenoearenbHo, nocje HHUTE:
TFPHPOBAHKSA NO YACTAM WEPBHX ABYX MJEHOB BHpaXKeHHE
(66.2) npusonu'rca K BHAY

L (m26x“

B gy 4 — Z‘axudA

——C—ZM,,dxv)=o

(Kak ceiiqac BWACHUTCS, B TPeThEM UAeHe lenecoobpasno
06G03HAYHTh HeMON HHAeKe OYKBOH v).
TeRepe npon3pefeM 3aMeHH:

Y| a
dA, = Z B dy¥ = Z G:ﬂ &Y dt — BO BTOPOM WJNEHe,
v v

ax"

8A, = g’l"' 8x* w dx¥=u"dt — B TpeTheM UJELHE.

B nrore noayunu

2
du e aA
1 vt iy I,
os_lS(m;w — dt+cz“:6x"§ =

HTO MOMHO 32NHCATL CAEAYIOIHM 06])830&[1

Z (m -y

X
e aAy —
— ';" 2 m u") dxtdy = (.

Jas roro 9T00H HAOHCAHHOE YCNOBHE BHOOAHAJNOCH OPH
fAponIBoAbHEX Ox*, HeOOXOAHMO DPaBeHCTBO RY/I0 BCEX
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MupaXKeHHR, CTOALEAX B KpPYTJHX ckobkax. Orciofa Bu-
TEHAKOT COOTHOMIEHHA

dun

uV
ax” ax¥ )
HWJH
d“u -
dt

},l\"uv (p' =0! lr 2: 3) (66‘3)

(cM. popmyay (61.5)), uro coBnanaer ¢ (65.7).

TakuM 06pa3zoM, MH NOAYYHJIH YpaBHEHHe HNBHIKEHUA
UACTHLH B NOMAe, MCXOAS H3 NPHHHMNA HAWMeHLUICro
JREACTBHA,

§ G7. JiefictBHe AR SACKTPOMATHATHOO NOAN

8 nmpemmayiieM naparpade ME CUHTANH NMOAE, B KO-
TOPOM ABHIKeTeA YacTHUA, 33JaAHHM, B CBASH C UeM CJa-
raeMoe B AefiCTBHH, ONHCHIPAIOIIee CBOACTBA CaMOFO
o4, Mel He yuHTHiBaan. Temeps paccMOTPHM cHCTemy,
COCTOALILYIO W3 YACTHU, HAXOAAWMXCH B SJIEKTPOMATHHT-
ItOM NoJe, H NONKTAeMCsd, HCXOAA B3 NPHHIHANA H2NMeHRkb-
wero AeficTBUA, HafiTH ypaBHeHHs, ONpeReAsIONAe AoJe,
llpn 3TOM MH MOMEM OTKA3aThCA OT NPEANOAONKEHHS
0 MAaJOCTH 3apAf0B YacTHU H NMOJYYHTHL YPaBHEHHA RAA
MCTHHHOTO MOASA, T. €. NOAS, HOJYHA0LIEerocs ApY ciaoe-
I BHELIHETO MOJA C NOJAEM, COSAaHHHM CaMHMH 3apf-
anmpr, Cheposare NbHO, BeJHYHHE A, AOJXKHW OyayT 3a-
BHCETH OT MOJOKEHRN H cKopocTefl YacTHI,

IleficTBHe AAA CHCTEMH NoAe 4+ YACTHHH ZONKHG ¢O-
CTONTL H3 Tpex dacrefli:

S=51+ Su+ Smp- (67.1)

dxece Sy ecTb Ta YacTh AeficTBHS, KOTOpas 3aBHCHT
TGALKO OT cBOHCTD CaMoro noas, T. €. AeficTpHe AAS OONA
n OTCYTCTBHE 33PAA0B; Sm~—Ta YacTb AeficTBAA, KOTOPAS
ANBHCHT TOABKO OT cBUKCTB YAaCTHL, T. €. JeficTBHe AN
cnoboanbix 3apanoe. W, waxowen, Suy €CTh T4 4acTh
feficTeug, koTopaa ofycnopaecna  BIauMonehcTaHeMm
MOMIY YACTHLAMH H TIOJEM.

Yro wacaercs nNocaeARHX ABYX WIEHOB, TO MX JHaTe-
HHH MOXHO NOAYYHTR, CAOXHE BHpaKenua (66.1) anm
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Bcex qacTHU. ClenoBaTeNbHO,
N

Su=— Y mee s, (67.2)

a=1

Sum=—3 22 {3 4, du. (67.9)

a=1 =0

3necy @ —Homep HacTumH, N — UMCAO pacCMaTpHBRes
MEX YacTHU, A, — NOTEHUWAN NOJA B TOA TOYKe 4-npgs
CTPAaHCTBA, TAe HAXOAHTCA YacTHUA ¢ HOMepoM a. HHs
HeKC g chaeAyer OTAHYATL OT NPHMeHsieMWX AAA OG03IHRs
YeHHA KOMMOHEHT 4-BEKTOPOB M 4-TeH30POB HHAEKCOB
¥, 0 ... HaA nociefHnX HHREKCOB HYKHO pasnHYaTh
BEPXHee M HRXHee moJoxkeHHe. Jlan HHAekca a Takoe
pasnHuHe He HMeeT CMHCAA.

Bupaxenro (67.3) moxHO npuaaTte Apyrofi BHA
C s708 ueasio samenny B Hem  dxl uepes (dxu/df)dl,

T. €. HANHIUeM
- e, dxh;
S”'f"_ETSZAMTr dt.
@ »

Hanee npeacTasuM COBOKYNHOCTH TOYEHHHX 3apAZ0B
€a KaK 3apaj, pachpelefeHHHR B NPOCTPAHCTBE C HJAOT:
HOCTBIO

o= Z e8(r —r,)

{cM. (41.12)). Toraa 3apsa, 3aKMCUEHHW B IJeMeHTe
obbema dV, moxio sanucaTs kak de=pdV n cymmy

BUAA 2, eof (X4 Yar 2) 3AMCHHTD HHTETpajdoM
{ox. 0. 27, 4, Dav.
B pesyasrate noayusm

S,,,,=—%SpdVSZAu‘L—'Zudt.
1

Teneps yureMm, uro p(dxw/di)= j», rae j*— KOMNO»
#eHTa 4-T0K2 (cM. ¢opMyay (60.8)). 3HaunT, MOXKEO

§ ¢7. AEPICTBHE HAA 3AEKTPOMACHHTHOIO NONAd o1

HAlIHCATD

Bppp = — S ; AV dt=— — S Z.:’ Ay dv, (67.4)

the dV* = dxtdxldxtdx® — cdVdt.

Uro6p NOJYYHTb BHIpPAXeHHe JNA caaraemoro Sy,
#pNMeM BO BHHMAHHKe, YTO, KAK NOK23HBAET ONMIT, 3/M€K-
TpOMAarHUTHOE [10Jie MOAYHHAETCA NPHHUHMY CYynepnoan-
win. [NosToMy ypaBHeHHs AJA NOJA ACNKHB OBTH JH-
wellnumn auddepeRuHaNbHHMHE yPaBHEHHAMH. YpapHe-
WISl NOJIA  MONY4aKTCs BapbHpPOBaHHeM NeHCTBHSA, NPH
OO LHPOBAHHH Ke CTeneHb NOALIHTErpa/bHOrO BHpaXe-
WiN NOHKXKaeTcd HA eaHHHHY. CheldopaTensHo, ypasHe-
WA OKAXKYTCA JAHHEHHHIMH B TOM cAy4ae, eciH B Aefi-
iKY 1I0A, 3HAKOM HHTerpaja Gyaer cTOATb BRtpaKeHHe,
knoapaTnyee no noji. Kpome toro, 310 BHpaXKeHHe
AVMKHO GRITh HHBAapHAHTHBIM. [IpocTefiliiMiu KBaApaTHY-
HWMH HHBADHAHTAMH, KOTOpHEe MOXKHO 06paszoBaTh W3
ABPOKTEPHCTHK MONfA, SABJAATCA ABa: > AA" n
Y F,F*". Tleppufi WHBApHAAT AIA Hallei UeJN HENpH-
(oel, TAK KAk 4-NOTEHIHAA onpefiesied HeOLHOZHAUHO,
Taknm ofpazom, MBI NPHNOAHM X BBIBOAY, YTO NOA 3Ha-
NOM HHTErpaia B REACTBHH JAONXKEH CTOATh HHBApHAHT
Y P F*. UYrobs noayuuth AeicTBHE AAA BCErO NOJS,
IYMHO NpPOH3BECTH HHTETPHPOBAHHE MO BCceMy 4-npo-
CrpancTry, rie noje OTAHYHO OT Hyasa. Krak, Mu nph-
ROAHM K BHPaXeHHIO

S=a| P F P ar,

v

ijl¢ & — HeKoTopaA KoHcTaHTta, dV* = cdV dt. Hurerpu-
povalAe (0 KOOPAHHATAM OCYUIECTBAACTCA 00 BCEMY
fCXMCPHOMY NpPOCTPAHCTBY, & NO DBPEMEHH - MCHAY
AHYMA 3aJ@aRHBMMHE MOMEHTAME £y H {2,

s paliieHHoro HaMH BHpPaXeHHA NOAYYAWNTCA TNpas
#itbiNe YpaBHEHHA NoJidA, eCH MOJOXHTE (B rayccoroh

cnereme) o = —1/16me. Toraa
St=— oz ) 2, FunF* V", (67.9)
o ¥
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Cnoxwvs Bupaxenns (67.2), (67.4) u (67.5), noay-
YuM AeRCTBHE BAA CHCTEML! NONe | SACTHUR:

S::.——Zmacgdsﬂ——-cizs Z At dve —
a B
— o \ S PPV, (67.6)
TEY

Coraiacio ¢dop!

IMorcrasus 3To yeppe B (67.5), a Takxe 3ame-
HHB dV* uepes c¢dV dl, MoXHO TpHBECTH BHpaXenue
A 8; x BURY
2y
1
si={a\L@—_mav. (67.7)

-

Mz srofi popMyan BLITeKaeT, ur0 HyHKuHA Jlarpanxa
AJS HONA ORpeAeNseTcs BHPAaXKeHHeM

1
Lf ~m S (E2— B9y dV. (67.8)
Hrax, MH ycranoBmaM BHA NEHCTBHA ANS IJNEKTPO-
MArHHTHOrO nons. Kak HafiTH ypaBHeHHS NOASA, UCXORA
913 DPUHUHINIA HaHMeHblIero AeficTens, 6yner oObsACHEHO
B chelAywolieM naparpade.

§ 68. Buoop yparueHnii Makcseana
H3 NPHHIHNA HAHMEHbILEr O n,eiic*mnn

HafireM ypasHeHNA NoNs, cunTas ABHIKeHHKE 3apsfioB
safannum. B aTOM cayvae uieH S, B AeHCTBHR MOXKHO
He NpHHHMATh PO BHHMAaHHe, NOCKOABKY OH B CHAaY onpe-
AeNICHHOCTH JIPHMKEHH 3apAi0B He AOJNMEH BapbUpPO-
patbcd. VITak, GyReM HCXOMUTL W3 BHpaXKeHHS

3=3f+3mf=—‘|'§l,,—gg ZF“,F""dV'—-
[TRE

— ;‘;S Y atave (8.)
@

(cm. (67.5) r (67.4)).

§ 68. BRIBOJ, YPABHEHHA MAKCBEJJIA 273

BudicanM Baphaukio Beipaenna (68.1) u npupas-
psieM ee Hy 0. [1pp 3TOoM yuTeM, UTO B CBSI3H C onpeje-
JICHHOCTBIO ABHIKERIA 3apAAOE TOK j* me JON:KeH paphH-
popatkeA. ChaeloBaTeNbHO,

8S = — i S 8 (Y FuP)av: — T‘,;-S 3 oAV,
(68.2)

Onpepeannt BapHAUKIO, CTOSIYN NOL 3HAKOM Tmep-
BOFO MHTErpana,

8%, FogF* =3, Fuy OFY 4 X F¥Y 6F .

IToanuMeM WHEEKCH ¥ MEpPEOrO COMHOKHTENA MNepusoft u3
CYMM H OAHOBPEMEHHO ONYCTHM HX Y BTOPOr0 COMHOMH-
Tesns. B pesyabrate noAyuHM

8 Fu F*" =23 FoF,,.

MMpunap Bo suumanie dopMyay (61.5) anga Fyy, Ha-
NHINEM STO BHIpaXKeHHe CAeAYIOIHM obpasom:

o4 aAu
2: iy, S8 2: S (WY T —
Ll iof TS 6(0::“ ax")
a4 a4
pr By ¥ we Y
-—2EF b—r-bx“ QEF T

Bocnoab3opablunch 2HTHCHMMETPUYHOCTLIO TeH3opa FWY,
3aMeHAM B nepeofi cymme FW yepe3 —FVi, a 3aTem nome-
HAEM B STO CyMMe HHAEKCH p H v. B uTOre nmeppas cym-
Ma CTaHeT TOXAecTBeHHOR CO BTOpPOA H MH MOJAYYHM, 4TO

oA
3 Fuf*'=—4) P% g (68.3)

HsMenup nocaegopaTebROCTE AudPepeHUAPORAHHS
W BapbHpOBanuA BeauyHH A,, npupesem (68.3) Kk Buny

3 Y FuP"=—1% P2 04,

axV¥

Teneps npeobpasyeM mnoayseHHOe BHpaxenue no op-
Myne uv’ =(uv)’ — u'v:

8 FuP*'=—4) af" (P 84,) +
+ 4 Z 34,

a
oxY

o
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TMoactapus 3to supamenue B (68.2), npraem Kk caedyio-
mekl dopmyae AAR PAPHAUHUH AeHCTBHA:

SOl | 8 9 (pw . _
85 =1 SZ:: 2 (Faa,)av

s
l ﬂ By ] l b -
—T:EES D 8A S PV — ?S Y MoA,dvt. (68.4)
I [
[Mepewf u3 Tpex HHTerpaJoB MOXHO npeobpasoparh
no ¢opmyae Ocrporpaickoro-— I'aycca B nopepxHOCT-
HHE HHTerpaJ:

S D a.fv (F*o4,)av: = S Y P 8A, df,.
" v [THR

Ha rpaunue paccmatphiBaeMoro 4-o6rema 84, = 0. Ilo-
STOMY HaNHCAHHHN HaMH HHTerpan Hcuesaer. Takaum oG-
pasoM, B popmyne (68.4) HyMHO cOXpaHUTb TONLKO BTO-
poii u Tpernft wiaenn. OOLeAHHHP HX BMecTe H BhIHeCA
32 CKOGKH 061Hil MEOXHTEAb 8A,, noayuum

o 2L L L i I .
%mm csg(‘m -~ ax¥ c")dA“dV'

B cray npon3BOAbHOCTH Baphaunfi §A, uafijendoe
HaMH 3HaueHHe &S MOMXeT 0Ka3zaThcAd paBHHM HYAIO
TONLKO B TOM cJayiade, €CJH BCC BbipaiKeHHS B KPYribX
ckoBrax 6yayr Hynsmu. ChAefoBaTejbHO, MB NPHXOAHM
K YpaBHeHHAM

(p' =0, 1, 2, 3)3 (68'5)

KOTOpHE MPEACTABAAKT cCGOA RTOPYW Napy ypaBHeRHi
Maxceenna {(cm. ypashennsn (64.2)).

OtMetum, uTo cBR3k Mexay noasmu B n E, ¢ onrod
CTOPOHbl, H 3apAjKaMM H TOKAMH, ¢ APYrod CTOPOHH,
onpeeaserca HMeHHO BTopofi napoft ypapHennit Maxc-
peana (cum. ypapnenus (55.13)). Ilepsasa e napa ypas-
HeHnf Maxceeasna eupaxaer csofictea nosedi B u E n
WX CBA3b APYr ¢ ApyroM (cwM. ypaeHenua (55.12)}.

§ 60. TEH30P SHEPFHH-UMITYABCA NONA 275

§ 69. Tensop 3HEPrHB-HMNYALCA
3NEKTPOMArHUTHOTO NoAS 1)

B § 67 MH YCTaHOBHJIH, ¥TO AeficTBHe AJS 3JIeKTPO-
MariMTHOrO MOJA ONpelelseTcs BHpaXeHHeM

l v -
Sp == — o S > FyuF™ av (69.1)
P ¥

(cm. popmyay (67.5)).

Conocrasienne Gopmyn (69.1) n (40.2) noxasupaer,
YTO B KauecTBe MJOTHOCTH ¢yHKuuk Jlarpanxka gas noas
BY¥HO B3ATb BHpaXKeHHe

s 1
D= — 5= Y Fu P (69.2)
u, ¥

B kauectse 0000IIeHHHX KOOPAHHAT ¢q AAA TONA
clefilyeT TPHHAThH KOMNOHEHTH NOTeHIHaNa Ay, a B xa-
yecTpe 06O6HmeHHEX CcKOpocTEll — NPOHSBOAHLIE 3THX
KOMIOHEHT NO KoopAMHaTaM x*. UToOu ynpocTnTe 3a-
nHch $opmya, BBeAeM 0003HAYCHHE

9A,

ax

== Gy (69.3)

IMpupapras BapHauKio ACHCTBHA HYJIIO H NpOoACAaB
TakHe e BLIKJalKH, kKakpe B § 40 HpHBeAn Hac K ypas-
HeHuaM ppuaenws (40.12), npuaeM K COOTHOLICHHAM

oL” a aL*
—_— —s =0, 1, 2, 3} 69.4
ﬂt‘lp = ax™ 9a,y o ) ( )

VpasHenust (69.4) cyTe ypaesHeHws nousa. Hro6H onpe-
AenyTh 3HAUeHHS BXOASUIMX B HHX ITPOM3BOAHHIX, HAlIH-
weM BapHaumo ¢yaxuun L* Tlo ofmAM npasujaM BH-
YuCJEHHS BapHalHH

. aL* aL*
oL =), a dAut 2 Doy S (69.5)
m B

%) Tlepex TeM HaK HpPBCTYNUTL K 4TeHHIC STOro naparpaga,
CERYeT BOCCTAHOBATL B NAMATH cogepxanue § 40.
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C apyroit cTopoHHI, BapHaLHs DYHKIUHU (69.2) pasua
1 1 adA
L P g Y B v | L
OL = — =8 ) Fyuf™ = e I B T
[TREY

ax¥
. v

1 v
=T"£' Fu Gauv
[ L
(cM. dopmyay (68.3)).
CpasHeHHe mOMYYEHHOrO BRpaMEHHS ¢ opmynofl
{69.5) nossoaser 3aKAGUUTH, YTO

aL* aL* R -
I =0 =P (69.6)

3aMeHHB BO BTOPOM BHIDaXeHHH FM Ha —F"8 y 3areM
NOMEHAD MECTAMH HHAEKCH it H v, HafideM, uro

aL* i pv

0_11';—-— in I (69.?)

IloacTanoBka 3nauenmii (69.6) & dopuyny (69.4)
OPHBOZHT K CACAYIOILHM <«YDABHEHHAM ABHKEHHR» AJd
3NeKTPOMATHUTHOIO NOAS:

aFwy
ax¥

=0 (x=0,1,2 3 {69.8)

(Mbl onycTian MHOXHTeab 1/41). TToayuenHoe ypaBHeHHe
ecTb ypaBHeHHe Maxkcsennia (64.2), nanucansoe s cay-
uas j#=0. Takoro pesysbTata H C/IENOBAJ0 OXHAATH,
NOCKOJIbKY Mbl HCXOAWJIA H3 AefCTBHA AJS OAHOrO JHIIE
noas Ge3 sapsanos.

Tenepp ycraHoBHM BHA TeHsOpa SHEPrHH-HMNYJbca
SJEKTPOMArHUTHOrO noJsiA. [Moacrasus p popmyay (40.16)
BMECTO ap BEJNHYHHM @py (cM. (40.3) u (69.3)), moay-

YHM O KOMIIOHEHT 3STOoro T€H30pa cJjepyiouee Bbhipa-
KeHHe:

R aL* Ve
T“ =Za"“_fm_0“£"
1]

dameHum B cooTBeTcTBHH ¢ (69.7) 0L* /da,y 4epes
—(1/4n) F¥. Kpome TOro, nofcTaBuM BMecTo a,, ee 3Ha-
uenHe (69.3), a smecTo L*— Bupasenne (69.2). B pe-
3yJbTaTe NOAYYHM

2 1 a4

1
Ve — Y 2% pw 1 4
Tu o v o fil b, onszi FerF* (69.9)

§ 69. TEH30P SHEPCHMH-UMOY/LCA TIOAS 277

(o BTOPOR cyMMe Heab3si 0003HAUNTDH Il(-:M.‘_.JC_rHE‘_I‘JI@KChI
OyKBaMH H, ¥, KaK 5TO caenato B gopmydie (i:;}..ﬁ), no-
ckoabKy B Gopmyae (69.9) p H v 6uIH yie BHOpaHW
n s'l(!‘ii':'.i"i'!..’{,f cBOOOAHBIX il!;,-’f,t:‘iuﬁ'(.ﬁi}.

Tenzop (69.9) mecumMerpuued. [las ero cumMmerpu-
aaIHH NpUGaBHEM K HeMy TEeH30p

v_ 1 59 v 69.10)
O erdiiar 1) ;

KOTODHA, KAK MH cefitac nOKaxKeM, MOXHO NpPEACTABUTH
B BHOE

oQy° vo ¥
Y [ A = —
G, _Z = The Qu Q)
P

‘M. opmyay (40.18)). HeficTrBuTelbHO, npnueuamm.au-
1(1;}Ketll:uplo )(!69. 10) npeobpasopanue uv’ =(uv)’ — u'v:

PR i
® 4in = ox?
1 ] % 1 aFve
e A F — o A g
an < 0x"( e ) 4"; R0

Bropas cymma B cuny (69.8) papHa nyno (A, MoXKHO
nuugc'm :fa 3HaK cyMMRE). ChregoBaTeabHO, MB NMPHBEH
Tenzop (69.10) x mBAY

0= L35 (™)

[MockoAbKy BHpaXKeHWe B ¢KOOGKax aHTHCHMMETPHSHO N0
m?;:mauyv upp, npuGasaenvie k Tensopy (69.9) Bupa-
xenns (69.10) nomycrumo (cM. dopmyay (40.18) n cpa-
3aHHBIA C HEIO TEeKCT).

Caoxue pupaxenus (69.9) n (69.10), nonyunu

TEH30p 34
1 aA 1 [TRTL ]
V oY B oV e —_—F +
Ty = 4nzax“F +4u;0x°
0

+‘1'!;?°;‘!ZFBYP'G?=
2

1 94, 04, e .L ¥ F F”.
-~ 2R s ) 7+ e
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g;é)a}xenue B KpYriblx CKoGkax ectbh Fy, (cm. (61.5)),
; AORATENABHO, (GOPMYANa AAA CMEIAHHBIX KOMMTOHEHP
€H30pa IHEPrUH-HMNYAbCa npHOGpeTaerT BHA

TV o gulf vp 1
» — ZD:FWF + om0 D ForF™. (69.11)
By
Hrobu nepefiTH K KOHT '

. pPaBapHaHTHHIM KOM
MOAHHMEM BO BCex wieHax (opmyam (69.11) Hl?::::(?l:;
Bepx. Ilpu arom 8] npespatuTca B ghv
# (XIL.67)). Takum oGpasom, g T e

we L B v l
T o Ak wE o € ) FarF™. (69.19)
[ B. v
Ioanarne xakoro-nu6o MHAEKCa y OAHONO M3 COMHOMKH-~
Tene npH OAHOBpEMEeHHOM ONYCKaHHH 3TOr0 Xe HHAeK A
Y BTOpOro COMHOXHTEAA He H3IMEHAET npoH3ssedenusn. [1o-
STOMY C PABHBM OCHOBAHHEM MOMKHO HANMHCATD, '-ITO‘

i I o pv 1
P FYOF + o @7 ) Fo P (69.13)
Py

Conocrapnenne Bupaxenuft (62.12) u (62.13) nosso-

JIFeT SAKJICYHTh, YTQ TeH3op Tw
J8L, S i P HAeACTBHTENLHO CHM-

B
(69.1?)%(:“"” cren Tensopa Twv. CornacHo ¢opmyae

= 1
gru_g _Eg FMFW)_F;(I_GIJ‘_O::BZF“FM).
' ¥

Bo Bropom unede Bce MHOXHTeNM, KpoMe 8}, MoXHO

BHHECTH 3a 3HAK CyMMH mo p. C "
et MMa X
ueThpeM. TakuM o6pasom, Wy e . & pasua

§T”=—2%§FMFM+4T{GZFMFM-
: 6.y

I'iit;.:lennee BHpajieHHe paBHO Hyal. ChlefopaTenbHO, ME
y OBHJIH, 4TO CJIef TeH3opa T™ pameH Hy.io:

Zri=0. (69.14)

Koml;laﬁneu BHPAXEHH? KOMIOHEHT TeHsopa THY uepes
OHEeHTH BekTopoB E u B. Jan storo nopmcranum

¢ 69. TEH30P ZHEPTHU-MMITYJIbCA TOJA 979

y (69.13) 3mauenuss KOMMOHEHT FKY. 3TH 3HaYeHHsT MH
poabmem #3 (61.9), npuyem GyaeM YUHTHIBATDH, UTO Omyc-
KaHHe BPEMEHHOrO HHAEKCAa He H3MEeHSeT KOMNOHEHTH
Ten3opa, a onycKaHHe NPOCTPAHCTBEHHOro HHAGKCA H3-
MeHseT 3HAK KOMNOHeHTH Ha ob6patHuifi. [IpHMeM TakXKe
pO BHHMAaHHe, 9TO cyMMa Y, F . F"" ecth HHBApHAHT, KO-

ropbifl MH BHUKCARIH B § 63. O pasen

ZVF,,NF“" =2(B*— E%)

(cM. dopmyay (63.3)).
HauneM ¢ swuncienua T°, Coraacro (69.13), (61.9)

i (69.15)
R

(69.15)

LBt 2B~ B =g (B B =

(g% = 1; cm. (XI1.67)). MB NOJNYYHIH YXKe H3BECTHBHIH
pe3y/abTAT: KOMNOHEHTa T™ papha NJIOTHOCTH IHEPrAN W

(cM. dopmyay (40.27)).
Teneps Hafinem xomnouenty T°'. Tlockoabky g®* =0,

==Y FF=
P
— L {0-E, 4 (=F)- 0+ (—E)B.+ (— EN—B)l=

1 1 1

rge S.— x-f KOMIOHEHTA BEKTOpa TToliuTHHT2 B Ba-
kyyme H = B). ApajioruuHnble BBHKNALKH HaKlOT, 4TO
7% —8, /¢, T®=S./c (cp. ¢ popmyol (40.32)).

Haxomen, suuncaum, Hanpumep, T2 CormacHo
(X11.67) g'*=0. [losTomy

= — LY FPF=
¢
= — o [E,E,+0- (= B) +(—B) - 0+ BBl =
= — T:'l_ (Eng'I' Bva)—'_'-Uxm

fIe Gxy — KOMIOHEHTA MAKCBE/NOBCKOTO TEH30pA HATA-
wennit (cMm. dopumyny (59.12)). Jlerxo npopeputsb, uTO
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BCe OCTaJbHHE KOMIOHeNTH BHAA T!* cosmamaior ¢ cOOT:
BETCTBYIOLUMMH HKOMTOHEHTaMH TeH3opa (59.12):

T‘k_—-oik =T1!;{%(E2+B2)6ik —EgEk_ B{Bk} (69‘17)

(npu mposepke Hago yuecth, utTo g = —1=—§&;; cM,
(X11.67)). i

PaccMoTpuM BOmpoc o npuBeneHHM TeHzopa T K
AHaroHanbHOMY BHAY. B eBx/HIOBOM mpocrpaHcTEe T
Koe npeoGpasopanye CHMMETPHYHOTO TEH30Pa BO3MOIKHO
Beceraa. B ncespoeskanaoBOM ke mpoctpaHcTBe, KaK MM
ceiuac yBuauM, nesio 06CTOHT wuauve. CoraacHo (69.16)
KOMNOHEeHTH BHIa T%=T® Gynyr pasus mymio PN
YC/IOBHH, 4TO

[EB] =0. (69.18)

Corznacio (69.17) xommorentw supa T (i & k) 6yayt
P2BHH HYAIO NPH YCAOBHH, 4TO

E;Ek=0 H BgBk=O (l-‘,& k). (6919)

Taxum o6pasom, Aasi TOro 4TOGH NPUBECTH TeH3op T
K JHarOHaJbHOMY BHIY, HYXHO HepefTH K cHCTEMe Of-
cuera, B KOTOpo#d BexTopn B nm E xoaauseapun su60
OAMH U3 HHX paBeH HyJI0 (TorAa Gyjer BHMOJHEHO yCJI0-
BHe (69.18)). B § 62 bl BHACHHAW, YTO Takas CHCTEMA
CYWECTBYET BCeraa, 3a HCKJIOYEHHeM cJayyas, korga B
H E B3aHMHO NepneHAMKYAADHH H OAHHAKOBM 1O MOs
aymo. B ykasauHofi chHcreMe orcuera OLHY H3 KOOpMAHs
HAaTHHIX OCeHl HYXXHO HAmpaBHTbL BAOAb moss. Toraa okae
HETCS1 BHMNONHEHHBIM ycaopHe (69.19). B wrtore TeHao)
NpHMET AHaroHatbHHA BuA. Hafinem kommouentn T4,
IpEAN0JIOKHB, YTO OCh X BHOpaHa B HanpaeJeHHH noJaed
H, clie/loBaTenbHo,

E,~=E, E,=E,=0, B,==x8B, B,=8,=0.
Toraa coraacho (69.17)
Meglz@+5)— -5} -

=— B+ B)= —w,
T2 aT% = (B2 4 BY) = o,

Kounomenta 7%, gax mu SHaeM, TOXe papHa w. Hrax,
GyAy4H NpuBeNEH K AWATOHAJALHOMY BHAY, TEH30p 9Heps

§ 70. 3APS)KEHHASL YACTHUA B MOJE 281

MY-HMAYAbCA SAEKTPOMATHHTHOTO MOJMA BRTJSQUT che-
JAyiciuM obpasom:
0

(™) = p35 . (69.20)

0 W

Fean Bexropw B 0 E B2aHMHO NepneHRHKYASNPHM H
GANHAKOBRL TIO MOAYAIO, TeHzop 7™ He MoXer GLITh NpH-
MO K BHArOHaNbHOMY BHAY (B3auMHad nepneHanKy-
JHPNOCTE He AaeT BO3MOMKHocTH DpeobGpasoBat B n E
tnk, yTOGH OHW CTAJNH KOMIAHHEAPHHMH, 8 PABEHCTBO MO-
Ayael — Tak, 4TOSH OfHO K3 moaeh o6paTiiock B HYJB).

OTMETHM, YTO B CMEMI2HHBIX KOMINOHEGHTAx TeH3op

{10.20) nMeeT BHA

w
1]
(r)=|{ , . (69.21)
0 ot
Ha (69.21) cpasy cheayer, uTo cael TeH3opa T% papen

HyJio. 3TOT pesyJAbTAT MH MNOAYUHIH paHee B OflieMm
eayvae (cMm. (69.14)).

§ 70. 3apaxennas YacThua
B SACKTPOMATHUTHOM RoAe

JeficTBie AAd 3apsKeHHOR YACTHUH B 3JICKTpOMAr-
WHTIOM NOJIe ONPeReNsieTcA, KaK M 3HaeM, BHpaXKeHHeM

2 3
s=S(- meds — 2y A“dx“) @0.1)

=0

M. M 66.1}).
o ul(g’:gpnya'r:l?réue KOMMOHENTH 4-MOTEHRHANa MOXHO

lipeACTaBHTh B BHAC

Ay=(9, —A)

{cm. (60.15)). KoMnoHeATH 4-paAnyca-BEXTOPA PaBHH
w={(ct 1)
ChepoBarenbHo,

3
Y A, dxr =gcdt — Adr = (cp— Av) di.
p=i
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MoacrapuM 3To 3HaueHHe cyMMH B dopmyay (70.1)e
KpomMe Toro, 3amennM ds B cooTseTcrBun ¢ (34.4) uepes

cA/T—v%c?dt. B pesyabTate nonyunm

2
S=S(—mc”'\/l—uﬁlcﬁ—l-%Av—-qu)dt.
1

Orciona saknouaeM, uro Gyskuna Jlarpanka Ags sapss
KeHHOH YacTHIH B DOJEe HMEeT BHJ

L=—mT=vC+ = Av—ep.  (70.2)

[Mepsnit uien npepcrasnder coboii Gpyrkumo Jlarpane
¥Ka Ans cpofoauor vactHuHl {cM. (39.4)). Ocraabina
ABa 4/leHa ONNHCHBAIOT B3aHMoJeficTBHE UACTHIIH C TONIEM,

3naa ¢yukunio JlarpaHxa, MOXKHO BHYHCIAHTE SHEpP-
FEIO B HMnyasc dactune. CornacHo dopmynam (4.l£)
H (5.1) oGo6umennnifi HMNyJabc OnNpesesieTes BHpaNes
HHeM

alL

T oav !
a 5Heprisi — BHpaMeHHeM

gL
W= v v—L. (70.3)

Cuepopatearro, npoaunddepenuupopas pynkuuio (70.2)
ne v, NoAyuHM OBOOUIEHHKA HMIYAbC YACTHIN:

mv & -4
P i—oie +- v A=p-+ - A (70.4)
3nech p— OGLIYHBIA HMIYALC YacTHUH (CM. qGopmyany
(38.5)). U3 nonyuennoit Hamu GopMyaH caAeAYeT, 9TO 0O=
OOIIEHHLIA HMITYJILC OTIHYAETCA OT OGLIYHOrO CraraeMHm
(e/c)A. B oTcyrcTBHe noasi o60OIMEHHHR HMNyAbc ©O-
Bajaer ¢ OGBIYHBIM,

Tenepr onpenenum sueprato uyactuuw. B cooTBer-
cteHd ¢ (70.3) v (70.2)

d v— L ¥ +6A)v

v

(=N T2+ & Ay — oY e M5
( me? A/ 1 e + = Av e(p)—'q/_:ﬁ?l—f +ep.
(70.5)

§ 70. SAPSDKEHHAHA YACTHLA B TIOJE 283

Ieppri uneH nNeAYyYeHHOFO BHpAaKeRHRT NpPeACTABAAET
¢oGolt  3Hepruio csoGoAHOA uacTHuW (cM. ¢opmyay
(38.11}), sTOpOR UNEeH — AONCAHHTEABHYIO IHEPrHIO, KO-
ropofi o6nagaeT vacTHLa, HAXOLACH B MOJe,

JaMeHUB P BHIp2XeHHH ANA SHEPrHH CKOpPOCThE Vv ue-
pes obobmerHufi nMnyasc P, Haltaem dysxuuio Famuas-
T0Ha YacTRIH. YToOH HCKAWUATL v H3 QopMya (70.5)
# (70.4), npencTapyM 5TH ypaBHeHKA B BHAE

W~—ep me
c AT =%’
e mv
P e A —_———
¢ Y Ty
licsin BO3BECTH TH ypaBHeHHA B KBAApPAaT H BHYECTb H3
BepXxHero HHIKHee, TO cnpaBa noayuutca m?c?. Caeaosa-
Teanno, samenus W Ha 56, noayunm

C RN

OTK YA

H=cAfmc+(P—ZA) +ep. (707)

D10 B ecth QyHxuusa FaMaabToNa AJ YACTHOH B NoJe.

B § 32 6o YCTaHOBAEHO, YTO KOMNOHEHTH 0606-
UGCHHOTO HMOYJAbCa paBHH NPOH3BOAHWM AEACTBHA TIO
COOTBETCTBYIOLUHM o606Ie EHM KoOpAHHATaM (cM. dop-
mMysy (32.6)). B nawem cayyae poar o606HIERHHX KOOP-
JAT HIPAOT AEKAPTOBHW KoopAHHAaTH x;. Caeacsa-
TEABNO,

as

P = o nm P=vS.

Jaaee, cornacuo (32.10) npouseoaHnan ReficTBHA NO Bpe-

menn faer dynknuio FaMHALTOHA, B3ATYI0 ¢ O6paTHHIM

B KOM:
as

o

3amenns B dopmyne (70.6) 56 wa —0S/dt, a P Ha

VS, npuaeM ¥ ypasHednwo ['amnabrona — Siko6u ans vac-
NIl B 3NeKTPOMATHHTHOM TNofe:

E(8 o~ (5= 2A) —memo. 09

= —36.




284 [N XII. BAPHALUMOHHEIA NMPHHUHWI B 3SJEKTPOAHHAMHKE

B HbloTOHOBCKOM npUOAUMKENRH, T. €. NpH € < @
dyuxuna (70.2) nepexopur B s

L="0 4 CAv—op (70.9)

(Mu paaaoxuas (70.2) no crenensm v?/c? m oT6Gpocuan
KOHCTaHTy —mc?), ;

[Tpoauddepenunporas (70.9) no v, Hailzem ofofs
IWIeHHNA HMIYALC

P=mvdZA=p+=A, (70.10)

rie p — OGYHKA UMAYJIbE,

A5 sHeprun B 3TOM NpHGAUNKEHWH NOAYYaeTCA 3Hae
YeHne

W=Pv—L=
=(mv+2A)v -2 LAy =" | o
(70.11)
W (70.10)

v=%(l’——% A).

IMoacraske 370 sHauenne v 8 (70.11), npHAeM K phIpa-
MKeHHI0 AnA GyHKUHA [amuasTona:

1 2
#=5-(P—<A) +eq. (70.19)
Ypapuenne I'aMuabTOHa — HKOGM B HBIOTOHOBCKOM

DPHOAHIXEHUH HMEeT BHJI

%?_+%(VS_%A)’+@=0. (70.13)

Frasa XN
FNEKTPOMATHHUTHBIE BOJIHBI
§ 71. BoanoBoe ypaBReHHE

B § 57 6uno nokasaHo, UTO MPH HAJNOXKEHHH Ha no-
TeHnnane A U @ yeaoras Jlopenua

VA4 (71.1)

}l'M. popmyay (56.8)) oHH yAOBJETBOPAIT YPaBHEHHIO

LanamGepa '): s s j v
=1 .

Op= — 22 (71.3)

oM. ypaBHensa (57.6) u (57.7)). 3aece 00— onepaTop
lonamGepa, panuui

s o a2 a2 ep O
HeA——rgr=gg+57+gr—7or 714
(em. (57.4)).

B oTcyTcTBHe 3apafoB M TokoB (T. e npw p=0 H
J = 0) ypapHeHHs AN MOTEHUHANOB MPHOGPETAOT BHA:

OA=0, (71.5)
Oe=0 (71.6)
nan, ¢ yaero™ (71.4},
M- 20 (71.1)
—= =0 :
M__;l;_%g..=o, (71.8)

1) Hanomauu, ato ypashewnus (57.6) u (57.7) Ouan nonyueHt
& UpOAAONOKENHH, 9TO CPeAd, B KOTOPOA PaccMaTpHBEEICH fiode,
SANOPOZHE ¥ MICTRONHA M, KpoME TOro, € B i He 32BHCAT OT EnH.
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AHajoruuHble ypaBHEHAS MNONYYalTCA TaKKe MUl
pexTopoB E n B:

ep A°E

AE — 57 =0, (71.9)
ep 9°B

AB — — < =0 (71.10)

(cm. § 74).

Ypaptenus (71.7)—(71.10) umelor HeryaeBbie pelligs
HuA. CAef0BaTEALHO, JMEKTPOMATHHTHEE N0/ MOTYT Gy
INeCTHOBATE H B OTCYTCTBHE 3apANOB. JDNEKTPOMAarkuis
Hhle 1oJs, CYWeCTBYIOUWIHE B OTCYTCTBHE 3apAXOB, HAILS
BAIOTCS ACKTPOMACHUTHOIMU BOARAMY.

¥pableHne Buaa

Af —

1 & '
- ok =0, (7011

rie v — KOHCTAHTA, WaswBaercs gosHosom. Hs kypea
obliedt GH3NKY HIBECTHO, YTO U NpeicTaBJseT coGOR (is
30BYI0 CKOPOCTB BOJIHAL (CAel0BaTebHO, CKOPOCTH 3/€Ks
TPOMATHHTHLIX BOJH PaBHA

¢
roe

n=A+/ep (71.1%

€CTb MOKa3aTeNb HPEJNOMJEHHA Cpefb, B KOTOPOH page
NpocTpaHsercs BOJKA,

BonHOBOe ypaeHehHe Jerko NMOAYYHTL B UETHPEXMeEps
HoM BHAe. CaenaeM 3To LA Noast B Baxyyme. Coraacko

(64.2) ypamuennsi MakcBeaiia B OTCYTCTBHe 3apaxos 4
TOKOB HMEIOT BHI

aFwy
axy

=0 (n=0, 1,2 3). (71.14)

v

[loacranosxa Mecro F#¥ X aHauennit (61.6) maer

Z a {aa¥ aa
Froh B PO =0
i n Ix v

HAH
FAY A
v 9y, ox” ;Wr-o' (71.15)

§ 72. IIOCKAA BOJMIHA B OJHOPOJAHOR CPEOE 287

[lepByto ¢yMMY MOXHO 3amucaTh caelylOlHM 06-
paIoMm:

Z ot M aA¥
— oxu 5" O 5 ax”

licii 4-IOTeHLHAN YAOBJIETBOPAET YCAOBHIO Jlopenua
(60.18), 1o Y, (84°/0x")=0 u B ypapuenun (71.15)
fepnui wien 6yAeT OTCYTCTBOBATD. Takum ofpa3oM, MH
IMIXOANM K YpPABHEHHAM

Z_Q"HL=0 (w=0,1,213. (71.16)

v
” dxy Ox

{loansATHe HHAEKCA NpH Jxy PABHOIHAYHO YMHOMKE-
giio kaxoro Ma caaraeMmx B (71.16) Ha g™ (cM.
(X11.30)). Tlostomy ypaenenusm (71.16) wmoxHo npH-

JAaTL BHA .
¥ L

Z gw _a_-—v — 0,
= ox¥ ax

Maxonelu, NpHHAB BO PHHMAaHHe, YTO HEAHArOHaNLHEIC
KOMIIONEHTH TeH3opa g¥° — HyAH, MOXKHO HaNnCaTh

T g% FA o =012 3. (71.17)

Ypasuerns (71.16) u (71.17) npeacTaBIAlOT cofiof
ROAROEOE YPOBHEARUE 8 4eTHIPeXMEpPHOl popne. Toacra-
BOBKA B HUX 3HaveHHH g% H ¥¥ NPHBOMHT, KAK JErKo
yoeanTheR, K ypasHeruam (71.7) u (71.8).

§ 72. Maockan aAEKTPOMATHHTHASR BONHA
» OAHOPORHON K KIOTPORKOH cpene

PeuscHHe BONHOBOTO YPABHEHHA 3HAuUHTENBHO obner-
wike1CH, ecJi NoJe JAaBHCHT TOJTBKO OT OAHOH KOOpAMHa-
{14, cKaeM, x. BonHa 8 3TOM CAaydae HAa3mIBAaeTCA NMA0C-
a0 BMecte ¢ TeM, Ha TpAMepe NJAOCKOR BOJHH MOMHO
HIICHATD BCe XapaKTepHBle 0COGEHHOCTH INEKTPOMATHHAT-
iy voal, 1o 3THM HPHUMHAM Mbl OTPAHHYEMCA B EY
(e PACCMOTPEHHEM TOABKO NJIOCKHX BOJH,

Byaem noapasymesatbh NoxX f N06YI0 U3 KOMNOHEHT
RERTOpIOTO NoTeHllEana A an6o CKaNAPHHIT NOTEHUAAN @
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(c paBHHM OCHOBAHUEM MOXHO noapasyMeBarh Bno,nlf
mobyo komncHenty sexropa E mii BekTopa B). B cays
wyae [AOCKoR BOJHH QYHKUMA f 3aBHCHT TOALKO OT X gt
¥, CIeOBATEAbIHO, SBAACTCH PEUICHHEM ypaBHECHRH

2 _ = O (72.1)

Dro ypaBuenye MOKHO HaNHCATL B BHAE
Df =0, (72.9)

rre D — xnddepenunanbLibil OnepaTop, onpenenseMuR
tdopmyaoh

[peacrasnm 9TOT OrtepaTcp B BHAE
9 n O[O 43 2 3
p~(z—ca)(F+ow) AR

rae n=+zn (cm. (7L.13)).

BpefleM HOBHIE N€peMEHHbBIS

E=t— ., a={+_m 28
T. e. 3aMeHuM X H ¢ no gopmynam
x=27EC t=2tE, (72.5)
Cornacho (72.5)
L & s e x e

Cef0BaTelbHo, NIPH Nepexofe K nepeMeHHBIM § H 1) nep-
puil wmuOXHTENp B (72.3) ByXHO 3aMeHMTh H8

—(2n/c) /3L

ABajoruggo
Dif 0 91404 1. ) OE_MieliB g BN B
Fn T 9x oy ' 9f on  2n 0x ' 2 df

§ 72, IINOCKAA BOJMHA B OQHOPOAHOY CPEOE 289

¥l 4TO BTOpell MHOKUTEAb B (72.3) HYKHO 3aMEHHTH Ha
(2n/¢)3/0%. B nrore nonyuum, uto

D n 0 3 4nt &

= & JE on 2 dtoy
IToacrasiM Haliedwoe Hamu 3Havenue D B ypapwe-
nne (72.2), onycTus MHoKuTeNs —4n?/c?, B peayanraTte

NonyMuM Judipepenitiatsree ypaBuenne
G2f

- =0. 72.6
3Eom {72.6)

ONCDHANBIM pelIeEHeM 3TOrG Ypasiesdus gBAAeTCH
dyuiind, 3apHCAIAR TOMBKO OT OAHOR nepeMeHHol
win 3, T. e, pyukuua fi{E) ando fy(n}. Caoxus dynk-
i f; B fy, moNyuHM ofiee peuleHHe ypaBHeuus (72.6):

FE Ww=FE+ M. (72.7)

Mur He cranu yMuEoXaTs ) Ha C), a f; Ha C,, NOCKONLKY
fi v f» cyTs npownzBOAbHEE GYHKUMH COOTBETCTBYIOIUAX
INePCMEHHDIX.

lloncrapue B8 (72.7) Boipaskenus (724) zaa € u y,
npHleM K pelticHHo ypasHeHus (72.1):

fe o=h(t =) +R(+5). @29

lleppufi yaen B 3TOM BHIpaKeHHH NpelAcTapader cobofi
soany, Oeryuym co CKOpOCTBIO ¢/n B HallpaBJeHHM
ocH x. JleficTBUTEALHO, 2HAUYeHHA i OXHHAKOBH AN BCeX
anavennii £ W x, CBI3aHHBX COOTHOLIEHHEM

f — 2 —const mam x=—=-—f—-<const
cfn n n ’

OTKYAa W caefyer, uTo JoGoe 3alaHHOe 3HANeRHe (PYHK-
e f, mnepemeniaercsi BAOAb OCH X CO CKOPOCTBIO c¢/n.

Anajioruuso BTOpoii wieH B Bupaxenun (72.8) mpen-
crapager coboi BoJAHY, Gerymyio co CKOpPOCTbIO ¢/n B
lLianpapAeHHH, TPOTHBONOIOKHOM OCH X.

®opMa poann (72.8), T. e. BuA dyuxuwii f; u fo, AB-
JASCTCA COBEPILEHHO NPOH3POABLHOM.

PacemoTpuM naockyio BOAHY, PacnpocTpaHAIOUIYIOCH
B tlanpasieHHn ocH x. Bubepem noTeHUHaJlH Tak, 9TOOH

¢=0, VA—0. (72.9)

10 H. B. Caeeaves, 1. |




290 rAa. Xl ARBYTPOMATEHTHRE BOJIHL

Takand KaauGpoBKa NOTEHRHUANOB yAOBJETBOpAET YCJIO8
puto Jlopenna (71.1) ®, cleioBaTesbHo, HE c

ua suauenusx sexropos B n E (cm. § 56). TIpn HaJONMES
FIHH Ha JOTEHDHAN @ YCIOBHA (72.9)

LR 72.10

E=—%"3i (72488

cu. {56.3)). . ;
{ ,[lfm pa)ccma*fpuaaemoi'{ BOMRL BCE XAPAKTEPHIYIOUIHE

noAe BenBpURHULI, B TOM UMCJIS i A, HpeioT BHA
5.5
A==AG =A(t "‘"EE)' (72.11)

TaK 9TO
aA, 24, .
== —_— f==x, 4§, 2)-
—= =0 B 0 ( ¥
B 4acTHOCTH, PABHH HYJIO 0Ay /0y n 8A./0z. Taxum 06-
pAasoM, BTOpoe U3 yeqopuit (72.9) nprHAMAcT B paccMars
prBacMoM ciyuae BHIL

Ay
= A
[MoACTaHOBKA MOCACANETO COUTHOIEHKS B ypaBHCHHE
(72.1), nanucauHoe AAs A., Daet, 9T0
%Ay

e

Cor/IacHO mocsefHeMy YpaBUCRKIO

AAx oo 72.12
= consl. { )

INpouspoanas 0A /8t onpenenser KOMHOH(iI;ry no:zaf:
(cm. (72.10)). TlosToMy cOC rHOUICHEE (72 ) 03H2 }0:
uro E.=-const. Takam ofipasoM, Mbl s;ymumié{ 33K y
qeHEID, YTO OTAWYHAA OT HYJs KOMIOHEHTA Lx m'o:;eu
6HTb OGYCHORJNEHA TOJNBKO NOCTOAHHHM ““‘c;ll'f‘opi’l‘ﬂ}{ﬁ
3MEKTPHILCKAM TIOJIEM. Taxoe nojie He if"'“ff‘_'r {?.Hg:_ln.qm
K 3AEKTPOMArHMTION BOJHE. 3HauuT, MOXKHO CHHTATE,
A, a cnefosaTelibto, i E; paBHO HYJIO.
Viz (72.11) BuTeKaceT, 4T

oA A OA _ A 88 _ _ n JA 9913

Bt 9E° 9xr O ox

§ 72, MAGSKAA BOJKHA B ORNOPOIICE CPEAE 201
{OMMAacH0 RapBoH 13 orur GopMyd

¢ o T ¢ @& (72.19)

Ilockoabxy A 3aPHCAT TOJABKO OT OAHGR KOOpAH-
oK x, B Bupadedup B =[VA] HyXHO COXpAHHTH
#0ALKO KOMIOHEHTY V, paBHY:: €.(d/0x). CrnesoBareb-
#O, MOMHO HAMUCATD, YTO

Bea[erL, AJfur22q

WAH, cornacHo Bropoi us bopmyn (72.13),
B=[ex, o = ﬂ

o el
flakouew, npunsp Be pnuManue (72.14), noayuaem
B—=nle,, El=+/en [e,, E|, (72.15)

(TKYjia BHTeKaeT, 4To BekTop B nepnesjiMKyAdApeH Kak
& vewTopy E, T2k B K ocH x. Panee MM HOXa3anad, 9T0
y paccMarphbaemofi HamMn BoARH Ey=0 W, cnefosa-
ieiabno, sexrop E nepneHauxyadaped K ocH x. Taxnm
00pa30L, MH HPHXOAHM K 3aK/IOGCAHIO, YTO B IJOCKOH
jpontie pexTophl E B B nepnesARKyJAADAN K HANIPpAaBJCHHIO
pacnpocrpanenus Boakbl. Cleposareabde, 3zexTpoMar-
HUTHWE BONIL ABASIGTCE ROAEPEUNBIMIL

B dopmyne (72.15) ey mpeacrannser cobol opr Ha-
HFANACHEA, B KOTODOM pacmpoctpapserca Boxita, Go-
IIAUNS 3TOT OPT CHMBOGIOM Ko, NpHEEM K QOpMyRne

B v/ I, EJ, (72.16)

KOTORAS He 3aBHCHT OT BHOOPAa HANPARJCKHN KOOPIH-
HaTdX ocefl,

samenn B uepes pH, nonyunm
/v H =1k, /& E]. 72.17)

Fla (72.17) srrexaer, yzo pekropt H v E paanumno nep-
NENAVKYASPEL, TPHYEM HX MOZYAH CBA3AHM CQOTHOLIE-
ineM

VB H ==4/¢ E. (72.18)

Kpone vore, na (72.17) nerro zakniosmTh, WT0 BEXTOPH

K, H u ky 0o0pasyoT BpapOBHHTOBYI) NGCJEROBATEb-
HEHITH,

10"
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DAeKTPOMATHHTHAA BOJAHA HeceT ¢ COGOfi 3HEPTHIO,
NOTOK XOTopofi onpeseasercs Bekropom [loftnTHEra

$ =-—[EH).

Bupasum H uepes E coraacho (72.17) u npnMennM dop-
Myny <Gan munyc na6» (cm. (V1.5)). Torna

[ £

4 e [ e
= AL P — & Af L EWE
TMockonbky BekTopil E u ko B3aNMHO nepneRHKYNAPHH,
Eky =0, Tak uto

c e 6
5=;“—«[T_52k0_——4“m eE%,

BocnoAb30BaBlIHChL COOTHOLIeHReM (72.18), MOXHO Ha-
nHCaTh

¢ &
=—_—8.Ezko=—-———_.— H2 =
S an+fep 4n +fep wH%
P (eE2 4- pH?) kg

Aep 8n

Haxkowen, npuuae Bo BuuMaHue, uto (eE? 4- pH?)}/8n
€CTh NAOTHOCTHL SHEPriH BOJHH W@, MOJYYHM

S = —— wky = vwk,. (72.19)
Aen

$ = cwky.

Taxum 0o6pa3oM, NAOTHOCTb NMOTOKA SHEPIHH, NMEPEHO-
CHMOfl BOJIHOH, paBHA TIOTHOCTH SHEPriH, YMHOXEHHOH
Ha CKOpOCTb pacmpocTpaneHHs Boann. Hanpasnenne
BEKTOpa MNJOTHOCTH TNOTOKA 3HEPrHH coBNajaer ¢ Ha-
npapjedseM pacnpocTpaHeHHusi BOJHH.

HoTox HMOyabca ONpefeasercs WMaKCBEAJOBCKHM
TEH30pPOM HATsXKeHHH, KOMIOHEHTH KOTOPOTO BHIYHCIAA-
IoTca mo dopmye

U¢z=::;{E¢Dk+ Hin—%(BD -+ HB)ﬁue}

B Baxyyme
mdnsd (72.20)

§ 73. MOHOXPOMATHMECKASA IIOCKASI BOJIHA 203

{cm. (59.12)). Hanpaeuwm och x BAeAb Ky, 0Cb ¢ BUONL E
w ock z saoab H (mpn stom sextropn E, H u ky 6yayr
00pas0oBHiPATh NPABOBHHTOBYI  NOCACHOBATEHHOCTD ).
Torga Eg=3F, Ex=E, =0, D,=4D, D, =D, =1,
He=+H Hy=H;=0, B,= 3B, B,=B; =0. Bua-
i), 4T0 Opu TakoM BhGope ocell BCe HeAHArOHASLHEE
KOMAOHEHTH TeH3opa oy, Oyayr Byasmu. [lockoabky
) n He B, pasHw HYMO, HOAVYRM, UTO

ED 4+ HB g

Oy == =W

Tak gag E,Dy, =ED, a H,8,=0, 7o

Oy =3 { ED — 5 (ED + HE) } =0

(cornacxo (72.18) ED = HB), Avajorudyso
| 1
Or =E{HB — S (ED+ HB)} =0.

Taxum 06paszoM, NpH CACAAKHOM HAMH BHOOpEe KOOp-
ANNATHHX Oocell OTAHYHA OT HYJAR AHIIEL OAHA KOMMOHEHTA
MAKCBEAAOBCKOTO  TEH30PA  HATAKeHHIt — KOMOOHEHTa
Ucr —, IPHIEM OHA DABHA NJAOTHOCTH 3HEPTHH BONHH @,
n:pitoll ¢ 06paTHMM 3HakoM. HanomHum, uro B cooTser-
CTHHH € TeM, KaK 3T0 MNPHHATO B NOJABIAIMEM 60ab-
HIHHCTBE PYKOBOACTE N0 3JeKTpPOAHHAMHUKE, Mhl onpefe-
JINAH TEH30D Oy TAK, YTOOH OH X2pakTepH3OBAN TNIOTOK
nMIyabca, He BHITekalolui #3 AanHOTO 06BEMaA, a BTe-
KauHi B 3T0T 06BeM (cM. § 59). D10 paBHO3HaUNO H3-
MCHCHHIO HANIPABAEHHS HOPMAJH K IMiOUlaJIKe HA HPOTH-
nonosoxroe. Takum o6pas3oM, NOTOK HMNYJbCA, NEpeRO-
¢HMOro B HanpasJdeHHH OCH X 9epes NepNeHAHKYJAAPHYIO
K 9TON OCH TioWanxy df, onpefesasercs NOJOXKHTENbHON
NERAHMHHONA: Oxx (—df) = wdf,

§ 73. MoKoxpomaTnvecKasi INOCKAA DOAHA

Bosina, y xoTopofl mosie B KAXION TOUKE H3IMeHMETCs
¢O ppeMeHeM NO rapMORNYeCKOMY 3aKoHy (T. e. mo 3a-
WGHY KOCHAYCA), HABHBAETCA MOHOXPOMATUYECKOH,

Hlna monoxpoMaTHUecKoH BOJIHH pelleHHe ypapHeRuA
{(71.11) umeer Bun

f=acos (of + ¥, (73.1)
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IS O — BOJINUNHA, He 3aBHCAAan oT ¥, §; — QYHKURN

or r. B s1OM cayuae G%f/0f% = —o?f. [ToacTaseska 5T0R0
sHavepra B (71.11) npuaoauT K ypasheHHIO
2
Mo f=0, (73.2)

KUTOpOE OnpejieNifgeT 3aRUCHMOCTD f OT T.
BreAeM BENHINHY

k == %_ k{ — _%)- kl’l = ’\/g[.j._ —:}?' ko f (733)

Kasueacuyly goanostim sexropom (ko— Op7 Bampapie-
HMA, B KOTOPOM paciipocTpaHsierca poana). Toraa ypas-
rerne (73.2) moXHO HanucaTh cACAyIOHEM oCpazom:

Af + B2 = 0. (73.4)

B mansbuefiteld MR CrpaHutinMes paceMoTpeleM nao-
KON MOHOXpOMATHUecKol Bondn. Bubepem och x B Ha-
ApaBAeHBH pacnpocTpaHennn BoAnW. Toraa ypasHenHe
{73.4) npnmer up

a?f
ax?

+ B2 =0. (73.5)

PemenneM 310ro ypapaenns Gyxer QyHrLnA

f=acos (L kx 4+ ), (73.6)
rie & — BeARUMBA, He 3aBHCAMIAs oT X, Py — QyPKUHA
ot L

Bupaxenna (73.1} n (73.6) MOXHO coraacopaTtb,
TIOJIOXHB
f=acos{ef & kx + a), (73.7)

TEEe @ ¥ o — BEJINUHHH, He 3aBHCAWLHE HH OT 7, N OT X.
Pasnrle 3HakH nepell kx OTBeYalOT pasHLIM HanpasJe-
HMAM pacnpocTpaneHHsi BOJHH. Mu 6ydeM paccMaTpH-
BaTh BOAHE, GeryliHe B HanpapJeHHH BO3pACTAHHA X,
B cBf3y ¢ yeM OyAeM hHcaTh nepel kx 3HaK MHMHYC.

ITpu nponasonpHoM BHGOPEe KOOPABRATHHX Ocell dop-
Myna (73.7) nepexoaur B

f ==acos (of ~ kr + a). {73.8)

Ilo TaroMy 2akoRy H3McHASTCA N0GAR LGEXHUNHE, XapaK-
TepH3YICNLasi MOHOXPOMATHYECKYI0 RJIOCKYI0 BOJAHY, B
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wACTHOCTY, ¥ BeKTOpEHA noreruuan A. Taxum oSpasom,
HMeen
A=A, cos{wf — kr } a). {73.9)

3accs Ag— aMOHTYNA, @ — 43CTOT2, K — BOJINOBO# Bek-
10p, & — HauaabHan ¢asa BOJHE.

Bupaxenue (af—kr-4-o), XoTopoe HazLBAWT Jiasod
#0AHbL, ecTh HHBapHaHT. HdeficTpHTesibAO, TOT (aKT, YTO
noje B HAHHON TOYKEe NPOCTPAHCTBRA B LAHHEA MO-
MCHT BpeMeHH NpPWHAJO, Hanpumep, HyJeBoe 3HaueHHE
(cos{w! — kr 4+ a) = (), He MoXeT 3apMcers 0T BHGopa
ciicTreMut oTcuera. OTCIORa cAeayer, YyTo ANA ABYX NMPOH3-
BONLAO BHIGPAHHEX CHCTEM OTCYETa AO/MKHO BHIOJHATH-
¢H ycaophe

of — kr _I_a____wrtf . kfrr -I-G!‘

Ecan nonoxuts =0 H r =0, To, KK BHTeKAaeT H3
npeoGpazopanuii Jlopenua, 6YAyT paBHB HYM0 Takke f
# r’. CnepoBaTelbHo, ROAKHO OwmTh o =o ==inv, H3
ero 3aKAIYAEM, YTO H BEJTHYHHA

@ = @f — kr, {73.10)
KOTOPYK) TAaKXe HA3HBAKT Hasod, ABASETcd HHBADH-
ANTORM.

B cayuae afeKTpOMarHATHON BOMHEI, PacnpOCTPAHII-
nefica B gakyyme, gasa (73.10) moxer GLITH npeacTas-
ACHA B BHAE

w

1‘D=%(ct)—- kr=7x“-*kr.

(73.11)

IMockoabky @ ectb Hhpapuaut, B3 (73.11) cnepyer, uro
@/c v k 06pa3yloT YeTbipeXMepHBIH BONAROBOH BeKTOp

# = (. k). (73.12)

210 OGCTOATEALCTBO NO3IBOASET HAHTH 3AKOH npeod-
pPA3OBAHUA MacTOTH BOJHH o NpH Nepexolie OT ONHOM
HNepLHAABHON cHCTEMH OTcuera K aApyrofi. CernacHo
nepnoit va gopumya (36.1)

B0 KBk
Vi=p

OTHYA NOCJAe TNOACTAHOBKH 3HaueHHln R®= w/c, kRl=
Iy =(mfc)cosd (0 -—yroa w™expy HanpaeleHHeM
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pacnpocTpaHeHns BOJAHH B OCLIO X), § = vfc (v — cKoe
pocTb cHeTeMb K OTHOCHTENBHO CHCTEMEB K) naxoans, u'ro

;__ o |1 — (v/c) cos O]
i

U3 stofi popMyan npu =0 noayvaercs QopMyna
Ans nponoasHoro spdexra Honnepa

o o {1 —vfe) mila [1—plc
AT =vc 1 4 vfe
Mpu © ==x/2 npuxoakM K c¢opMyse Iis NONEPLYHOTD
s¢pdexra donrepa

F (61}
i = ——
A 1= %

OTMBTHM, 4TO, DOCKOJbBKY MOAYJAbL BOJ HOBOTr0 BEKTOpA
€CcTb @/¢, KBaApaT 4-BeKTOpa R* papeH HyJio:

3
Zo Wk, = (") — ¥ =0.
=0,

O6paThMca chOBa K BHpaxennio (73.9). Ero moxHo
npeaAcTaBHTL B BHOe

A =Re {Asexpli(wf —kr)] } =Re {A}, (73.13)

rae 30— NOCTOAHHKI KOMIVIEKCHHA BEKTOp
Ry = Ay exp (iay (73.14)

a A -~ KOMDJEKCHRII BEKTOp, CTOAMUNA B PHTYPHBIX cKOG-
Kax (cp. ¢ (16.9) n (16.10})).

HaMeneHne 3Haka NpH MOKa3aTese CTeNeHH BhpaXe-
HHSA BHA3 exp (i) He u3MeHsAeT BellleCTBEHHOH 9aCTH STOCO
pHpaxenns. [lostomy dopmyay (73.13) moxHO Hanw-
caTh ¢AeAyIIAM 06pa3oM:

A—Re{A expli (kr — af)] } =Re {A}). (73.15)

B stom cayuae noA $asofl BONHW HYXKHO NMOHHMATh BH-
paxenne, oTauuaiouteecs of (73.10) suaxom. Kpome
TOro, CAeAcBaNo 6B M3MERWTh 3HaK B APTYMEHTe IKCNO-
HeHnTo (73.14). Oanako BBHAY NPOH3BOJLHOCTH c 3TOrQ
MOMXHO He Henath.

Bupaxenue (73.15) 0Ka3smBaercs B HEKOTOPHX OTHO-
wennsx yAoGHee BupaxeHus (73.13) H, xpoMe TOTO,

§ 73. MOHOXPOMATHUECKAS MAOCKAA BOJHA 207

WMeeT GoJblile CXOACTBA ¢ BOJIMOBOA pyHRIHER, ONHCH-
patouLell ABHIKenHe cBOGOAHON YaCTHLH B KBanTOBON Me-

RiHNKE.

Jlerko yGeauTbca B TOM, YTO NPOH3BOAA HAA ompeje-
anemol opmyaok (73.15) peauunHolt A JHEeHAHHE one-
poituy, HanpHMep AH(QepeHUnpOBaHHE, MOXHO OCYINE-

CEASTh STH ONEPAUHH HAK KOMIJNCKCHHM BEKTOPOM A
i anreM GpaTh BelleCTBEHHYIO HacTb NOAYyYHBLIEHCS Be-
guunns. Tak, Haupumep,

BiuuncauM potop Bektopa A. Bastue poropa ectdh Jd-
nefiuan onepanus. losromy

JVA] == Re {IVA]} =Re { [V, Aqexp (i (ks — @))]} =
—Re {vexp (i (kr — o)), Ag}. (73.17)
Iockomxy ke = 2 k%),
% exp (i (kr — af)) = ik exp (i (ke — o).
(e 0BaTeNbHO,
v oxp (i (ke — of)) = iexp (i (kr — af)) ; ek =
= ikexp (i (kr — o).
IlojicTaguB 3TO 3BaueHHe rpagAenta B (73.17), nonywum

[VA] = Re { [ikexp (i (kr — o)), Ao} =
Re { [ik, Agexp(i (kr — of)]} =Re {i[kA]}. (73.18)

Tenepb M MOXEM HATRCATh BHPAKEHRA AJs noaei
1 u b

E=-—-§-%‘-}=Re{il}i}. (73.19)
B — [VA] == Re {i [kA}} (73.20)

{ecHi 6w Ml MCXOMHAM u3 Bupaxewna (73.13), 5 mo-
Coreannx Apyx $GopMyJax BOABHACH OW 3HAK muHyc). Hs
gpanNenas 3TWX ABYX BHpaXeHufi 3aKAIOUAEM, YTO BEK-
topw B u E xone6aiorca B 0AHHAKOBOH (ase.
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Tipunsiz B0 BEnmanne, uto &= (@ v/enfc)k, dope
uyny {73.20) moxHo npepcTaBHTL B BHAE

B==Re {i [ven 2 % A}}=Re{en[, 1< A}

Bropoil MROKHTeJNR B BEKTODHOM IPOH3BRACHHH €CTh ]

{cm. (73.19)). Taknm ofpasom, BaA BekTopa B, Belllgs
CTBeRNAs wacth Korcporo Raer B, moaydaercs cOOTHOs

LIeHHe alls, y.
B = +/zn [kE]. (73.21)

Beeas oGosHauenne i (0fc) A,=FE,, bBHpaxeHHS
(73.19) MoXHO NpeACTaBUTEL B BUAE

E = Re {Eq exp (i (kr — o) }. (73.22)

Ecaw ¢tp x HaRpaBKTb BAOJL BeKTopa k, To Bekrop E|
a 3HAYHT, H B OyAyT Aexarth B njockocTH yz. Ilostomy
E, Moxuo ppefcTaBuaTh KAK JMHeAAYIO KOMGHBAUHMIO Op-
TOB €y U €z

E;=Le, + ne,,

rae £ b 1) — KOMDACKCHEe YKCaa.

Tloxaxem, 4T0 Bph HaljieXamieM BROODe o nocsen:
Heée BHPRKEHHE MOXHO npecBpazopaTh cieryomum ob-
pasoi:

By == (Eyvey + Exe)exp{(—ia), (73.23)

rae Eyg u Ezp— memiecTBennse pesmundd. Hasa storo Has

nuLed ANS KR2ApatTa BekTopa Eo, koTOphil, poolile nos
BOPS, ABAACTCH KOMILNCKCHHM YHCJIOM, BMpPa’KeRHe

=2 o
E¢ == neliiecrpeHnioe uncao - exp (—2ia)-

fipemcraBnm pemecTBenxce YACKO B BHAE KBajpaTa
HeRQTOpOil BEKTOPHOI BennvvHbl. JTodl BeXHYHHOH MOXET
GHTL He TOAbKC BelecTBeHHHA BexkTop, HO TaKXe K
KOMIJieKcHbE BekTop a /b ©mpH ycaoBu#, 4To 2 u b
B32aWMy0 Repnenpuryaspun. Helicrsarensno, B chyuae,
Xorya ab =10,

(a -} ib)2 = a2 4 2iab 4 BZ== a2} 7=

= pellecizeJHoe YHCND,
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Taxum 06pasoM, MLl NOAYLHIIN BLipakeHke

B2 = (a + ib) exp(—2ia),
iRy

Bo=(a - ibexp(—ie) (2 LD)

Flavipapul
s b,

Mox

BHOJIb BEKTOpa &, & Olb z— BOONL BEK-
uyae {73.23).
{73.23) B Qopuyay (73.22):

0 == Re {(E a8, - iEgpoyexp(— i {of — kx + )

{(fpy BHOpAHHEIX HAMY HANPABICHHAX oceit ke = k).
Ureona

E, == E qcos(o! — kx + aj, E, == Eqsin (of — k¥ -+ a).

(73.24)
s swnx dopuMya crelyer, UTO
L 4 Soly (73.25)
ferd E%
Byo z0

Bee paccyXAaeHusi W (opMysn, HauHHAA C (73.22),
gnpaseaanBsl W LIS Bektopa B. v

Mosyaennnifi HamMyu pesysibTaT O3HAUAET, 9TO BEKTOP E
pAMACTCA B MJIOCKOCTH, MEPNEHUKYAAPHOH K Hanpan-
JeHKHI0 PACTPOCTPAHEHHN BOJIHB, OMHCHBAA CBOMM KOH-
oM sanunc (amanoruuHo Beger cebs H BEKTOP B). Ha-
ppanseHde BPALICHHS SABHCHT OT TOrO, KaKue (onunaxo-
AWe WA pasHee) sHakH umeloT Eyo # E.o B dopmynax
(73.94). Takas BOJHA H3SHIBAETCS SAAUNTUYECKU-MOAR-
pusoaannoii. Tipu Ey = £E.o saaunc (73.25) npespa-
WeTcs B OKpYXHOCTb. B 3TOM ciyuae BoaHA ROARPUSO-
sana no xpysy. Hakonei, MOXKeT C/Iy4HTbCHA, 4TO OLHA
Wi penuuns E,o W Eao pasua Hymo. Toraa BekTop E
(s Take 1 B) mHanpasJeH Bce BpeMs BJAOJb OLHOH H
toft e npsivofi. Bona B 3TOM cayuae HasmBaercs Al-
N0 -NOARPUS0BAHKOI RIH NAOCKO-NOARAPUSOEAHROK.

HMrag, MmoHoXpoMaTHYeCKas BOJHA (JﬁﬂSﬂTE.ﬂ‘I;JI-I(J NnoJs-
puaopana (ANENTHYCCKH, MO KPYry HIH JuHeiRHo0). 210
salaNaeT, YT0 KoNeGaHus B BOJHE YNOPSAOYEHB TEM HJH

HitieM criocoGoM.
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§ 74. Naockan MEHOXPOMAaTHYECKAN BONHA
B npoBoAnmeH cpeje

Ypapuenns (71.7) u (71.8) 6uan moayueHH B npeds
NOAOMEeHHR, 9TO B Cpele OTCYTCTEBYWOT H30LITOYHKIE CBO=

Gonnue sapsiad (p=0) u TokH nposoauMocTH (j=10),
B npeamaymem naparpaje Mn yCTAHOBRAM, HTO B ¢y
yae NJOCKOH MOHOXPOMATHYECKOA BOJNHW peIIEHHEM
ypasrenus (71.7) apaderca dynkuns (73.9) ¢ nocrofaHs
Hoil amnautyfiol. HeaaBucumocTs aMRAMTYAN OT Koop-
IAHAT O3HayaeT, YTC PACNpPOCTpaHeHHe NNOCKOW poJHH
B AM2JeKTPHKEE He CONpOBOXAAETCS W3MEHEHHeM ge HHs
TeHCHBHOCTH.

Tenepy aonycrum, yto cpena ofaafaeT sAeKTpPONpos
BOOHOCTSHIO 0, TAK YTO B Heli MOFYT BO3SBHKaTb TOKH Npos
pouyrmMoctd §, papunie oE. M3buroynne cBoGoRHNe 3a-
paan OyAeM NO-mpeXXHeMy CUHTATb OTCYTCTBYIOIIHMH
(p=0). Ilpn caenannux HaMy TPEANONOKEHHSX ypaB-
HeHusa Makceenaa (55.10) n (55.11) sanuwmyres caenyio-
mum obpasom:

1
[vE] = —— 2% VB=0; (74.1)

[VB]=—LoE+ L2 vE=0 (749
(Mu 3amennnn § uepes oF).
BosbmeM potop oT nepBoro us ypasHennl (74.1):

[VIVE] | = - 2 [VBI. (74.3)

Coraacto (XI1.45) [V|VE]] = V(VE)— AE. Ho VE =0,
TaK YTO OCTAaeTCA TOJALKO BTOpoft uAeH, paBHbfi —AE.
3asmennM WM Jepylo uacTh ypasuenns (74.3). Kpome
TOro, NOACTaBHM B MPABYIO YacTb 3TOrO YPABHEHHA 3HA-
yenne [VB] n3 (74.2). B pesyabTate noayuum

__ 4mpo 3B ep B
AE=—r+ o

Hanuurew 370 ypaBHehHe cireayomum o6pasom:
&2 R & er 74.9)

Ypapnenne (74.4) HazuiBaercs 0GO0WIEHHHM BOJHO-
BEIM YpasHeHneMm. OHo oTaHYaercs or ypapHenus (71.9)
JONONHHTENbHHM ClaTacMbuM, COAEPXKAllHM  nepBYIO

§ 74. MOHOXPOMATUMECKAS BOJIHA B TMPOBOAHHKE an

IPOM3BOAHYIO HCKOMOA (YHKUWH MO PpeMeHd. Tlpu ¢=0
970 ciaaraeMoe KcuesaerT W ypashenue (74.4) mepexonur

» (71.9).
Cuutas BOHY MOHOXpOMaTHUecKof, OyleM HCKaTb

pelnende YpABHEHHA B BHAS
= Re {E (r)exp(— iof)} =Re (E}, (74.5)

rae E(r)— koMnaexcHas BektopHasi GYHKUHR OT I, E—
GyHKuHA, cTosAWan B QHIYPHHX CKOOKaX. Nujpdepenu-
posanne dynkunn (74.5) mo ¢ naer

IE —Re{— iaE (r)exp(— inf)} =Re {— ioB},
a: . (74.6)
O % =Re{— o’E (r) exp(— iaf)} =Re {— o'E}.

[MoacraHoBka B ypabHenue (74.4) 3HaueHHi "(74.5)'
n (74.6) NPHBOLMT NOC/E COKpAlIeHHs Ha OGMui MHO-
MuTean exp (—int) K caenyiomemy AnddepeHnuanbHOMY

ypapuernto ana E(r):
ARE+ BB+ i 2 E@=0. (747)

YMHOKUM YHCAUTENRb W 3HaMeHaTeNlhb B TpPeTheM cCjlarae-
MOM H2 em W 3aMeHHM epw?/c? uepes k¥ (cm. (73.3}).
B peayastate, 06beAHHHR BTOpOE H TPEThe CAATAEMHE,
NONYyYuM ypaBHERHe
AEO+ (1 +IT)Bm=0.  (748)

I1pu ¢ =0 310 ypasHeHHe NEPeXOJHT B ypaBHERde BHAA
(73.5). i

MpenacraBuM KO3GGHUHEHT NpH E(r) B ypaBHeHHH
(74.8) B BHAe KBajPaTa KOMIIEKCHOTO BOJHOBOrO Huciaa
£ o= fll + ikz:

(140 ) = (k4 k) = — £+ 2k

Itpipapusie BelleCTBEHHHIE M MHHMHE YacTH, UpHIeM
# cHeTeMe ABYX ypaBHEHHMH AAA BH R

B — =k, 2kk,=4nokfeo. (74.9)
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(74.10)

plaky r(\/_-—1 + /T + (nofea)® '

b)

B cayaae, ecar (4no/e@)® < 1 (1. e upn Manofi 6 M
Goavuiofi w), ¢opmyan (74.10) cuabro ynpollaloTeA:
BEJIAYHHY R) MOXKHO DPHHATL PAaBHOHA £, 8 B PHpalKeHHN
Ansi ky; nonoxnts A/l + (dnafee) =~ 1 + (1/2) (4ncfen),
B peaysbTate 4erc AAA Rp MOJAYuHTCA 3HaueRue 2nok/ew.
Takum oOpaszom, npu manofi NPOBOARMOCTH H Goabiuofl
yacToTe

k=t + i2nokfen. (74.11)
Hrak, ypasnenne (74.7) MOXHO nmpeAcTaBUTb B BHAE
AE (r) + £2E (1) =0, (74.12)

The R == ki 4~ iky — KOMIICKCHAA BeA@MHHA, BellecTBeH-
HAA W MHHMas YacTH KOTOpOd onpeneasoTes Qopmy-
aamn {74.10}.

Paccuorptim nnockyw posiny. Ocs ¢ Bubepem 5 Ha-
npasieHHH pacnpocrpadenia soasw. Teraa E(r) Gyzer
3aBHCETL TOMLKG OT x H ypaprHeHue (74.12) ympocrazes
CAEAYIONIHM 06paze:

3*E (r)

—— + KE (1) =0.

Pemennem sroro ypapnenusn Gyner QpyHKuus
E(r) =E exp (£ ifx), (74.13)

rie [y — nocToRHNNH KOMIACKCHBIA BexTop. 3HaKA NIlOC
H MHHYC COOTBETCTBYIOT DA3HBIM HANPaBJCHAAM PaCApO-
CTpaHeHHA Bousiin, Hac GyRyT nHTepecoBaTh BOJNEHE, Oe-
rymie B Hanpasiennd ocH x. [losToMy Mal BosnMeM B
SKCMOHEHTE 3HAK «-}-» (3aBuCHMA oT { MEOXKNTeAb MH
Hanucand B BHEE exp(—iwl)).

loacrarns naifitennoe Hamu peilerne (74.13) B
(74.5), noay4nM caeayiomee BHpaxeRe aax E:

E = Re {E,exp (i£x) exp (— iaf)}.
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[fpencrasum B 370 Gopwiyse womniexcuul  pes-
wop o B wume Byesp(—iw), rze E;— pemecreeniiif
NoCTOARnMH Bekrop. KpoMe 7oro, BHpasduy KOMINEKCHOC
Gyeno k aepes ero BEEICCTBERHYIO H MUHMYIO wacTs (=

oy 4 ifee}. B posyavrate NCAyTEM

AarmmiieM 10 HMPAMCEAS CNeRYIHUM OOpasoM:
£ = Re (Egexp(— kox}exp(— i (of — kyx - @)} (74.14)

Ma%s ReECTBLHAYIO UYACTh BHpAEHUs B GurypHLIXx
crulxay, nonyuum
E == Egexp(— kyx) cos (@l — kyx +w).  (74.15)
Bupamende (74.15) onuchwsaer BOJHY, AMIOJHTYAX
Koropclt youaaer no sakoHy exp(—Rgx). ®asoBas cKo-
pocTs 37Ol BOAHE panHA

@

Taxum 06pa3oM, BEIRCTBCHHAS YACTh KOMIJIGKCHOTO BOJI-

HOBOTO YHCAQ £ ompefefser (Ha30BYM CKOPOCTb BOJHH,
i MHMMAas 4acTh — 32TYXaH¥e BOJNHRL
Cornacio (74.10) npu ManoM 3aTyXaHAH Ry =

w k= (@fc) Afen, a kosddunuent saTyxauus

£ c g

kg”

Monyunw pewedne ypaeuesns (74.7) elle OBHUM
cnocoGonm. [peacraBEM 3TO ypaBHeHWe B BHAC

&E(r)_‘_ !L-%LM_E(r).—_- 0.

Fcan BBeCTH KOMIMASKCHYIO HAHIHEKTPAYECKYID MpOHMHUAL-
MOCTH

p—eti e, (74.18)
MK KO HANHCATD
AR () + 2 B (1) =0,

YMHOXKHM 3TO YpaBHEHHE HA exp(—iwt) H TIpHMEM
50 nuuManne, uto  %E (r) exp (— iof)y= — °E/of’, rme
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E=E(r) exp(—iof) (cm. (74.6)). B utore npuze
X ypasHeHHio

a2 20 o, (74.19)

oTAuqapiicKyca ot ypaederus (71.9) awme TeM, uro
HaDpPSIKEHHOCTh 3ACKTPHYECKOrD NOAS W AHIJNeKTpHYe-
CKafi NPOHHARACMOCTb SABAAIOTCA He BEMCCTBCHHHMH, &
rommiiekcHumd. [ose E npeacraeisier cofofl BelllecTBEH-
BYIO YacTb pelnentna ypasaenus (74.19).

Pemenre ypasrenns {(71.9) MH Hauiu B npeaway-
meM naparpade, oHO HMeeT BHA

= Re {Egexp (— i (of — kx + @)} = Re{E},

rae k=lep @fc (poana npeanosaraetca Geryulefl » Ha-
npaeaeHAn ocH x). CheaoBaTeNbHO, NPH BelleCTBEHHOR &
pellerineM ypaBHeuna (74.19) apaserca GpyRknns

E =B exp(— i(of — kx + o). (74.20)

3Jamena BelliecTBEHHOH £ KOMOJAEKCHOR He H3MeHRET
BHIa pellieAHa. OBRHAKO BellecTBEHHOe BOJHOBOE YHCHO &
HONWHO OLITE 3aMeHeHO B Hefl KOMNJAEeKCHBIM YHCHOM,
onpenensieMsM o dopuyae

=k + ik, =f2p afc, (74.21)

rae & — peanunna nu3 (74.18). Iloactanceka B dopmyay
(74.20) BMecTO k& KOMNJAekcHOro uucia £ = &y 4 ik, nNpH-
BOOMT K BHpaXXeHHIo, coBnajaiomemy c¢ (74.15).

C yuerom (74.18) kBajpaT KOMIJIEKCHOTO UYHC/AA
(74.21) pasen

B=ane?lc® = (s +i —4?) pa’fc? =

_ epe? . dnoep @ .o . dng
s — _cr—k (l+£ sm)'

ITO0 3HaveHne cosnajaer ¢ K2, croAmlum B opmyne
(74.8).
Taknm ofpazom, B ciyyae npoeogsilell cpelbl H BoOJ-

HOBOE YHCJO, ¥ ARSJNEKTPRUECKANA NPOHHLAEMOCTb CTaHO-
b.ATCA KOMNJeKcHHMH. KomnjekcHuM OyaeT Taxkke no-

KazaTeJp BpeqoMicHns A = 4/2p. 3anumwem ero B BHAe

A=n+in=+/2p =4/{e + idnojo)p. (7422
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BospeneM 3TO COOTHOLIEHKE B KBaApAat:

(1 | ix)2 =12 — 12 + 2inx=(e + idnofo) p =
= g + idnoepjoe,

[1pupapuseM BelileCTBEHHRIE W MHUMEE YaCTH:
nt—wt=ep, 2n%==Ancepfeo.

onyuusiiasici CHCTeMa ypaBHeHHH TOXJECTBEHHA
¢ cucremoit (74.9). TTosromy ee pelleHHs MOXHO HaHTH,
samenne B opmyaax (74.10) k% uepes ep. B pesyanrarte

NOAYUUM
o 1 4 4/1 F (dno/ew)?
n= '\/sp. ’\/ 3 .

e '\/5_11 /\/ —1 —I—'\/(I;Hﬂq[&:m)‘ ‘
Conoctabnenne gopmya (74.10) u (74.23) nmaer, uro

k ) R ®
—— = by = w=—x (74.24)
=T P T Ve Fetul

(# mm onpemesnan Kak o yepnfc).
lNoncrasup 3Hauenue (74.24) maa ki B dopMyay
(74.16), npugeM K COOTHOUIEHHUIO

(74.23)

0=,
fl

Wi KOTOpOro caenyer, uToO BellecTEeHHad YacTb KOMII-

HeKCHOTO TIOKasaTest npejoMmaenus A ecth OOLIYHLIA NO-

KA3aTesb npesioMaeHus cpean n. Bropas us dopmya

(74.24) noxasniBaer, YT0 MHHMasa 4HacTh fi NponopuHO-

WiJbia Koo (HIHEHTY 3aTyXaHus BOJHH (x o0 ks).

Jlo cux mop Mbl TOBOPHJIA 00 3JEKTPHUECKOM TnoJie
noAHB, MarsurHoe noJie MOXKHO TMOJYYHTbh H3 COOTHOLIE-
win (73.21), moactasuB B HEre KOMILIeKCHOe 3HateHUE
ANDNCKTPpHUECKOH NPOHHLAEMOCTH H KOMIJIEKCHYIO (pyHx-

o E. Cornacuo (74.14)
E = Egexp(— kox)exp(— i (of — kix + o).
Cueponarenbno,

B i A/ [ko, Boexp(— kox)exp(— i (of — kix 1+ a))].
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KOM NAeHCHOE YRCAO '\/g MCM RO ﬂpe,IlCT&BHTb D pll IR
VEp =n -t ix=/nf F @exp D).

rige == arctg(x/n). BocnoNbioBARWLACE 27THM, MONHO
HandcaTh Gopuyay

W3 KOTOPOW BHIHO, Y10 Kosjebanus pexropos B u E npos
HCXOAAT He B OHMHaKerod (dase (kax 270 OHAO B OHa
37CKTPAKE}, a ¢ PASHOCTHIO (a3 ¢, OnpeACAneMoil BLpE-
JQHIeM

tgp=—-. (74.25)

CeoTHollieHle MeXAY AMOAHTYAAMH 3JieKTPHUYECKOTO
¥ MArauTROro moseft onpedeaserea dbopMynoi

BO Fri “/;;2 + x2 EO)

KOTOpast iocjie NOACTAHOBKH anavesnit (74.22) paAa n H %
NPEHAMAaET BHY

By=EqVep v/ T+ (4nofew)®
{cp. ¢ (73.21)).

(74.26)

§ 75. Hemonoxpomarnueckie Boani !)

Beskyio ReMOHOXpPOMAaTHYECKYIO0 BOJIHY MOXHO npef-
CTABHTb KAaK CYNEPHO3HUKIO MOHOXPOMATHMECKAX BOJIH
PA3NHUYHHX YacTOT. 3Ta OnepauHs HAZWBAeTCA Cnek-
TPAAGHOLM PAIACIKENUEN BOANGL.

Ecan nose BoAHB ONHCHBAETCHA CTPOTO MepHOAHYE-
cxofl ¢ynkuuefl, oHO MOMXKeT GuTh pa3foXKeHO B pPAR
®dypre. B srOM caydae chnekTpajbHOe pasioxeHHe CO-
HEPIKHT YacToTH, O6GpasyloHiHe RMCKpeTHH psaj 3Haue-
HHH: @, @, @3, ... YacroTH o, (#0) aeamoTca ue-
NHIMH KPATHHIMH OCHOBHOH YaciOTH @y, T. €. G, == rg.
OcHoBHAA yacToTa onpenensercs nepHoaoMm 7 ¢yBKIHH,
onHcuBatoled none: oy = 2n/7T.

PaccmoTpuM naockylo HEMOHOXPOMATHYECKYIO BOJHY,
pacnpocTpAHAOIYIOCA B BAKYYMe B MOJCGKATENLHOM Ha-

1) IMpexpe ueMm NPUCTYNHTL K 9TeHHIO 2TOTO naparpada, cne-
ayer osHaKoMHTECA ¢ Ipuaoxennem XIV.
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NparieHRy ocH x. JI0Gan BeqHYHHA, XapakTepHsyiolias
vanyed ronay {E, B u T. 1), ouHCHBaeTcs dyaguueh

f=F@—xjc) {75.1)

{tM. (72.8)). 3adUKCHPOBAB X, MH NOAYYAM (QYHKUHIO
¢ {, ONUCHBAIOIYIO KOMeGaHHA NOAA B NAHHOA TOUKE.
1o upeanoaoKeHuic 3Ta PYHKUARE ABAACTCA CTPOTO me-
puoanucckoi. Tlycts nepuos ee paved 7:

fE+Ty=F).

Coracho (XTV.11) f(f) MOXHO npeacTaBATh B BHIE

= % Coexp(—inoy), (75.2)

fie Cn, — KOHCTAHT@, BHUHCAseMan NoO- popmyne

+Tj2
Co=t { 1Oexplinoat
~Ff2
{em. (X1V.14)).
Cornacno qopuyae (XIV. 15) pasnomeniie (pynknan
[{) moWHO NpeAcTaBHTH TAKNKC B BHAE

+o
f)= 2 C.exp(inag). (75.3)
He= oo
ClrelHAs MHTEHCHBHOLTh BOJHB nponopuHoHanbLHa
¢penseMy 3HaveHMio KBajpata E dau B, T. e. nponop-
WHCHANLHA BRHpANKEHHIO

+T2, 4oo
(1] ;r)i-.:)zm;F;T S (z Cnexp(—-imoot))x

~Ti2 Mp= o

-+ o0
X( Z C. exp (immot)) dt. (75.4)

H=—0cb

[lopnrerpanbace BRpaieHue paBuo [f(]2 Oana a3
a0 HTenel M B3aax B BHAe (75.2), Bropodi —B BHAE
(75.3), npusem Bo STOPOH CyMMe HeMoH HHAekc o6o3Ha-

uidt Y KNGA 12 BMECTO .
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TpeoGpasyem Bupaxeune (75.4) caenyiomum 0O+
pasom:

(FOFR) =
L +Ti2
= ) oG 15 exp (i {m — n) o) df =
n, Mo —co T
+e0 1 o
- Z Clndom= cC,= Z [C,[t=

=G+2) |C,} (158)
=1

(MBI BOCNONB3OBAMHCH OPTOMOHANLHOCTHIO CHCTEMN BYHK-
unf exp(inwot); em. (XIV. 13)).

TToayueHHEH HaMH peayAbTaT O3HAYaeT, YTO CpefHAS
HHTEHCHBHOCTh HEMOHROXpOMATHUYeCKOA BOMHH charaercf
H3 HHTEHCHBHOCTER MOHOXPOMATHYECKWX KOMIOHEHT,

Tenepp paccMoTpHM caydafi, KOria BoJiHa, 2 CcJAejo-
BaTenbHO, H KonebaHue f({) cymiecTsyioT B TeueHue orpa-
HHYEHHOTO MPOMEXYTKa BpeMeHH (a He or f==—oco JO
{=-o00). B sroM cayuae f(f} He ABAAETCH NMepHOOUYeE-
CKONl M MOXeT GHThL pa3jioXeHa He B pAd, a B HHTErpan
Pypbe, cogepkamuit HeMpepHBHKA AL pasANYHHX dac-
ror. Coraacno (XIV.22)

f(t)=ﬁ S Coexp(—inf)de,  (76.6)

rae C, — QYHKUAA 4acToTH @, ONMpeleiseMas BHpae-
Hiem )
oo

Com— { 1Oemutis @50)

-

(em. (XIV.21)). OueBuano, uto
c_,=C.. (75.8)

) Obbiune B gopmyne (75.7) mNepeMeHHYIO HHTErpupoBaHHN
o6oznauawr Gykeofi {, Mu ofosHaunan ee Apyroit Gyxeodll, aToGH
nopgepuyTh, 910 Cp ecTh BeAHUHHA, He 3aBHCALLAA or I,

§ 75. HEMOHOKPOMATH'-IECI(HE BONHEL 300

—_0 A0
[lonHas MHTEBCHBHOCTh BOJHH 33 ppeMsa OT pil

| oo ompeneaAneTca BHpaKeHHeM
+o0 + o

1= | rora=§ rorod

- — o0

i 6
Samena OAHOIO W3 COMRONHTEIEH pupaxennem (75.6)

naeT e

o0
2 XC ex —-imt)dm}dt.
I,= S {i(t T S., wexP(

-0
suuennoill HaMp dopuyac npennonaraeTcs HHTETpH-
::ta?.I:S;{L.Lbl'::)L(I:{:I-;'-?a..?a no q:o,paa)freu no t. WsMmennM nNopaioK
n|r"|'01*p'§z:p0f3a!ﬂ1ﬂ, 7. €. HafHileM
+ o0 -+ o0
— 0

CTOR-
noxaswBaeT, 1o HHTETpan,
G npeficTaBaAeT co6of

o0

CpasHeHHE €
mI:lﬁ BHYTPH GurypHux cko00K,
C ., 1 e C CnegoBaTesHO,

+ oo -+ o0

1= cCdo= \ c,pdo=2Y |C,Fdo. (759

-t )

0
-0 -

amyu (GopMyAH BHTEKaeT, uTo peJn-
syer AOMO NOJHOH WHTEHCHBHO-
efMHHYHHRA HHTEpBaN qgcro'r.
a3-
a4 1oJid, KOTOpoe MOXeT OHTb P
cagecTse NpHMepa nojd, Ma
JIO}E{E;':lO B HHTErpan G’yphe, MOXHO HPBBCCTH HSJ'IY'-IQHHB

3apsna, WCTIBITHBAIONLEr0 TOPMOMESHAE

W3 nonyuenHo# H
ypna |Ce|? xapaxrepH
cTd, MpHXOAsLYIoCs Ha
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§ 76. Janazampaioiine NoTeRMEAAR

B npepnaymeii riage Mul IPeANOAArasnu, 4TO 3apsAbl

H TOKH OTCYTCTBYIOT, B CBA3H € 4YeM MPABYId 4acTh B
ypapsennsx Ilaaambepa (71.2) u (71.3) noaaranu pap-
Ho#t Hymio. Tenepn saftmercs HayueHueM nepeMeHHEIX MO-

Aefi TIDH HAJAAYHA DPOMIBONBHO ABHIXKYLIUXCS 33PIAOB.
B 3ToM cayyae noTeHmMaim nmona yHOBJCTEOPSUOT ypaBs
HeHHAM

1 g2

Ap — 7 = —4np, (76.1)
1 g2A 4

AR —— = -—-:‘ j. (76.2)

N3 teopnn smuuefinmX MH(depeHUnasbHHX YpasHe-
HHA H3BECTHO, uTO OfIlee pelleHHEe HEOAHOPOAHOTO YpaB-
HEHHA PaBHO cyMMe O6liero pellieHHs! OAHOPOAHONO YpaB-
HeHHA H YACTHOTO PEUICHHA HeOAHOPOAHOTO YpPaBHEHHT.
O6wne pellleHHA OAHOPOLHNWX YpABHeHUA GHAW HCCIEHO0-
BaKH B NpeAupgyuleil raape. [losrtoMy, YTOOH NONYYHTB
o6uwee pewenue ypashenndi (71.1) u (71.2), aocratoyro
HaNTH MX YacTHHE pellicHHs.

PaspeauM Bce mpocTpaHCTBO, B KOTOPOM HMEIOTCSH
3apsiAbl W TOKH, Ha sJAeMeHTapHue o6bemMH dV’ w ompe-
AeJHM NOJe, ce3laBaeMoe KAaMAHRM H3 3apsfioB de, 2a-
KMO4YeHEBX B pmanHoM dV’. BeneacTBre JAHHENRHOCTH
YpaBHeHuii ucKoMoe Noste GyRer cynepnoauuMeii moneft
CcO3/laBaeMuX BCeMH 3apanamu de.

3apsaa de, saknioueHHbi B QaHHOM 3J/IeMEHTAaPHOM
o6bveme dV’, ecth, BooOLie TOBOpPSl, (GYHKIHSA BpeMeHH:
de=de(t). Ecru otBaieubcsi OT HaAMUUS APYTHX 3apH-
noB de, TO MJIOTHOCTH 3apsja, O6YC/OBAEHHYIO paccMmar-
pHBaeMhM TOYEYHHIM 3apAiOM, MOXHO NpPeACTABHTD

§ 76. 3AMA3ARBAIOIINE TOTEHUHAJNH

# BHAC o, y=de()d(r — 1), (76.3)

ye ¢’ —- pajuyc-BeKTOp, ONMpeReAAOHA NoJOKeHHe 32-
pana de(t). Mu OGO3HaYHANW 3TY NAOTHOCTH CHMBOJOM
', 4T06H OTJIHYHTL ee OT NJIOTHOCTH p(r,’t), onpepeaso-
ueh de(?) no gopmyne de(f)=plr,)dV’.

Moacrakoska swpaxenus (76.3) B ypapnenne (71.3)
Anet

Ap — %‘:",; — —4nde () (R), (76.4)

e R=r—r’. '
Bo scex ToukaX, kpoMe Tofi, AR KOTOpOiH R=0,
waothocts p’ =0 U ypabHesne (76.4) umeer BUN

Ap — 5 2% —o0. (76.5)

OucnHAHO, YTO B 3TOM ciyvae mnoJe o6jaaaer UeHTpPaJb-
ol ciMmerphedl oTHockTeAbHO Toukn R =0 u, caeno-
naTeabHo, aBAsiercs Qyaxumel aumnp R. [Nostomy Aami-
wem ypaphenne (76.5) B chepuuecxoii cucTeMe KOOpAH-
uar. BocnosbsopaBunch phipaxseHueM (X1.88) ana one-
patopa Jlannaca, nosyusMm

1 3%
%%(Rz%‘% — =0 (76.6)

Bynem HECKATh pelicHue B BHRE

=19 (R, H)/R. (76.7)
llpn sToM yeaobBuu
ol g aealin, 1 i) NS
R~ T RET R’

I’
R

(1 35) = (9 + R 38) =

i , 9% el IS

=—3r tor t Rorr = Rapr-
J'e O i)._._‘_f-"_“"!a.
arz "'F(R TR Ak
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IMoacranoeKka 3THX 3HaYeHull B ypasnenue (76.6
.6) mpuzo-
AHT nocae cokpalllenus va 1/R k ypanueﬂmf) 1) ) NS
Fp 1 3
e =0

Kak Owio ycrarobieno B § 72, ofuiee pemenne Tae
KOro YpabHeRHUs HMeeT BHI

v=h(t—F)+hr(+2)

{cM. dopmyny (72.8); B paccma
e =y l);.( ); B P TpusaeMoM HaMu cefiuac
[lepsoe caaraemoe B (76.8) onmcwBaer pacxoas-
myiocd cdepHyeckyio BOJIHY, BTOpOe cJaraemMoe OMHCH-
BaeT c(epHUECKYIO BOJIHY, CXOAsILyI0ocs K Touke R =0,
Hac unrepecyer gacrHoe pemenne. BosbMeM B KagecTse
TaKOTO pellleHHA mepBuii uaen dopmyam (76.8). Ioa-
crapdb ero b (76.7), nafinem Bupakenue aas ¢:

(76.8)

e(r, )= &-}ﬂ’—. (76.9)

Pemenne (76.9) ynoesersopsier ypasnenuio (76.5)
npu npoussosbHOM BhiGope dynkuun f(f — R/c). INonw-
Taemcs BHIGpPaTbL 3Ty (YHKUMIO TaK, YTOOH BhIpaxKeHue
(76.9) ymommersopssiio ypasHennio (76.4) W B TOUKe
R=0. 3amernm, yr0 npn R—0 dyukuus (76.9) crpe-
MHTCA K OeckoHeuHocTH. CuiefloBaTesnbHO, ee NMPOH3BOA-
Hasl MO KOOpAHHATAM CTAHOBHTCA A MajuiX R oueHb
Gosbiiofi, Tak 9to waenom (1/c?) (0%9/df2) moxno npe-

Hebpeub NO CPaBHEHHIO ¢ AQ H HaNuCaT :
(76.4) B BHEE . i b ypaBHeHHe

Ap = —4nde (£) 6 (R).

Mu npmwan k ypaewermo Ilyaccona (42.4) was no-
TeHIHasna ToueuHoro sapsjaa. Takum oGpasom, BOAH3H
To4KH R =0 dysknus (76.9) nonxua nepexosuth B BH-
paxkenue puila ¢ =e/R. 1o Gyner umers MecTo, eCJH
nonoxuth f(f—R/c)=de(t — R/c). Urak, uckomoe pe-
UIEHHe UMeeT BHJ

de (t — R/c)

e (76.10)

i) Hanomunm, wurto TOY p
» Ka, AAA KoTopoR R = -
SeHa W3 pacc i % p 0. DOKa HCKAKY
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{JueBURHO, UTO B HenocpeAcTBeHHON GJH30CTH K TOUKe
R ~= 0 sTo BHpa¥KeHHe NEPEXONHT B

- de () )

R

Yro6u HaHTH MOTEHIHaN 1 MpOU3BOJBHONO pachpe-
Ae/ICHNS 3apAZOB, oNHCHBaeMoro ¢yrxuneh p(r, ), npo-
cyMMipyem pewehne (76.10) mo ecem de = pdV’. Torza

HONYYHM \
P (r",t —_ _]l'_:Ll_) av’
or, = — . @edn

Ypasnenne (76.2) orauuaercs or (76.1) AulL Tew,
wro B npaBofi yacTn BMecto QyskiuHu p crour j/c. Tlo-
STOMY MOXHO cpasy no anagorkn ¢ (76.11) HamucaThb
pupaxenie ana A:

i (r', ¢t — "—:ﬂ) av’

Ir—r]

. (76.12)

A n=2
Bupaxenus (76.11) u (76.12) wasuBaiorcs 3anas-
dneaowumu norennnanamn. Hassanne 0O6ycaOBNEHO
{¢M, YTO 3HAYEHHS NOTEHIMAJOB B MOMEHT BpeMeHH f
OnpefesigioTCH 3HAYCHHAMH p H j B Gojee paHHHE MO-
MUHTH BpeMEeHH, onepexalomiue ! Ha BpeM#s 3anasiibiBa-
s T=|r—r’|/c, HeobxoaumMoe AN TOTO, YTOGHI 3JIeK-
{pOMArHHTHOE BO3MYIIEHHe JIOULJIO OT TOYKH I’ B TOUKY I.
Uro6u noJyuHTh obluee pelleHHe ypaBHEeHHH (76.1)
# (76.2), Hy)XKHO K 3ana3ibBalOLIAM NOTEHNHANaM NpH-
GosuTs O6IIMe pelleHusi OAHOPOAHBIX ypaBHEHHH, KOTO-
puae GblTH HaHJIEHB B npeanayuiefi raase. ITH pelieHHA
e CBsi3aHH ¢ nojeM, BosbyxaaemwiM cucTemoil. OHH
OItHCLIBAIOT BHeWSHee noje, AeficTBylollee HA CHCTeMy H
NAKJAALIBAIONlESCT HA ToJe, CO3jaBaeMoe CHCTEMOM.

B crauuonapHoM ciayuae (T. e. B cjyuae, Koria p j
We uaMensotTess co BpemeneM) Gopmyam (76.11) n
(76.12) nepexoAsT COOTBETCTBEHHO B BhIpaXEHHSs (41.10)
n (48.7).

OrMmerum, 4TO, Bblﬁpaﬂ B KayecTBe HYaCTHOr0 pelueHHsA
dyukunio f» (cm. (76.8)), Mur moayuusu 6n BMECTo 3a-
NAALIBAIOWIAX onepeXamuiie MNOTEHIHAJBL. [MoapobGree
I 9TOM MBI OCTaHABAHBAThbCS He OyneM.
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§ 77. Noae pasromepno npKyMerocs sapsaaa

Iyers 3apsan e asuxKercs ¢ nocrosHHON CKOpPOCTLI ¥
OTHOCHTEJIbHO CHcTeMbl orcuera K. Cesxem ¢ sapsioM
cHcreMy oTcuera K. Dta cHcrema, kak Ho3apsa, AN
JKeTcd OTHOCHTeJIbHO CHCTeMBEl K co CKOpPOCTRIO V.

OtrnocurenbHo cucremnl K’ 3apsi noxosres. Caenos
BaTEJAbHO, MOTEHURANN NOAS B 3TOM CHCTEMe pabHu

o, )=, A, t)=0. a7
Cambim 06umHM pemierneM 6hI0 Gbl A =const, no §
CHITY KaNHGPOBOUHOM WHBADHAHTHOCTH 3Ty KOHCTAHTY
MOJKHO TOJIOXHTbL PABHOH HYJIIO.

Hro6u nafith noreHumans B cucreme K, OCYLIeCTHHM
mpeoGpasosanue 4-pexTopa

A= (p, A)

K cucreme K. Jlast aToro HyXuo B3aTh QopMy.Is obpats
HOro mpeoGpasopanus (36.2), cornacHo KOTOpHM

olr, H = 2L O +PAEL ) @6, t)

Vi=p =g’
foir’, ')+ A (v, 1) B (r7 7}
Ax (I', f)= m =_*_1/ﬁ_§§ 4
A=A =0, A=A =0

Heaerasns B 30 QOpMYAH 3HaucHHe (77.1) na= ¢, no-
JYUHM

e

pr, ) =—— e
=28, rafl — B
4"!_,‘— [‘1', !) = —Jl'?_“)p—l -

r ,l = !,,

(77.2)

Ilockoabky oOTAMYHA OT Hyas nnwmb kxoMnoseHta Ay,
4 BEKTOp V HanparJieH 0 OCH X, BHpaedne LIS BeKs
TOPHOTO NMOTEHNHANA MOXKHO 3aMMCATb TaK!

Alr, H= &

(77.3)

Tenepy HyxHO mepel
OT IUTPHXOBAHHHX KOO]

irn B opwyaax (77.2) u (77.3)
AHHAT (T. €. OT 7') K HeWTPHXG-

|
3
|
|
1
l
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wainpiM. Cornacke npeobpasosanuam Jlopenua (35.14)

A xr —ol

e 2=z
PN

¥ =y,

L ACRoBATENLHD,

y N 2 2

flo=nx" by F2 = _
BN ey v e L e

S ‘—---_.-1:5,_.— ’V(x i Ut)Q + (1 — ﬂﬁ){yﬁ = 22) . (77'4)
/1 —p*
[logcraneonxa 8 (77.2) u (77.3) paer
- s P Ol e aa—.  (77.5)
A, f)=—m—— (77.6)

¢
AR

Cpapuenne (77.5) ¢ (77.6) noxasupaer, 4TO MeXLy
BoTeHEanaMn HMeeTCA CooT- N
Holg¢HHe

g L

(77.7)

Qopuynn (77.5) u (77.6)
MOIKIO YNPOCTHTH, BHIPZ3HB s
Wy uepes ANMHY Bektopa R, O0f————
lporeennoro ot 3apAla B H !
oMKy Habmogenus, u yroa ¢
MOy HanpasjeHHeM 3TOTO
nektopa n oocblo x. Ecau ot- Zu
¢leT npeMeHH HayaTb ¢ MOMERTa, KOTHA aap;,ul al
natasie KOOPRHHAT, TO, KaK BHAHO M3 PHC. 77.1,

R=(x—u)P+y+ 2%

Puc, 77.1

[osromy cormacho (77.4)
Ve VR =BG+ 2) =

=%
R_Af1—p
Vg R




e

TJ1. X1V. HINYUEHHE SAEKTPOMATHHUTHHIX BOAH

Ornowrenne (42 4+ 2?) /R? pasro sin?
Cﬂe.ﬂOBaTEJ‘ILHOE P ® (cm. puc. 77.1),

’ R =
r = L 3T R2 3in2

S V1 f*sin® 9.
Moncrasns 2To aHavenne B (77.2) u (77.3), noayuum|

&

= RvisEawe (77.8)
e B L
o cRAYT—Psin? o (77.0)
3Hasn NOTEHUHAAR, MOKHO 1) dopmynam:
1 9A
E=—Vo—- 5 (77.10)
B=[vA] 77.11)

(cM. (56.3) u (56.1)) BuuHcAuTs nons E B
(77.10) B xOMOOHenTax, noayunm "B S

B—_ 20 _ 1 0A
CrepoparenpHo, E = e
Bme ot Lo (o)
=_.g;1‘_;",g_j’, (77.12)
=3t F -0 (77.19)

BlulCc:or.rmcm:. (77.5) u (77.6) @ u A umelor onnnaxosuft

P (l', t) == a
Ve—olF (=P P+
IRe 4-—KOHCTAaHTa (CKaNApHASs HAH BEKTOPHAR 3
3HAYHB X — U = £, MOXHO HammcaTh, YyTo puas). Obo.
9% _ 0% 08 _ oy
ax gt Ix Eo

OTKYAA 3aKMioyaeM, 9To

i (77.14)
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3amenns B (77.12) d¢/dt cornacno (77.14), npugem
X (popMyne
o 39 a9 v a9 _ 39
I "Ta?'l'_cfﬁ“‘_ﬁx_(l — B9
{77.156)

MoacTanoBKa NPOHIBOAHLIX NO KOOPRAHATAM OT BH-
paxenus (77.5) B popmyau (77.15) u (77.13) naer

e{x —ol)

E=(-P - I

Ey=(1—F) [(x —ot)*+ (1 e—y %) (y° + 2P Vil

E.=(1— i .
»={1—F) [z — o’ + O — P+ P
14 dpopMyAH MOKHO 3AMKCATH B BEKTOPHOM BHAE

eR
E=(1—p) Ra(i—ﬂzsinsﬁ_?‘ (77.17)

rie R — paanyc-pekTop, NpoOBeAcHHLIA H3 TOUKH, TAe Ha-
XOJNTCA 3apsi, B TOUKY HalaoneRus (cum. puc. 77.1).
Das monyas E nMeem
e(l —p%)
E= 5 :
R%(1 — p? sin® 8)%2
Ma stoft popMYyAR BHTEXaeT, YTO HA OCH, BROAL KOTOPOH
Avwxercs 3apan (1. e. npu 6 =0 u n),
e(l —py
e

(77.18)

(77.19)

i » HANpaBJeRHAX, NEPNEeHAHKYJARPHHX K CKOPOCTH 3a3-
praa (1. e npu & =n/2),

e
E _ e—e———m—
R? '\/l —f
Ilose Kak 6K COAOMHABaeTCA B HANpaBJAeHRH ABHIKEHHA

anpHpa, MpHYeM TEM CHAbHEE, HEM 6oablIe v.
Hafizem maruntHoe noae. Cornacio (77.11) n (77.7)

(77.20)

B em (VA =[v, 2] =L (ve, v]=——+Iv, Vol (77.21)

{NanoMHUM, YTO v — KOHCTaHTa).




, o TAES
cuT or1 £,
(77.21)3

e To f}{'.icmﬂ re.;.;.--;.-'rm? YT CH *mc Th He

PlogcTasum Bb!p?‘!.‘ei-i@ﬂ&'i%‘-: {77.22) pas — Vg &
iy v &
==‘“— WEl - -—1v, - ';)rj
Bropoli uien faAfeTCS BERVORHRIM IPOHIBENSHHEM KON
AMPLADHKY BRKIOPGE K, CACAUDATEADND, pPaRer HYHI0,
Takuwm oGpazoM,

{77.23)
M saanm, 9o pektop B B madigoll Touxe npeprenanKys
JSpeH KaK K BeKTOPY v, TaK # % BERTORY E E!’} ocn

B ; VAU #ia aroil

BOHTOPRL ¥V
och B 3.
e n 1o etie

{7707 nan B

(75.24)

FELeF A L10]
THHA Goaen
L - o

= or’ /)

KAHEGE C

€cTh MO CyHIECTBY

(910 BHIpaXKeHHE 1p a1
OREHHA CHIHAJK

L §
C L:U!.li!riﬂl |7

Bowroll on-
GO ARG

#, <_".-i_‘pe,ﬂ,{_‘..’l(_‘ﬁi-!!'{l{!

_ MecTo ¥ BpeMs HaGJIO/IeHH
- Tt OTO-
MeXJy TOUKOH, B |

we K/, R’ — paccrosnne Me
U Toukoi HaOJIION
nons B cuereme K’ umee

‘ g ;I__( -

TaHGe BRpaMeHBe JLAE

151. Takum 00-
BHA

4-noTel-

11Ot HalTH -
AN wpn v =20 ofnaiianoch Am B BHPAX
(7R EY Quepdnio, HYTo B [POH3BONLID B3ATOR

ofchqeta  OoReHIIHEAAB AOCAFKHEL 3apuceTh 0T

cCMeTeMe
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CKOPOCTH 3apsiaa V. [TotKOAbKY MH HleM ueThipexmMeps
HOe BbiparieHHWe NOTeHUHaNa, CKODPOCTb HYMHO BIATH N
BHAe 4-cKOpocTH

P = —-———---—-c —-—-—-——v
w =V )

Ecan  nonoxuth 4-noTeHuMas nponopuHOHAILHEM
4-ckopoctd, To npH v=0 PeKkTOpHHA mNOTEHUHAN
Taxxe Oyfer paBen Hymo. Iasee, B 3sHamewaTesie Bpes
MeHHOH KOMNOHeRTH 4-noTednyana (78.5) cTOHT BpeMeHs
Hasl kOMNoOReHTa 4-wekropa (78.2). Caegosarenvho, B
JHaMeHATeNb HCKOMOrO BHIpaXKeRuA aaa A¥ creayer ppes
CTR 4-peKTOp RM, npuueMm AJAf TOrO 9TOGH MOAYuHAaCh
NPAaBHAbHAA pPA3MEDPHOCTb, €r0 HYXHO YMHOXHTL HA
4-cKOpPOCTE (B YHCJIMTEND MBI YIKe BBeJH 4-ckopoeTs),

Takum 06pasoM, 4-MOTEHKHAA HYXKHO ONpeAeHTH
CIrenyioniy o6pasom:

A= (78.6)

Z Rvﬂv k
L

Moacranoska 3nadennit R 0 u, Aaer, 9T0

v | 2
y™— ——=—— T — o
ER i 41 — v ( RV)
CaenoratenbHo, pupaxenue (78.6) wOXHO 32nHcaTh
B BHAe
B__ 1,4' — 573 enh
A=~ v/c T —Ry*
OTKYAA

" ec ev
P=(z2% wiem)- (78.7)

Herpyano sameruts, uto npn v =0 ebipaxenue (78.7)
AeACTBHTENIbHO NepexoauT B (78.5).

Ilpunsas BO BHHMaHHe, 4TO ct =R, 3anuiem BBIpa-
HKEeHHA MOTEHUHANOB CACAYIOIHM 06pasoM:

£
o0, )= =T (78.8)
b ey B
Afr, )= R=®P,;, ob (78.9)

(Ml npuMennan oBozHavenne P = v/c).

§ 78. ICJIE 3APAMA. ABHXYIETOCH POKH3IBOABHO b ] |

ametns (78.8) u (78.9) Ha3sHBAlTCA nOTERYUA-
aauliugfueuapa—SBuxepra. Yrofd NONYHUHTH 3HAYEHHA
NOTCHIKAJIOB B MOMEHT BpeMeHH ¢, 3HaueHHs v H IE
# pasux yacrax (78.8) (78.9) Hyxuo Gpath B MO
MelT 1o, OnpeaenseMblil yeaopueM
R Ir — ro {2a)}
fpmt—v=t— RSy H0TT

3anulleM 3TO YCJAOBHE B BUAS

!"(x, y, z, t, 3‘0)=f—f0—
{ix — %0 (f0)) + [9 — 9o (£)]” + [2 — Zo (o))

[

23112 =

(78.10)

llpaBwe uacTH BHpaXKEHHH (78.8) wu (78.9) cyT®
§)yUKIHK OT lo, KOTOPOE B CBOIO OUEPELb ecTh QyHRKUHA
ot x, ¥, 2 u ¢ (X, Yy, Z2— KOOPAHHATH TOUKH Habmo-

fcnusg) ta=Fx, ¥ 2, 1). (78.11)

Coornomenne (78.10) npexcrasisier co6o# geiﬂllmoe EbI-
paxende (QyHKIHOHAILHOA 3aBHCHMOCTH (78.11).
[Ipu nHaxoXAEHHH noJed 1o opMynam

1 3A i
E=—-V9— 37 B =[vA]
WANLO BHUKCAATH BHIpaXKeHHs BHAA og/dx;, OAJot n

0A./0x;, TR Xi— KOOpAWHATA TOUKH HaGI0AeHHSL. n?ﬂ
CKOBKY DYHKIUEE @ B A 3aBHCAT OT X, Y, 2, [ CJIOXHE

obpasom — uepes fo=[(x, Y, 2, ), BEIYHCJICHHS npupercs
(IPOMABOAKTL N0 CAERyIOIel cXeMe:
de _ 2% O (78.12)
ax; oy Ox "
9t af, of '
644;, OAk afn (78-14)

ox; T oty Ox;

Wa cootrourenus (78.12) pHTEKaeT, UTO
Vo =51 Vho (78.15)

{1 H. B. Caneares, 7. 1




322 1. X1V. H3AYUEHWE 3JEKTPOMATHATHHX BOAH
Taknm o6pasoM, Ham TOHaAOBATCA SHAYEHHsT NPOHNS

BOAHKYX Ofo/dx; U Ofy/3f, woTopHe MOXKHO HafiTH ¢ HO
MOMElo cooTHomerun (78.10). 3anniiem 310 cooTHOUIES

HHe B BHIOE
{2 b= s 0P}

&y
_ ey

Fxy, x5 %3, 8, to)=1—1ty—

=t_to = 0. (78.10)

Ilo npaeuaaM AH(depeRUnPOBAHHA HeABEOA GYHKRHH
oty OFJox;

axy  oFjal, -

Ipopuddepennupopas (78.16) no o, moayanm

OF _ 1 4 & (st — %or) (Oxaifote)
=t cR i

[Ipunss Bo BHHMANHKE, YTO X; — Xo; = Ry, a Ox/0fy ectd
{-51 KOMNOKeHTa CKOPOCTH 3apsAla B MOMEHT f,, npuaeM
K BRPaX{eHHIO

oty cR
ApanoruuHne BRYHCACHHA AAKT
() v Ry
o TR o185

Paspenus (78.18) na (78.17) m usMenus snax na oG-
PaTHHNA, TQAYSHM

o I ¢ St
ox; c(R—Rp) *
OTHYAA C/eAyeT, uTo
Vto SS WER—M-. (78.19)

Teneph nafinem 0t/0t. To npasany mnddepenuupo-
BaHH HeaBHOA QyAKUMU

Oty dFjot
dl = T 9Fjal, "

Hponaponnan ¢ynxunu F (cM. (78.16)) no ¢ papHa enH-
Hene: dF/dt=1. Tlponapognas 0F /0ty onpepensercs

|
!
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nupaxennen {78.17). Caegosareasyo,
i i g s
& T R-mg-
TpuctTynnM K BHYHCASHHIO 3HAUEHnA /8y 0 QA0
Corhacuo {78.8)
o9 _ ___e (R Ry oo
T R—RBT 3L, T o oty )"
M1 coorzowennli R == c{t —1), R==r1—ro(fy) BHTE-
KACT, 4TO

(78.20)

B, % B3I, T i,
Kpome Ttoro, 0f/dto = ==v/c, tae v—yckopenne 3a-
pria B MoMeRT fo. CllefioBaTesIbHO,
dp __ __e(—c+vB—RP) _ ec(l—p* 4 Rio)
oy T T (R—RPP (R —RS)?
Coraacuo {73.9)

9A __99 4 ¢ o
a_to_‘()tl)ﬁ [ @'

lloacranoska edpaxenan (78.21) mna d9/dé u (78.8)
Al o Baer

aA ecil(l—ﬁf+!2ﬁ]’0)+ cf 5 =
R—R

oR 6“R o 01'(, i V(‘o).

(78.21)

oy (R —Rp)
e BUB RO L GBIV RRE (75 99

(R — RB)*

Haxoren, Mbl DOAYYHHAH BOSMOXHOCTH HANHCATH Bil-

vasende paa E:
' LOA o9 ., 3 OA 3
E==—Vo— T3 =" 35 V00— 7 51, o

(cv. Gopmyan (78.15) u (78.13)). Tloactanonka ciopa
napancenni (78.21), (78.19), (78.22) u (78.20) naer

ec(l =P 4+Ree)F RV
B e | )
BO— B +RE+Bl)R~RY R
126 (R — Ry R—Rp
R (1 — B? + Rfi/e) — RB (1 — B? + RB/e) — (RBlc) (R —RB)
R(1— g = R0k

(78.23)

11*
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Crpynnupoaae BMecTe WIEHH, COACPHKAMHE YCKOpEs
Hyue sapaga v (T. e. f), MOXKHO NpPHBECTH BBHIpaXKEHHE
ans E K BHAYy

_,(R—RB) (1 —p) ,  (Rbc) (R — RB) — (RB/c) (R — RB)
E=e—r—rp® T°¢ (R —Rp)® :

UpcauTedb BTOPOTO CAACAEMOIC MOXHO NpesCcTaBHThb
B BHAe Apofinoro pexroproro nponsBeienna [R[(R—

— Rp),B/c]], B oTOM MOXHO yOEAHTbCA, PAcKPHB 3TQ
npousBefenve no ¢opmyae «ban muHyc nad» (cM,
(V1.5)}. B pesyabraTe NOAyYHM OKOHYATESILHOE BHpA-
KeHHe
(R — Rp) (1 — %)
(R —RP)® (78248
Hanomanm, uto skauenus R, B (r. e. v) u § {T. e V¥)
B 2T0 (opmMyse ZOMKHH OulTb B3ATH B MOMEHT Bpes
MeHH fo=1—m.

[Tone, onncuBaeMoe BHpamennem (78.24), cocTOHT
u3 ABYX uacteil. Ileppasi 32BHCHT TOABKO OT CKOPOCTH
3apAAa n Ha, 6oJbIIMX paccTOARMAX yGumpaer xax 1/R?
(T. e. KaK KyhoHopckoe noae). Bropas sacrh 3aBHCHT,
KpOMe CKOPOCTH 3apsiia, TakiKe H OT ero YCKopeHHA R
Ha GOABWIHX paccTosiHRAX yOnBaer kax 1/R (r. e. rag
HaBPAXKEHHOCTL NOJIA B cdepuyeckodi seKTPOMarHHTHOR
BOJIHE).

Ecan 3apaf ABHKeTCA PABHOMEpPHO, BTOpOE cAarae-
Moe B ¢opmyae (78.24) olGpamaercs B HyJb H none
onpeaeNfieTcs CNeAyIOIHM BLIpAKeHHeM:

_ o Ry — Rof) (1 — B%)

E=e = —rpp (78.25)
3aecy nuaekc «0» npH R nomuepkusaer To obcronrend-
CTBO, uYTO 3HaueHHe R Geperca B MOMeHT BpeMenHH fo,
npn f ungexc «0» MM He NOCTABHJAH, NOCKOALKY NpH
pPaBHOMEPHOM ABHMEHHH [ He 3aBHCHT oOT [

B § 77 M noayYnan AAS NOAA PABHOMEDHO ABHXKY-
meroca 3apana ¢popmyay (77.17), xoTopywo MOXKHO 34-
NHECATb B BHAE

= R(1—9%)
=z RP(1— 52 s|n20.)3!2 ) (78.26)

Bremne Qpopuyan (78.25) u (78.26) crabHO OTAHYAIOTCA
Apyr ot apyra. OfHaKo JICI'KO NOKasarb, YT0 Ma CaMOM
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nene OHH TOXKAECTBEHHEH. Heno » ToM, 4T0 B Qopmyne
(78.25) noJsie BHPAXKEHO 4ePE3 PACCTOSHHE OT sapsiia 1o
TOUKH HAGAI0AeHHSA, B3ATOE B MOMEHT BpEMCHH to=1I — 1.
B ¢opmyne xe (73.26) none BHpaxKeHo Uepes paccros-
WWe OT 3apAna A0 TOUKM HaOJIOJSHHHA, BIATOE B MOMEHT
nabawoaedua §.

UYto6L AOKA3aTH TOXKAECTBEHHOCTh GoOpMYN (78.25)
u (78.26), o6paTumcs K puc. 78.2. Paccronnue OP ecTh

p

Ro, eP pasuo R, oTpesox Oe ecTh NyThb, NPOXOAHMBEI 3a-
pAAOM 33 BpeMs sanasiesanus t. [Ipuuss B0 BHUMAHUE,
410 © = Ro/c, 9T0T NyTh MOXHO NPEACTABHTL B BHAC Rof.
Bekropsl Ro, R H Rop cesizaHpl COOTHOLIEHHEM R=
Ro— Rof, 3 KOTOPOro cilefyeT TOXKAECTBEHHOCTD HHC
aureneit gpopmya (78.25) u (78.26). n
Jlnuna orpeska OQ pasHA NpOeKUHH BEKTCPA Rof
f1a Hanpasaenne sexropa Ro

OQ == Ryf cos a = Rep.

CaegosatTe/ibHO,

QP =Ry — R (78.27)

(cp. co 3namenarenem GopMyIn (78.25) ).
Bwpasum ortpesok QP uepes R. Hs puc. 78.2 puaHO,

QPP = R — b2 = R? — (R sin o).

Hance, ONATL-TAKH M3 pUCYHKA Chepyer, UTO Rgsine =
w= R sin €, Tak 4TO

(QPY* = R* — (R@ sin 8",
QP =R A/1 — p*sin*B. (78.28)

wreo

OTKYAA
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Haxkouen, npupaBhsp npaBhe 9vacTH BHpaxewnlt
(78.27) n (78.28), npnaem K cOOTHOWIEHHIO

Ry,—Rf~=R+/I —p%sin’0,

H3 KOTOpPOro cAeAyeT TOXK/AECTBEHHOCTb 3HaMeHaTedeR
thopmyn (78.25) n (78.26). Taxum o6pa3oM, MH TNoOKa-
3aNH TOXAECTBERROCTL Bulpaxiennf (78.25) n (78.26).

Mepefinem k waxoxpenwio noxs B. Cornaceo ¢op-
myse (XI. 56)

B=[vAl={v, 5~

(A 3aBHCHT OT KOOPAMHAT uepes fo, MOAOGHO TOMY KaK
B (opuyne (XI.56) a 3z2BHCHT OT KOOpAWHAT uepes E).
[Toacrapus Buipaxenns (78.19) n (78.22), noayunm

- R BO — P+ RBJe)+ (Ble) (R—RB) T__
B[~ c(R—Kp)* ¢ (R —Rp)* a
[, (=R bRy —(Rb R —RB)]

iR (R — Rp)? 1

HoGapnM B WHCARTENC BTOPOro COMHOXKHTENS caaraeMoe
R(1 — B2+ RB/c). Or storo BHpamKenHe He HIMeHMTCH,
Tax xak [RR|=0. Oaraxo BrOpoft comHoXMTEN> TNpH

a1oM npespatuTed 8 E (cm. (78.23)). Tarkum o6pasom,
MB! NPHXOAHM K COOTHOLNEHHIO

_ TR
B—|% E).
3aecs R=R(f). U3 (78.29) Bureraer, uro mextop B
B KAKLOR TOUKe MepNeHAHKYAApPeR K Bextopy E H K BEK-

TOPY, HPOBE/CHHOMY H3 TOYKH, B KOTOPOM HaXORHJICA 3a-
PAl B MOMEHT lg, B TOUKY HalaloAeHHs.

(78.29)

§ 79. Nonae, coapanaeMoe cucTemod 3apanos
na GoABINHX PACCTOARNHAX

n}’CTb HMECETCHA CHCTeMa ABHMYUIRXCH 3apAaoB, He
BEHXCGIZAUMNX TMPpH cbOoeM HBHKeHHWH 3a mpeleAb HEKOTO-
pore uofiwema. Cheremy GyAeM npeanoaarats B LeJOM
HelTpanbHOl. PacCMGTPHM neJe, cosflapacMoe Takofi cH-
CTeMOl HA DPACCTOSHHAX, GONBIIHX NC CPaBHEHHIO C ee
pasMepamu. [lomectnM Hadan0 KOOPAWHAT BHYTPH CH-
creMul. Pacnpenenenue sapsma oxapakTepHiyeM ¢ no-
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mompio Gyaxuun p == p(r’, f). Toraa 3apan, saxiioucH-
il BRyTpH ofneMa dV’, pacnosOKeHHoro B ToUke ¢ pa-
anycom-sextropon r/, Gyaer papen de(f)==p(r’, Hdv’.
l’;:l}n-iyc—semnp rouxy Habmogenns P 0603Ha:mu gepe3r.
Kpome Toro, sBefieM obo3HavenHe R =r—r’, Ouepupno,
4o R ects BeKTOp, NPOBEACHAHHA U3 de B TQUKY P
Hanumem supaxenus (76.11) u (76.12) ann sanaa-
NWBAOUIMX MOTEHLHANOB MOJA, CO3LaBacMOro CHCTEMON,

olr, = | 2L RAN (79.1)

[

A, )=

Mo npeanosoxernio r 3> r’. Tlosromy B(:.ii.;-iiumyﬂ.g =
e |0 —t’| MONHO paccMaTpHBATh KaK SHAYCHHE (QyHK-
nau f(r)==|r|=r B TOuxe r--&r, rae &r=—r. Boc-
nosb3opanmuck Qopmyaoit  f(r -+ 8r) = f(r)+ Vf(r)dr,
MOXXHO HAHCATh

R={r—r¢t'|=r +Vr(-—r’)-=r——:—r’=r —n¢’, (79.3)
e i €cTh OPT pajnyca-BeKTOpaA T.

[Moactanoska sHauehusa (79.3) B dopuyau Ani no-
TeruHanos faetr

P (r’, t—-—%-l--ll) av’

ofr, )=\ < . (799
P T Y
Afr, :)=_"=_S '(r',‘ r‘_:r, o . (79.5)

MpE BHIHM, 9YTO BpeMS 3ana3fibiBAHHS T CJIAaraerca u3
wnvx wacrelr. OnHAa M3 HAX, paBHas T =r/c, He 3ABHCHT
or r’ M HaskBaeTcA BpeMeHeM 3anasAnBaHUAg CHCTEMBL.
Owua onpefenser Bpems, KoTopoe Tpebyercs Ajsi TOrO,
Wrofst SNEeKTPOMATHHTHOE BO3MYINeHHe NpOLLIO NyTh OT
HavaNa KoopAHHAT Ho Toukh HaGmopenus. Bropas 4acTs,

papnan v = —nar'/c, naswBaercs cobcTaennbin 3anas-
dmeanues. Ona xapaxrepHsyer Bpemsi, HeoGxoaumoe LI
pacnpocTpaHeHus BOSMYIIEHHA B mpeneiiax CHCTEMEL.

PasnoxuM nopsuTerpansioe supaxenme B (79.4)
B pAL 1O CTeneHsM OTHOmeHWs r/r. PaccmaTpuBas
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BEJHYHHY —nr’ KaK Mafioe NpApaileHue §r aprymeHra f,
IOSIYIHM

; r—ar’ ! r
(1= 15) o(ei-2)
i r

pir, "l A1
; [‘————( e ](—nr‘)—}-... (79.6)

Jaa BEACHeHUs BONpPOCAa O TOM, MOMHO JIH OTpaHK-
UHTBLCH B Pa3/iOKeHWH HAMHCANHLIMH MACHAMH, HYXXHO
HpoH3BeCTH OLEHKY MOCHefYIOIHX uieHoB. B 3TH vienm
GyAyT BRGZWTE CTapiifHe NpPOH3BOAHMeE p no r. Jlerko 3a-
METHTD, YTO NPOHSI > p N0 ¢ APONOPUHONAABHE NPO-
naBOAHHN ¢ N0 ¢ [lefcTBHTenbHO, nosoxus § — r/c == §,
MGHH) HEHCATE

i@_:_ff._?i_ﬂa(_L) GOS0
¢t at

gf T 9F o0 T K"

OTKYaA
dp 1 ap
P TR (79-7)
Ananornyuo
d%p 1 \2 8% am m
e [ 2L R 2D o _ 1 am
ot ( c) 0:2""'W—( £~ afp-

Tllocnenosarenvnoe andrdepennnponanue $yuxunn p/s
no r ¢ nocAelyiomedi 3aMeHOfi POH3BONHKX NO r NPOH3-
BOAHHMA MO { gaer

24+
w(B=R-5C-D e+ (- %

: ¢ FiTI
()= g ytpucte aagy

B nocneased cTpoke Mm PMNECANR ‘
by e H TOAbKO nocaeanee

Ipu Gosbwux s nepsue wieHn » HANWCARALX.HaMR
NPON3BOXHHIX MHOIO MeRblle nocieannx. [Tostomy nawma
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AMLANA CBOAATCA K OllEHKe OTHOCHTEALHOA BEAHUHHH BH-
pamenuli puaa
I 1 y™ 3" i 13y a"p
T (—"c_ " (_“")m='}—(_c_) o ()" (79.8)
(n pasnoxmenun (79.6) m-a NPOH3BOAHAT YMHOKAETCH
na {8r)™).
Honycrim, uTo p H3IMEHRAETCA €O BpeMEHeM No rapuo-

iiccKOMy 3aKoHy p oo cos aéf. Torpa mi-a NpOH3BOAHA £
o ¢ Gyner nopsgka w™p. [logcranoeka B (79.8) maer

e (2N (aey" ~ £ (m_f)""
I3 ( [ ) (nr) r ¢ 4
rae [— AWHEHHEIE PASMEPM PaccMaTPUBACWOH CHCTEME!

LA PARDB.
Caenyswouinil wicH pasnomennn Syuer mopaika

o (@[ )m-!-l

T e i
TaknM ofpa3oM, OTHOIZEHHT NOCASHOBATENBHMX 4NeHtD
pasiomenna (79.6) no MOPAAKY BCNHIHHH PaBHO w!/c.

JUMCHHB YACTOTY WepHOROM H3MeHenufi p (o opmyne
@ == 2/ T), noayeum

olfc = 2nlfeT ~ lfeT.

M3 cka3aHHOro BHITEKAeT, 9TO HOCACAYIOUINMH WA<-
nami B pasnoxennd (79.6) sioxHO npeneGpedb, ecau BH-
noJAHAeTca yeAaopHe

leT < 1. (79.9)

Oruowenne [/c onpepenser coGCTBeHHOe 3anasAbHpa-
use v. Caepoparenbto, ycnosuio (79.9) MOXHO mpHAATH

HHA
v €T (79.10)

Ka (79.10) caeayer, YTO OTPAHHUMTLCS NEPBHIMH W/le-
wamy pasnoxenna (79.6) MoXHO B TOM caydae, KOrAa
npeMaA, HeOOXOAUMOE AAA PACNHPOCTPAHEHHA NEKTpOMAT-
UHTIHOTO BO3MYHICHHA B HDEACNAX CACTEMH, MHOrO MeHb-
e BpeMeHH, 33 KOTOpOoe pacmpejeneHHe 3apAloB B ca-
CTeME MeHReTCA 3aMeTHHM 06pasoM.

Yenopue (79.9) MoXHO HammcaTth eile JABYMA cro-
cobamn, [Iponspesenne cT jpaer AAHHY BOJHE




320 . XIV. M3IYYEHHE SAEKTPOMATHHTHHX BONH

Hsnyywenus, sosbympaemoro cacremodi. Tlostomy coorTHos
IeHH (75.9) MoXuG KPREATL BHA

1< A (79.14)

(pasmepH cHcTeMHN AOMXKHE GHTL MHOrO MeHbINe AJHRE
BOJHHL).

Hakoneu, npunse po puumanne, uto I/T no nopaARY
BEJHYHHN DABHO CKODOCTH ¢ ABHMEHRA 3apAloB B CHs
cTeMe, MOXKHOG BMecTO BWpaxkeHna (79.9) wanucarte

o< c. (79.19)

Wiz nocnennero cooTHomenHs BHAHO, uTO, 06OpBAEN
pasaoxenue (79.6) ma BTOpOM uJeHe, MH OrpaHH4He
BAEMCA PacCMOTpeRHeM N3/y49eHHS HepPeNATHBRCTCKOR
CHCTEMH 3apsA0s.

+O6paTRMCA CHOBA K BHUYHC/NEHRIO MOTEHRKAN0B, NOe
narasa ycuaoeusa (79.10)—(79.12) smnonuennnimu. Tloas
crauoexa (79.6) B (79.4) naer

e(r, )r—“‘”_"g (v, f——)dV’

R A Y (A TS T dV} (79.13)

_{HEHOMHHM, UTO  HATErpupoBande OPOH3BOAMTCA nNo
WETPHEOBANHLM KOOpIUHATAM, NOITOMY r MOMHC DBhEIHEs
CTH 28 3uax Hu'rerpana K[OME TOrO, Bi HJME}-HJIH o=

PHAOK AHDHEpeHHPORARAA HO F M WHTCIPRPOBABNA).
Hopn snakom nepsoro uurerpaaa ¢ o
pa,'_(a D MoMenT npemeﬂu t—— (r/c) Cnnnom'rmmro 9T0T
HHTErpan Jaer 3 , KoTepufl
r’iiuu npeanoJanra :‘H CACTeMH
])znm{ Hymio. Tagum © yae (79.13) nyxmwo
CXpanuTk TOJLKO BTOPOH uJe Brilecs B Hew N 34

3H3K HHTEFpaJla H HpO“.aBO,ﬂ,HOH an,ﬂ,el\i X Blﬂpa}KQHHm
ofr, h=—n2{L S (v, = L) v av).

Harerpan 8 5ToM Bupaxenfy ecth He YTO HHOE, KAK AH«
NOALHUA 3JACKTPRYCCKAN MOMemT, KoTOpHM of6aafana
CHCTeMa B MOMeHT £ —rf¢,

p(f—-—E—)mSp(r’, t~Z)¢ av’

§ 79. IOAE 3APAAOB HA BOMBUIIHX PACCTOAHHAX a3l

(cp. ¢ (43.6)). TNoaroMy MOXKHO HaRHCATH

olt, =—n L 2L=0I (79.14)

Haxouen, ocymecteua BudepeHiposanine ¥ NPpHEAB BO
puuManue, 4ro Ip/dr=—(1/c)dp/ot=—(1/c}p (cp.
¢ {(79.7)), nony4im

— p(f—
o(r. = ] (!rz ric) + np(sr rfc) _

[feppuifi unen B 3Tofi QpopMyse coBNafaeT ¢ NOTeH-
iwnanom (43.9) cratngeckoro aumonas (m=r/r). OTme-
THM, Y4TO OTBetalollee ITOMY UAeHy Node Ha Paccros-
W r B MOMEHT { onpefenseTcl 3HAUCHHEeM ANNOABHOro
movenTa B MOMenT ¥ — rfc. [leppuifi uner ybusaer ¢ pac:
crosinneM r ropaspo Ouicrpee, weM propofi uynmen. [lo-
9TOMY, paccMaTpEBad nosie Ha OGOJNBIMHX PACCTOAHHAX,
MOIKHO MONOXKHTD

ofr, =209 (79.15)

or

[iepefizeM K onpeielficHAI0 BEeKTOPHOrO NOTeHUUaNa,
dopmyna (79.2) oramzaerca or (791} snwbp TeMm, uro
aMecro p(r, t— Rfc) non 3HaKoM UHHTErpaila CTOHT
j(¢', 1 — R/c). TlostoMy, pazAoKHB NOAHHTEIPaAbHYIO
Gyncud© B psAH, MNOAYYHM BHpaxKeHHe, aHaJIOTHYHOE
(79.13),

A(f.‘)=%§j(r’,r—_:.)dvf_
gr{ Sl( f—-—)(nr’)dv} (79.16)

Licau 681 ToKd GHAM CTALHOHADHLIMH, T. €. He 3aBpH-
¢cean ov {, To NepBHft HHTerpan Gu GW paBeH AYJIO
{cm. (51.5)). Onnaxko Ans HecTaUHOHapHHX TOKOB 3TOT
nnrerpan oTAndeH oT Hyas. [losTomMy B pasiaoXeHRH
(79.16) MOXKHO coxpaHaTb AL mepewi 9ien '), Takum
GOPAIOM, MOXHO RONOKHTD

A, t)=LSj(r', t~L)av".

B tbopuyae (79.13) mu mBe morau npenefpesh BTOPHM ‘Lie-
HoM, NOCKOALKY NieppHfi Ohin papen Hyal.
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HoxaxemMm, 9T0 S i{r', t—rfc}dV’ paeer nponapojis

HOfl MO BpeMeHW OT AHMOJLHOIO MOMEHTA CHCTeML, Bl
TOH B MOMEHT {—r/c. JloKasaTeAbCcTBO Npoile BLENY
OCYIIECTBHTE, Nepefild OT HenpepPHBHOTO pacnpeRencHHN
32paA0B K npephBHOMy. Ilponsseaem sameny

deV’=SpvdV’~+Ze‘vc

(cKopocTH 3apsAA0B, Kax M QYHKUHIO pv, HYKHO BIATH
B MoMeHT { — rfc). Oanako

- d - =
> eV, = > e,r, =— h e, T, =p(t —rjc).
Taxnm obpasom,

__ P —rfo)
Alr, t)——-—“—. (79.17)
Cpasnenne ¢ (79.15) nossoasier nanncatsb
¢=An. (79.18)

INorenunaam (79.15) u (79.17) onpeaensiorcs 3HAs
YeHHEM NPOM3BOMHON MO BPeMEeHH OT AANOJbLHOLO MOMEeHs
Ta cacTeMbl. T103TOMY OHH Ha3HBAIOTCS NOTeHIWaJaMH,
BHUYUNMCACHHRMHA B AHNOALHOM npubauxeHnn. JumonbHos
NpHOANIKeHHe JAONYCTHMO NPH  cobaofeduu  ycaonuf)
(79.10)—(79.12).

§ 80. Hunoabioe naayuenne

O6aacte nonas, oTcTosan oFf usAyyaomeli cHeTeMu
Ha paccrosiie £, MHOrO GoJbillee He TOJNbKO PasMepod
CHCTEMHN /, HO ¥ ANHHH BOAHN H3ANyweHHa (r > A > [),
HA3HBaeTCa 80280801 30KOH.

B BosHOPBOli 30He BHNOJAMSAIOTCR YCAOBHS, NPH KOTO-
PHX COpaBeIHBO JMNOAbHOE NPHGAHKCHHE, PAaCCMOTs
peHHOe B npeAuaymem naparpage. B stom npubane
JMeHHA

_ np{t —rfc) __Pplt—rlo)
'P-—I- er » A= or
{cM. (79.15) n (79.17)).

Uro6u srumcante E, nyxHo nafith Vo n dA /81, Npa-

Menup popmyny (XI.51), noayuum

o200 — 220

(80.1)

e et
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(NANOMHHM, 4TO N = ¢, == /r). CAeAoBaTeALHO,

a (op(t—rl)y __ __mp _ mp
Vo= () n=—ZEn—Zmn (02

(MM BOCMOJB3OBAJMCH TeM  OGCTOATEABCTBOM, 7O

dp/dr = — (1 /c)dp/at).

ITepsrii uien B NOAYuCHHOM RAMA BHIpAXEHUM y6H-
BICT ¢ PACCTOHHEM ropasfo GucTpee, HeM BTOPOH. Io-
wroMy Ha OQMBIIHX PacCTOSHWAX MM MOKHO IpeHebpetb
o CUATaTh, YTC

e np (ic';—; ricy m
Iiporepojaras &A/@t=§fcr. Taxnm ofipazom,
: L LA @Pa 1§ lepn—P
B = —Ve — T of TR ¢ cor %

o nETeAb 9TOMN DRDAMCANA MOKHD GLpefcTaBEuTL B BHAC

[n[ep]]. B arom aerko yGeluThed, pAcKpHB ABOiHOE
6
H3Be, o no Gopmyne «Galy MHRYC nad»

uro nn = l. Hrak, sfexTprye-

$ WPHHAB BO B i€ =
ercs PopMyToH

¢HOe [oJie oHpesens
4n i -
n %,— [nnp]] = ({pn] ]

TepefineM K BHYHCICHKIO MarduThoro noas. BexTtop-
Wi noTeHUEAs ABAsieTca ¢yukupedi or r. Ilostomy co-
raacro (XI. 56)

p—tomi=[or. ][ 2]

Jindpepenunposanne Bupamenus (80.1) mas A maer

(80.3)

A __ 3 ___.i’(“"f"))=___l'_.__l'_
or = ar of e T O

(¢p. ¢ (80.2)). Or6pocns wieH, nponopunoHasbaud 1/r%,
noayunm, uro dA/dr = —p/c*r. Taxum o6pason,

l - l -
B = — - [np] = [pnl-
HannmeM oxonsateibhue Bupaxenus sasa E n B.

E=—i-[pn]n}, B =5 [pn]

(80.4)
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(HaﬂOMHHM, UTD 3HdYeHNA p AOJXHN ObITb B3ATH B MO=
Ment ¢ — rfc). ComocrasneRne 3THX BRpaMeHdli NpHBO-
JHT K 3aKNIOUeHTI0, 910

E =([Bn], (80.5)

OTKyAa BHTexaeT, uTo BekTop E nepnedanxynspen Kk Bek-
Topy B. U3 pupaxenufi (80.4) caepyer, yro pexropu E
¥ B nepneRaHKynapHH K EBEETCPY n (fNepneRankynsaps
nocrs E kK n cmepyer takwe w u3 (80.5)). Takum obpa-
30M, KaK U B NNocKofi BOJiHe, BeKTOpH B, E H n B2aAMHO
nepnerABkyAApHN (cM. opmyay (72.16) 1)). Kpome
Toro, BekTopu B B E, Kax ¥ B naockofi BoJsHe, olHHA-
KOBH NO BeJKUKHe, IpAYEM

E=p=1Elh? (80.6)
rae ¥ -—yron Mexay ManpapAeHASIMH BeKTOPOB P H It

B ToM, 9v0 219 H3YYAEMOTO HAI'H ROJAA OKA3anHCh
CHpanelinot Ml COOTHOHICRUS, RafliciseMie NES NJO-
CKOfi BOJMEH, EeT HHYerc ymnpunrzautoro. Ha paccros-
HHAX, OGOSLIIHX MO CPABHEHMIO ¢ PA3MEPAMH H3NYUalo-
el cacTeMBl, poaNAa Zoansa GuTh chepudeckoll. Bue-
CTe € TeW IpH YCAOBAY, YTO £ > A, HeffoJsibliHe YUACTKH
cheprueckeh BOJEN NPAKTUTLCKH COBNARAINT € NMAOCKOMN
BOJIROE,

¥ak cacayer us (80.4), nona £ v B onpepeasworcs
BTOpGH NpOoHsBOJHOR OT HUGOALROFO MOMEHTZ CHCTEMH,
TlosTomy paccmarphsaeMoe WIAyJeHKe Hasmpaercd OU-
ROAGIGLAL.

Jipnonawii MOMERT CHPESNHeTen PRPIWEHUCM P =
== Z er’, CheicsaTennio, p= E er = 3, ev. Orciona
BHRTEKAET, YT0 J4PAAH N3AYUADT HNEKTPOMATHHTHHE
BOJHR TOJMRKO B TOM  Ciywae, KOrida OHH JABMMKYTCSH
€ YCHOPEHHEM.

Urofes yacHush cele Ba0THILYy moad Ha GOnbiHx pac-
CTOARMAX, MBeleM ChepPHMYECKYI0 CHCTeMY KOOpAWHAT,
NpHucM NoAApHbH yroa ¢ OyneM OTCUHTHBAaTH OT Ha-

npapnenus pextopa p(t—r/c) (pwe. 80.1). Coraacro

1) ¥muoxuu cooTnolmense (80.5) chcza Wa m H BCUOABIYEM
Qopuyny «bau w@neyc nabs:

{el] =[a[Br)] | == B (nz) —n (nB) ==B.
Mu npunias & Hopuyae (7215} {p nycrore 4fep =1, H == B),

§ 80. AUNOABHOE W3AYYEHHE 335

(80.4) sexrop B nepnengukyasped K MAOCKOCTH, ompe-
jAehsneMofi BEKTOPaMHA P H I, Caeaosateibio, B Hanpaﬁ-

AGH 110 KAcaTeNbHON K «napaiefid», npHuYeM BEKTOPH P,
it 1 B oGpasyioT NPABOBAHTOBYIO CHCTEMY.

HUs (80.5) caeayer, uro sekropsl B, n v E oGpaayT
HnpapoBHETORYI0 cHcTeMy. OTCIO/la BHTEKaer, HTO E na-
fipasaed No Kacavedb-
WOl K «MEpHAHAHY>»,
HpHTIEM HA  «3KBAaTOpe»
innpasnennn p n E npo-
rponchomun. Eue pas
NOAUNCPKHEM, YTO H3o-
OpadCcHHABIC Ha pHuc.
H0.1 pexTOpH OTHOCATCR
€ pasHBM  MOMEHTaM
npeMeHl: P K MOMEHTY
{—rjc, a B u E—K mo-
menty {. Moayap Bek-
opos B u E mnponop-
unouancs sind  (cm.
(80.43). <Caeaosarenb-
#0, MONA WMEIT Hak-
GOABUIYIO BEAHYHHY HA <€3KSaTOpe» W obpawalorcst B
ny/b Ha «INOJIOCAX>.

Yro6b ONpeaeNnTh WHTEHCHBHOCTh H3NYYEHHHA B pas-
neix i-iampaunei-slmx H DﬁlLlY!O MOUHOCTh H3INYUYEHHA, BRI~
gueanm Bekrop Ilofimtumra. [lpaHsB B0 BHHMaHHE

{80.6), nony4HM

B e e e i i

Ppec. 80.1

ptsin®d 3
S = _45; [EB] = 4‘—“ EBn=2_—5n (80.7)

[akum 06pa3oM, HHTEHCHBHOCTD HSJYHEHHA AWRONA npo-
nopumonansra sin? &. Coorsercrayiomas Auarpamma Ha-
fIpABJEHHOCTH H3/y4eHHs HMeeT BHA JienecTka. X

[las onpeneneHdHst MOILHOCTH H3Jy4eHHA ! |-1annf,ai
(lOTOK SHeprdH uepes BCIO c(epuyeckys NOBEPXHOCTD.
[lnowans chepuyeckoro nosucka YraAOBOH WIHPHHH dd
papuna 25r? sin 0d0. CaenosaTenbHo,

n

) 4]
1=\ sat= \ B0 gnrtsin0dt =T (609)

1]
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Tlycrb u3 BCeX 32PANOB CHCTEMH yCKOpenHem 06.8-
Aaer Toabko oanH. Tora p = 2, e,v, = ev H MOLIHOCTD
n3ayJeHHs paBHa
2ev?

3 -

= (80.9)

3Ta fopmyna cipaBefBa H B TOM CAyuae, KOrja MMe:
eTcA TOAbKO OAHMH 3apaf, ABHXKYIMH{CA ¢ YCKODEHHEM V.

§ 81. MaruATHO-RHNOALNOE H KBAAPYNOARHOE
IISJy‘IGIIIIil

Ecan cBoficTBa cucTeMH 3apafoB TakosH, 4ro p =0,
ARNOAbHOE H3JyuYeHHe Re BO3HuKaeT. OaHako 370 He
O3Hayaer, YTO HaJiyueRHsi HerT Boofule. B sToM cayuae
HYXKHO y49eCTh Te WeHbl pasJioXeHHs NOTEeHIHaJIOB, KO-
TOpHMH ME mpeHeGpersin B AMNOJbHOM NPHGIHKEHHH.

B npeamaymem naparpajpe ObO BHACHEHO, HTO
B BOJHOBO# 30He BoJiHa B HeboapmHx obnacrax OJH3KA
K MJAOCKOA BOJHE, /I KOTOpOH CHpaRelJIHEO COOTHOLIe-
nue (80.5). C momompio 3TOro cooTHOmeHHsA, 3nasm B,
nerko Hafita E. [as Haxoxziennsa xe B HocraTouHo
3HaTb TOJbKO A. [03TOMY MK OTpaHHUHMCA Haxoxje-
HUeM BEKTOPHOro MOTeHLHAaNa.

Paccmorpum Bropofi uien ¢opmyam (79.16), xoro-
pHEM ME npeneSpernu B AunoabHOM npubanxkennu. ITo-
CKOALKY B HHTepecyioIneM Hac ciydae Nepenifi uwieH B
(79.16) papcu HyNO, bexTopanii NoTeuRHan HMEeeT BHA

Aw n=—24L8 (v, - L)@y av}.

Ocywecrsus gnddepeHuapopane e r, ME NOAyYHM ABA
caaraeMux. OfHO H3 HHX GyAer mponopuucHadAsno 1/r2,
propoe mponopuHoHanswo 1/r. Tlepsoe cnaraemoe y6m-
paeT ¢ paccrosiieM ropas@o Guicrpee, wem propoe. Ilo-
STOMY MH npenebpexeM HM, KaK 5TO [AeNajn yiKe BEOA-
HOKpaTHO. Kpome Toro, M yurem, uro J)/dr=
= —(1/c)dj/ot. B pesyabraTe nojyunm

A =—2 {1, t— o @ryav”

Yro6u ynpocTHTh AalbHefilune BHWKAARKH, NepeiifieM
OT HeNnpepHBHOTO pacnpeAedeRHs 3aPAAOE K JAHCKpeT-

§ &[. MATHUTHO-AUNOJILHHE H KBANPYIIOJAbHLIE nona 337

somy. Torna Bepaxenne aas A NpHMET BAL

Al D=7 57 I eava (). @1.1)

Buaveuna v, H 1, GepyTcsi B MOMEHT t—rfe.
Bupaxeuue, croguee B (81.1) nox 3nakoM CyMMH,
MOKHO NPEACTaBATD ciefyomnM o6pa3om:

v, (nr,) = 37 (r, (nr)) — 15 (nv,). (81.2)

PasobreM v, (nr;)Ha Abe paBHble YACTH W 3AMEHHM ORHY
M3 HHX MoJioBHHOT Bupaxeunn (81.2):

v, (nry)= -;— v, (nrg) + -;-?ar— {ro(nry)} — % rg(nv,)-

Mepewit B TpeTHR uneHH MOXHO ApPEACTABHTH B BHAE
AnofiHoro BekTopHOro mnpomssenenus: 'y[a[v,, r;]] (8

2TOM  MOXKHO YOEAUTbCA ¢ NOMOWBIO (QOpMyAH <«bau
Munyc nab»). TakuM obpasom,

ACAES XA RS S SACA

MoacrakoBKa 3TOro BHpaxennsa B ¢opmyay (81.1)
naeT

1 3 ;
A(r, =55 =7 E g, [nvara]l +
| @ ;
+ i SE 5_&‘, et (nr)=A,+A, (81.3)
CMipicsl HIAeKeos m i Q BWACHHTCA B ZaJbHedlIeM.

BuiHeceM B NMEPBOM 4ieHe m 3@ 3HAK CYMMH B NOMe-
nieM MecTaMu v, B r]. B pesyapTaTe STOT uJeH MpH-

MU BHE
i a
Am =— W;-aT[ﬂ ; €, [P;Va]]=
1 & 1
=-c'r—w [‘E ; e, [l';\'a] n].

[lepnmfi MEOXHTEAb €CTh MATHRTHEA MOMEHT M CHCTEMH
{cm. popmyny (51.15)). TlosTomMy MOXHO HANHCATh, UTO

A, =—[mn), (81.4)
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rae m = dm/0f Gepercsi B MOMeHT BpeMeHH f—r/c, Ta-
KHAM 06pasoM, NoTeHIHaA A, onpeaensiercss H3MeHeHUAMM
MarHHTHOrO AMNOALHOrO MoMeHTa, [lostoMy cooTseT-
CTBYIOLIleeé M3JMyueHHe HA3HBAECTCA MATHATHO-AHAOABHEIM,

B cayuae MaruuTHO-AMNOJLEOIO H3/MY4YeHHS MAFHHT.
HQe MoJe paBHO

B =[VAn =[vr, 22]=[n, 2=

(¢p. ¢ (80.3)). Ecan npene6peur p A /dr uneHOM, NpO-
nopuHOHaNbHEM 1/r2, M 3amenuts 6/0r na (—1/c)dfott),
NONYUHM
1 - 1 o
B, = — = [n[mu]} = —- [[mn] n].
Bocnonbzopapuinck 2xsusadeHtHeiM  (80.5) coorno-
wennem (72.16), moayuum, uto

E, = — = [mn] = —[nm].

Hrak, nods npn MarHHTHO-AHNOALHOM W3JAYYeHHH

paBHH ,
E, = [nm],

i A (81.5)
B,= = [[mn] n].

CpaBHeHHe MONYYEHHBIX Ppe3yAbTaT™oB ¢ (GOpMYyAaMH
(80.4) AnAa AHNOABHOTO H3JY4YeHHR NOKAa3nBaeT, YTo Bm

BLHIpajKaeTcd Yepe3 m TOHHO TaKoil (opmynoh, kaxodd E
Bupamaerca uepes p. Popmyan aas E.. u B oranvalores,
KpoMe 3aMeHH p Ha m, ellle W 3HakoM. Orciona cae-
AyeT, 4TO KAPTHHY NOAA DpH MarHUTHO-AHNONLHOM H3JY-
YeHWH B BOJHOBON 30He MOMHO MOAYYMTb, 3aMeHHB Ha
puc. 80.1 puam, Ena B, n B ua —E,.

O6parames KO BTOpOMY udedy ¢opmyan (81.3), 1. e
K BHIDAXKEHHIO

2
A= 3 55 2 eata(nr}). (81.6)

1y HanouwHaey, ure m == (f — rjc).

§ 8l. MATHHTHO-AUNOJBHHE H KBAOPYIIOJALHKME TICOAA 339

JloGasnenne Kk Aq smpaxenus [(r)n (f(r)— nwban
pynkuas or r) ne waMenut Bo, rax kak [V, f(r)n]=0
cM. (X1.54)). BosbMeM B kauectse f(r) ¢yHKnHio
1 a 2
()= — 537 57 2. e

(#;, ect> dynKuus apryMmesta (t —r/c), koTopana npH
nosAclicTBAH Ha Hee onepartopa V BefeT cefa kKak QyHK-
WHA OT r). YMHOXHB 3TY GYHKLHI® Ha n W NpHGaBHE ee
W (81.6), noayunm

1 @ ’
Ao= o o7 0, €, (3¢, (ur)) — rn}.
a

Hannmem BupaxeHne Ans {-i KOMROREHTH BeK-
ropa Ag:

1 4 .2
Ao =55 BiF ea{3x;‘(2nkx;k)-—rﬂn‘}.
a L]

llocnennul yied 8 QUIYPREX CROOKaXx MOXHO IpeacTa-
WiTh B BHAE er&iknk. Torna Ag GyAer BHTAALETH
7

caeayoiEM o6pasoM:
1 @ # r2 ar_
Ay == 6o off L% {Sx:,, (Z nkxak)_(z Fa 61#”&)} Nz
a k k
1 g2 F ’2
= Bcr ot Z i Z “a {Sxﬂlxck —7s 6:k} ’
k a

Ilo cymma no @ ecTh §i; — KOMNOHEHTAa TeH30pa KBaj-
PYIOABHOTG MOMEHTa cHCTeMH (cM. dopmyay (43.13)).
CArflopaTeNbHO,

1 42 By ek
AQ*“%??WZ;QMF@?%‘Q»

tie ) — KOMNOHEHTA BEKTOpA, NOJYYalomerocs npH yM-
HOMENHK BEKTOPA N Ha TeH30p Q. O603HAUHB STOT Bek-
top camposoM O, MOXKHO HandcaTh

Q. 81.7)

lovenunana Ag onpeaensercs H3MeHeHHAMH EBaApY-
NOALHOO MOMEeHTa CHCTeMH. nOBTOM}' CCOTBETCTBYIOLIEE
HisdiYYelkit¢ HAa3HBaACTCA xsaé‘pynonanmm.

1
A= 6c2r
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MareuTHoe noje KBAAPYROJbHOTO H3AYYEeHHA DABHG
dAq LY
BQ=IVAQ]=[W, = ]=[n 3 ]
Fpn poiukcneHHH GAo/Or npeHebpeskeM wNeHOM, NPONGHs

IHOHAAbHBM [/r?, H 3aMEHAM TPOH3BOAHYIO N0 r NPOHI-
BoAHOll no f. B pesyapTaTe MOAyUHM g

By = o7 [Gn] (81.8)

(MK nepecTapH/IH COMHOXKHTENH, 4TOOH HE 1IHCaTh MHs
Hyc, BHOCEMHH MHOMMHTedeM —1/c}.

Bocnoanseeasalck cooTHomeRheM (80.0), nadgpew,
4TO

l o
== gz [[@n} nl. (51.9)
. TIlo cpapuchnrio c Gopmynamr (8).4) BrpaxKenHA
(81.8) u (81.9) pme1oT AORORHHUTEALHEA MHOMHTENL 1 /60,
Kpome toro, emecro p B nux crour Q. B ocrascHoM
dopMyan ana noaefi OpH KRAEPYIOALAOM HJIYUeHHH
TOXIECTBEHHE! AHANOFAMHHM (QopMyRay AAd AHCJBHOTO
H3AYUeHusi.

CooTBeTcTBYOILHE BHYUCACHAS AAK0T, YTO CYyMMapHaa
MOWIHOCTb BCEX TPeX BHIOB H3JAyYeHHs (BKAOYAA IH»
NOJLHOe) onpenesieTcs BHpaXKeHHeM

2 - 2 . 1 o
I=3 B+ ® gz )&, 6110
Lk

IlpouspelleM OLEHKY OTHOCHTENbHOR HNHTEHCHBHOCTH
H3ny4eHHs PA3NHYHHX BHAOB. JIAS NpOCTOTH RpPeAmasio-
HKHM, YTO 3apAAB CHCTeMH ABHXYTCd MO rapMoHHYe-
ckoMmy 3akony. Toraa

r'=lcosef, v=losinef,

rie ! — Be/IMUHHA NMOPAAKA pa3Mepus cHereMu. Cpeanie
3HaveHHsA MoAyJeli coswf W sin @f — BeJRYHHE NOPAAKA
enHHHuH. [103TOMy B OKOHUYATENbLHHX BHIP2MKEHHNX, Xa-
PAKTEPH3YIOLIHX MNOPAAOK BEJHYHHH pPAaCCMATPHBAEMAIX
BhipaXKeHuH,, MHOXUTeAH coswf H sinw! Mu Gyaem or-
6pacuipath. Hanpumep, ecan He uMeTsh B BHAY HeoGxoau-
MOCTs anddepenliApoBaNHA NO {, NOXKHO HamHCaTh, 4TO

r~l o~lo. (81.11)

e — S| (| ———
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Hs onpenenchns (43.5) caeayer, 4To p €cTh BeNMUHHA
nopaaka er’, T. e.

p~elcoswt, p~elosinat, p~ ele®cosat.
O1cl088 NMONYYaEM, YTO N0 NOPAAKY BEJHYHHH MOILHOCTD
LANOABHOrO W3JYYeHHsl onpelelsieTcd BhIpaXKeHHeM
P erel  doe? B1.12)

Ip~cs p— i 88

(cm. (8L.11}).
W3 onpenenenns (51.15) caeayer, uTo MarHMUTHHINA

MOMEHT WMeeT BeJIHUHNY TOopaiKa er'v/c, T. e.

. 1 .
m~%eﬁocosmt smcot~-;e!’cosm 2af,

I o :
it~ -E_-el’co’ cos 20f, At~ — elo?® sin 2uf.

Orclona  »
3 ]
o~ 2t~ e’ifj“ ~_._e"1;" : (81.13)

ConocraBienre Bupaxennft (81.12) n (81.13) naer,

yTo
Im:l,=(vfc)*: 1.

HanoMuum, 9T0 BMWYHCHEHHA NOJAeH H3Ny4YaeMbiXx BOJH
MR OCYUIECTBHJAH AAS HepeAATHBHCTCKOro cayyas (T. e.
e v < c). ChenosatesbHO, B HCCACAOBAHHOM HAMH
ciyuae HHTEHCHBHOCTh MarHHTHO-ANNONBHOTO H3NYHYEHHA
MHOIO MeHblleé HHTEHCHBHOCTH 3JEKTPHYECKOTO AHNOJL-
HOTO H3JY4eHHs.

Cornacho onpeaesaeHnio (43.13) KBaApyNoAbHHE MO-
meHT (a aHayuT, H BexTop Q) ecTh BeANYHHA NOPAAKA

er'® 1. e
Q ~ el cosaf, € ~ el'w cosat sin of ~ ef’o sin 2wf,
O ~ ePa®cos 20t, Q ~ ePo® sin 2at.

CeaoBatesbHO,

g 2a" etotp?
Ig~—s~—F—~ o (81.14)
Takum o6pasoM, KBaApynoabHoe H3AyucHue obaanaer
MHTCHCUMBHOCTBIO TOTO XK€ NMOPAAKA BENAHYHHH, YTO H Mar-
NHTHO-AHNOALHOE H3AYYEHHE,




NPHAOXEHHA

1. Ypapuenun Jlarpawka AnA rolOMOMHON CHCTEMM
C HALANLHLIMY HECTAUHOHAPHBIMH CBA3AMY

B caydae HecTauMoHapRBX cBasefi ycnosua (4.2)
uMeloT BHA,

fl(xls Kgy v vy xrnt)-_"o (f=l, 2,-..,

). (I.1)
B cOOTBETCTBHK C 9THM BPeMs BXOZHT u B Gyskuun (4.3):
x1=xi(qlt Joy - -2 O t) (i=l, 2,--., n). (1.2)

B ¢opmysax (4.4) u (4.5) mospasercs elie ORHO cAa-
racMoe

ax ax
=t Do ! (1.8)
H3 (I.3) cregyeT cOOTHOWEHHE
0%, o
3q; . 94,° (1.4)

copnapamomee ¢ (4.6). Popmyan (4.7) taxxe oCTalOTCA
6e3 usmeneHui: )

ax,
3, (1. 5)
dx,
TloCKOABKY BeJIHYHHH Fr Oyayr coiepxartb He
&

TONbKO ¢, HO H {, BHpaxenue (4.8) HeMHOro YCJIOK-
HUTCA:

d dx ax fx
Lo Vil g . i i
at oq, qu) Z 99, ( )q-!

dx, a’x‘ "
= ror +$ s b (L9)

|
|
|

1. YPABHERHA JIATPAH)XA TFOJIOHOMHOFI CHCTEMH M3

liponmpq)epenuuponan nupamenne (1.3) no g, NOJYIHM
(iX:

ax
i i i
';)qk oc;v,,e )+ Z aqk (dq‘)‘h

d’xi .
Z aq aq, qgi.

Conocrapup 510 Bupaxedne ¢ (I. 6), nmpuxodum x co0T-

BOLIEHHIO
ai, d ax,

o == ——— .7
= T @1
cosnanatoueMy ¢ (4.9).
YMHOXAM ypaaneﬂnﬂ
d 8L » e
—— 4 B n
ax, ;
{cw. (4.1)) na 2a. B NpoCYMMHpYeM HX MO i
k
[ d @l \ d')'.x‘ — 1 r_:},-.'f 4
2L\ 9% ) 30, T LT Wy
| e sh Rl f?fi_._"_\ ':“.r_i:'.. (1. 8)
S A ‘-';qk L { da \ 3

'u-?:w_a:} denonbaopannne B § 4 npu npeobpasobBaHiu
TH 9TOr0 ypaBHEHHSA COOTHOUICHARA {1 9), (4.6)
octanich Ges uamenenn#t (em. (1.7), (1.4) u
. He H3MeHHTCA M pesyJbTar. CJ:E‘RO‘”’&"“E"]MIO, Je-

ractb (1.8) moxxer OuiTh NpeACTaBIEHA B BHAC

d L aL
di 04, 23,

(cm. absau, npemecTByomuil Gopuyae (4.18) ).

Mpexae yem nepefiTH K paccMOTPEHHIO npapoft uacrH
dopmyanr (I.8), obcynum caeayomnn sonpoc. B cayuae
‘l"L‘E]OHapTH:ix carael x; = x:(g:) B npBpaiieHHe KOOp-
AHHATH X; 32 BpeMa di OyAer paBHO

dxy = Z —L dq,, (1.9)




344 IPRAOKENMS
rae dqr — npupauienus ob6o61eHHBIX KOOPAHHAT 34 Bpe:
M dif. B ciyuae HecTauHOHApHHIX cBA3ed Xxi == x:{qx, 1)
W npupalleHHe x; 3a BpeMsa df paBHO

a a
de,=hdt + 3, 5t das, (. 10)
k

rae OnATb-TakH dg, — NpHpaNMicHH KOOPAHHAT ¢ 38
Bpems di. s

ax;
Ecnl 0w ced3g BAPYC MepeCcTaAH H3MEHSThCH, a5

obparusack 66 B HyAb ¥ dopmyna (1. 10} cosnana 6u
¢ (1.9). Cnenosateabto, sTopoe cnaraemoe B (L. 10)
npegpcrapasier coboft soobpaxaemoe mnepeHenieBHe CH-
CTEMBI, KOTOpPOE NOAYYHJIOCh OH MPH <3aMOPOXKEHHLIA®
cBA39X. Ero HasnipaioT supryasbiots (AW BO3IMOKHEIM)
nepemetgentiexs n obozHavawr 8x,. Tarmm ofpasoM, ue-
THHHOe MepeMellleHHe dX; MOXeT ObTb NPeRCTanAeHO
B BHAEe CYMMH BMPTYaJbHOLO nepemelllennss dx; w cAa-

raeMoro, pasHOro -‘3—':-‘- di,
3
dx, = bx,+ =L dt. (1. 11)

IIpn cram{oHapHHX CBA3AX BHPTYaALHOE NepeMellleHie
CcoBNajfaer ¢ HCTHHHBIM.

Teneps paccMOTpHM NepBOe CAaraemMoe p Npapodl va-
cra popMyan (1.8). YMHOXKHB ero Ha dgs, moay4HM

(Z R, %i‘)d%=ZR‘ (;}:"d‘?k) =ch6xu (L. 12)
1 [

rie Ox:— BHPTYaJbHOE NpUpalleHHe KOOPAHHATH Xj,

BO3HHKAaKOLIeEe B TOM cAyvYae, Koria HiMeRAeTCAd TOARDKO

oAHa ofo0menHan KOODAUHATA G,

PaGora peakunht R; npH (HKCHPOBARHWX HECTALNO::

HAPHHX CBA3AX (Tak Xe Kax ¢ NPH CTAUHOHAPHEIX CBA- .-

31x) pasHa uymio. [Tostromy
dgx 0, 1o u3 (1. 12) purekaer, 4To

a
Z’R' F}:‘-no. (1. 13)

Z‘: R, dx,=0 n Tag KK
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3ameTHM, UTO WCTHHHAA pafoTa peaknufi HecTaudo-
Mapunx cesseii cornacuo (1.11) u (1. 13) paena

};R;dx,=Z‘R;6xg+2;R,%?-dt=Z Rt at

M, nooBile roBopH, OTNIHYHA OT HYJA.

HUrak, cormacno (I.13) nepeoe caraemoe B npasoft
wacrn opmyan (1.8) paBHO HyJ0 — peakuuu cesasef
onsiTh BLNAJMW W3 ypaBheHuil. UTo XKe kacaercs BTOpPOro
CANFAEMOro, TO OKO NO ORPEREJIeHHIO ApedcTaniser co-
Boii oGoGmennyio cuny Q; (cm. dopmyny (4.12)}. Taxum
a6pazoM, W AJAS HeCTALAOHAPHHIX CBA3Ed ML MPHIIH
& ypapuennam Jlarpanxa

4oL _ oL _ o
di 8g, ~ dq, %

Il. Tegpera Sfinepa ARA OAHOPOAHEX PYHKUMNA

dyakrInA Mobore YHCAA NepeMeHHBIX Ha3biBaeTest Ol-
nopoaHoil dyuxnHefi 3THX NepeMEHHHX CTeNeHn m, eCaH
fipW YMHOXKEHHH BeeX NepeMeHHBX Ha NPOH3BOJIbHYIO Be-
JiihHy o GYHKLAA yMHOXaeTcd Ha o™, T. e.

f(axl? 0Xgy ..., axn)aamf (xl’ Koy -0 en xn)'

NpeanddepeHnupyeM 3TO TOKAESCTBO [0 ot

Za_ath=m“m_lf(xl) Xoy <oy K):

= (ox)
INonoxus o = 1, noayunm
i
a
Z'—aj xe=mf (%1, Xg ..., X,).
tal ¢

MH g#oxasajn Teopemy Idaepa, KOTOpasl TIJNACHT:
Cymma npoussedenud LACTHbIX NPOUSBOONBIX 00KOPOOHOU
hynxyun na coorsercreyrouue nepemennbie pasKka npo-
useedenuso camotl PYRKYUL Ha cTenens ee 0OHOPOOHOCTY.

IIl. Hexotopue caeaeHun
W3 BAPHAUNHOHHOIO NCUMCACHHSA

1. ®yuxunwonan. Ecau KaXQaoMy ducay x M3 HHCEA
HEKOTOPOro Kaacca cONOCTaBAeRO MApyroe HHCIO ¢, TO,
K&K M3BECTHO, MH HMeeM Aeao ¢ QyHKuHel y == y(x).
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Ecau kaxpof dyrxuuu y(x) us HEKOTOPOro Kaaces

(ynkuufi conocrasneno HexoTopoe uncio @, To rosopiy,
4T0 3aAaH Pynkyuonas M [y(x)].

Iast HarJAAHOCTH MB GyZeM WHOrAA TOBOPHTH BMECTO
({yHkuuH 0 KPHBOH.

Hrak, Qynkrunst ycramasansaer ccorBercrspe:

HHCJAO — 4HCAO,

YHKUMOHAA e yCTaHABAHBAET COOTBETCTBHE:
PyHRUNA (1AM KpuBa#) — yACAO.

Takum o6pasowm, B ciyuae (ynknuonana poJib apryMenty
Hrpaer QyHKuus (Ham xpusas).

[Nosichum ckasaHHOe culeAyIOUHM npumepom. Ilyerh
AaHH HA IJIOCKOCTH X, y ABe (UKCHPOBAHHBIE TOMKH I
v H 2 (puc. 1I1.1). Paccrosune ly
MEKAY TOYKAMH, OTCYHTAHHOE
BAOJL COeAMHSIOULeH HX KpHs
BOH, ectb (QyHkuHoHasw. UTobM
HafiTH aHaJuTHUYeCKOe BhHIpae-
HHE, CBA3LIBAIOLIee BEAHYHHY Iiy
¢ Gyuxnuell y = y(x), onHCHs
Baloule# KpHBYIO, YurTeM, yYTO
3XeMeHT KpHBo# dl chazaH c d¥
U dy cooTHOUIeHHeM dI° =m

Puc. HI.1 =dx* -+ dy*. Tlpencrasus dy

B Bule y'(x)dx, noayunm, uro

dl=Aldx* + (¢ (NP d’ = /T F (y (x)dx. Haxonen,

NpOHRTErpHpoBaB H 0603HavuB [, yepes @Jy{x)], npu-
AeM X BHIpaXeHHIo

Oy = | VTT (7N a. (H1. 1)

Bepa pasune kpushe, T. e. Pasnbe dynkunn y(x), mm
GyaeM nosyuatsh pasnue guciaa @,

[Toxo6Ho TOMY Rak Gmpalor PYHKURAH He OfHOM, a He-
CKOJbKHX NepeMeHHMX, CYUleCTBYIOT $yHRUHOHAAL, 3a-
BACAIHE OT HeCKOAbKHX QyHKumsi: g, (x), y2{x), ...
veey Ya(x)1).

) Cymecrsyior Taxme -byHKUBOHaNH, 3aBHemEe OT pyHxnnk
HECKONILKHX NEDEMERHMX Xy, X2, ..., X, OfHako Taxhe dyuKLno-
HBANH HaM We NOHAJOGHTCH, H MM BX PaccMaTpHBaTh He Gyiewm,
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Lcan pydxunonan yaornersopsaer YCNOBUAM

@ [cy(x)] =c®[y (x)] (c — koucranra),
B i (%) + g2 (0 = @ [9, ()] + Py, (1)),

Ul HaswiBaeTcsd saunelnoim. JInHefinbie yHKUHOHANN MBI
fiyliem o6osHauyats cuMBONOM Muuy HAH Fagy H T. 1.

DyHKIUHOHANK, 33aBHCSIINE OT HECKOJBKHX yHKUHH,
MOrYT OKasaTbhbes JHHEHHBIMH MO OTHOIUEHHIO K ONHHM
WYNKUHAM U HEJHHEHHBIMH MO OTHOLIEHHIO K APYTHM.
} 9TOM coyuae, HaNpHMEpP, CHMBOA

D no gy (1), #2(x), .. .)

OyACT O03MEMATH (PYHKLHOHAJ, ANRefHWR OTHOCHTEALHO
Py HKuMA g (x).

Japavell BAPHAUMOHHOrO HCYMCACHHS HBASETCA pas-
pAGOTKa METONOB HaXOXKUEHHA IKCTPEMAALELIX (T. e.
MUKCHMAJILHEIX, MHHEMA/IbHEIX WAH CTALHOHADHLIX) 3HA-
NeHHA (YHKIHOHANOB. 3Ta 3a/la4a BO MHOIOM CX0lHa C

HaXOMACHHS SKCTPEMYMOB OOGHMHBIX (YHKUHH.
Bapuauus ¢pynxunonana. Bubepem us paccmarpn-
BieMOro Knacca yHKUMA NPOH3BOABHYI0 QYyHKUHIO §(x)
(UTOOK! OTVIHYMTD BHIOPAHHYI0 (YHKUHIO OT OCTAJBHBIX
(PYUKUHT BEHHOrO KAacca, Mbl BOCNOJbL30BANHCE SHAUKOM
TAbAa}. 3aTeM BuBeper H3 TOFO e whaacca ApyTY10
Pyrinuio y(x). Paswocts sTHX ABYX YHKUHE Hasw-
haerTcd BapHauued dyukuny 7(x). Bapuanwio o6osna-
Ha0T cuMsonoM 8y (x) mam, xopoue, 8y. Taxum oBpasowm,
BApHaLEd QYHKUHH ORpefefsiercss cAeRYIOMHM BHpaXe-

E B () Y (1L 3)

DapHauus (QYHKUHM aHAJIOTHMHA upnupaulenuio Ax
(Wie dx) aprymenta ofmuHOf QynAxuus: Ax = x — &,

Bapanauua 8y dyuxumm 7(x) ecrts, OuesujHo, QyHK-
s or x. Ilpoandpepenunposar 3ty ¢GyHkuHO no x,
iufaem cornacuo (II1. 3), uro

Bg) =y (x) — § (»).
llpasast wacTh 3TOro BHpameHHA npeAcTaBaseT coboi

wapnanuio $yrkuna § (x). CreposaTedbHo, MH npuxo-
ANM K COOTHOWEHHID

(111. 2)

Oy) = oy’ (I11. 4)
{(npON3BOANAR BapHANAH PABHA BAPHAUHH NPOH3BOAHOR).
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BHACHUM, KaKafd BeJHUYHHA B BAapHAIHOHHOM HCUHES
Jennd coorBercTsyer audrpepeHuHany oOnuroR (GYHES
unn. HanoMHEM, 4To ecun (QyHxuxs HenpepusHa'), 1
ee npupaluende Ay, paBhoe y(x)— y(X), MOKHO Npels
CTABHTb B BHAC CYMMH JHHEAHOTO OTHOCHTeAbHO Ax CAls
raemMoro M GecKOHeYHO MaJioil BeNHYHHH NMOpsAAKa BHING
nepBoro RO OTHOLWEHHIO K Ax:

Ay=y (%) Ax +eAx,

rle & — BeJHYHHA, 06palWamancs B HyJ b BMecTe ¢ A

(KHave MoOXHO ckazaTtb, 4yto lim e=0). [Tepsoe cJaAs
Ax=>0

raeMoe B 3TOM BHpaXXeHHH HasHBaeTcs AnpdepeHUHAS
nom ¢pynxkunn. Takum obpasom, Anddepenunanom GyHKs
IOHA Ha3hipaeTcs Ta& YacTb NMpHpauleHRA (PYHKUKE, KOTOS
pas AHHeliHa OTHOCHTeAbHO Ax.

Ona oyexnun y=x AnddepeHnHan coBRAjAGT
c npupawenveM. Cnenoparenbo, Ax = dx, Tak uTO BB
paxkenne ans Anpdepenunana GyHKUHH MONKHO HaIHS
caThb B BRjle

dy=y (x)Ax 6o dy=y (x)dx. (I1IL. §)
Ecan MaaoMmy nameHennio ¢yHknun (manofi §y) cda

OTBETCTBYET MaJjoe H3MeHeHHe (QYHKIHNOLANA, TO (PYHKs
UHOHAJA HA3HBACTCA Henpepoisroim. Ina HenpepHBHHX

(;)YHKI.U'[DHE}J'IDB MOX{HO BBECTH BeJHYHHY, aHaJOrHUHYIN

Anddepernuany o6HYHON QYHKUHH.

[lpupamenne ¢ynkunonana AD = ®[y(x)- dy]—=
—ID[y(x)] ects BennunHa, 3aBHCAWAA OT ABYX QYHHS
unit: y(x) u 6y. Cnenosarensro, A® — rakike (HyHKILHOS
HaJ. TOT QYHKIUHORAJ, BooGLie roropsd, Oyner HeauHeHs
aeiM. Ecan A®[y(x)] moxHO mnpeicraBHTs B BHAE
CyMMB JIHHelHOrO OTHOCHTENbHO Oy QyHKUHOHAJNA
Faun. o gu [y (x), 8y] u GeckoHeuHO MaJoH BesHYHHBL MOs
pAllka BEIlle MEPBOrO MO OTHOUICHHIO K |8Y|max (MaxcHs
MaJbHOMY SHAUEHHIO MOAYJA (QYHKUHH 8y), TO riaBHYIO,
JHHEAHYIO OTHOCHTENBHO 8y, YacTh NpUpAIEHHS QYHKS
IMOHANA HasHBaloT sapuayued @ynxyuonara. Takum

1) Bonee erporo, myxio Guio Gu notpeGosats, uToOLl Qyiis
unA Gejia He TOJLKO HenpepWBHON, HO Takxe H AH((epeanupyemol
Onuako (yHKuus, paccMarpHBaeMbie B (HsHKe, Kak NPasHNO, echM
HenpephiBad, T0 H Arddepenunpyemsl. Xors, Boolmie ropops,
MaTeMaTHKe HoBeCTHH HelpephaHHEe dyHKUHH, KoTOphie HelHQ(hes
peRuHpyeMEL.
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00pasoM,
AD [y (x)] = 0@ [y (x)] + &l 8¢ Imax, (I1L. 6)

3D [ (x)] = Fams. no 0y 17 (%), 8Y) (111.7)

ec¢Th BapHauus (YHKIHOHANA, a &— BeAMUMHa, ofpa-
ghaloancs B HyJab BMecte ¢ |6y | man.

Bapuauusi (QyHKuHOHaNa ABAACTCA AHAJNOrOM AH(-
|(|wchuHaJla QYHKLHH, ONpels/ifeMOro BupadeHNeM
l11. 5).

Onpenencune (I11.7) nerko oGoGuiuTh Ba cayyai
(PyHIIHORANOB, 3ABHCANEX OT HECKOJbKHX (PYHKILHI:

o [:')'I (x)’ ¥ (x)s <oy Y (JC)] =
=FJl|m. no &y, by, ... B [yl (I), Ho (x)r s
ees Yol dun, Oy, ..., Oy (111.8)

B KauecTBe WARKCTPAIEK HaBAeM NpHpalUesne PyHK-
ILNOHaNa

e

i

® () =\ fy () dx. (111. 9)

a

Sro npupamelne pagHO

AD = D[y (x) + dy] — Py ()] =
[3 b

={ v +oypar - {lyIPdr =

a a
b

]
= { 120 (1) 8y + Gy dx = { 29 (M oy dx + [ ByPax.

a [4]

b
Harerpaa S(by)"’dx HE T[IPEBOCXOAHT BeJNUNHY

&
18y R, (0 — 0) = {1 89 |y (0 — D)} 1 8y |y, 1€ 18 gy —
MAKCHMAJbHOE 3HAueHHe MOAyssd QyHKuuk Sy B HHTEp-
pane g << x << b. Bupamenne B PHTYpHHX cKOGkax 06-
patlaercs B HyAn suecte ¢ |0y|max. CaenopatennHo,

S(by}’dx MOXHO nNpeacTaBuTs B BHle ¢|8y|mex, TAE
a
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£—0 npu |8y} max—0. Torga
b
A® = | 24 (x) by dx + 84 lnas

{cp. ¢ (II1.6)). Tlepeoe caaraemoe B 9TOM BHIPAKEHAN
npeacraenser cobofi ¢pyHknHoHaN, 3aBHCAUINH OT (QYHK-
uuf g (x) n Sy,

b
Faun. 10 0 19(), 891 =\ 29 () 8y dx. (111, 10)

Jlerko npoBeputb, YTO 3TOT GYHKUHOHAA JHHeew') no
orHomennio K &y (cm. vcnosns (II1.2)). Takum obpa:
::(;llvll, g)upameune (I1. 10) paer papnausio GYHKRHOHAAA

3. HeoGxogHmoe ycioBiHe SKCTPeMYMa PYHKIROHAAL.
Hagxem onsiTh ¢ aHANOrHYHHX DOHATHA M3 a¥aAHaa,
O typxuua f(xy, X3, -.., X,) TOBOPAHT, YITD OHA HMEET
B TOYKE Xy, X3, ..., ¥, DECTDEMYM, eCld npupaiieHue sToft
byHKuHH

&f=f(xl’ Xy o0y xn)_f(zh 22? A 55")

HMeer OAHH W TOT e *3HaKx AAs Bcex TOoueK
(%1, X2, ..., X5}, NPUHAAAEKAMHX OKPECTHOCTH TOUKH
(%), %3, ..., %n). Ilpu Af << 0 8 nanuclt Touke EMeer Me-
CTO MaxcHMyM, npH Af = 0 — MuHAMYM.

B anand3e AOKa3HBaeTcd, UTO He0OXOAHMEIM YCO-
BHEM JAs CYLIECTBOBAHWSA SKCTpeMyMa B HexoTopofi
TOYKe AABJNAeTCH pPABeHCTRO HyJ o OHpdepenunasa GyHk.
LHH B 3TCH TouKe:

n
ad
df =;1-5%dx,,==0. (111 1)

AHanornytio ropopsT, yro dyHkuuonan @[y(x)] ao-
CTHPAET IKCTPEMYMa npu y == g{x), ecIH MNpHpaileHHE
¢yHKUHOHANA

AD =0y (x)] — @[F{x)]

1) Hangul ¢yprnEoHan JHHeeH TAK¥e H DO OTHOMIGHHIG K
g{x), Ho 3TO He CYWECTREHHO — BAXHA ABHEHAOCTL JMIIE [O OTHO-
wenm0 K §y.
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iMeeT OJHH H TOT ¥e 3HAK AAs BCeX KpHBWX y(x), Ao-
craToulo Gauskux K xpusodt 7(x). ITpu A® <0 nabmo-
AaeTes MakcumyM dynkuuonana, npu A® =0 — ma-
HHMY M.

Hafinem ycnosue, HeobxoauMmoe AJf NOCTHHCHHA
pyukunonanom @[y(x)] sxcrpemyma npH y=1i(x).
PaccMoTpiM AN ONPEeNeHHOCTH caydal MaKCHMyMa.
Fean ®[y(x)] mocruraer makcumyma npH y = §(x), 310
ANAURT, UTO

® 7 (x) + 8y] — BT (<0 (I11. 12)

juin Beex 8y == by (x), ans xoTopux |8y|max AOCTATOUHO
maa. Cornzcuo (H1.7) n (IIL 8)

AD = ®[F () + 65] — PG ()] =
== Frun. vo by [§ (£}, 8y] + €] 84 lmax (I11. 13)

BulieAnM ®3 BCeX BO3MONHBIX BapHanud 8y Te, KO-
Topyie MOTYT GEITh NpPeACTaBJEHH B BHIC 8y = adbyo, rae
0ijs — HekoTopas (uxcHpoBanHan AOCTATOUHO MaJjas Ba-
pHanus, a o— nepeMedHas ajarebpanveckas BeJHNKHA.
{lojcrasus ary papuauuio 8 (111 13) u yursa, 4TO B CHAY
aunchnocrr Fl§(x), abyo)l = aF[F(x),8yo], mMOXKHO Ha-

nncaTrk
A =oF [ﬁ (x)) ‘590] + s | dy, e

B nocaenHem Bupaikennn Fl7(x),8y] ecrb npocto
wakoe-To unciao. Ecaft 310 4HeA0 OTJAHUHO OT HYAdA, TO
fIpH AOCTATOYHO Manux o 3Hak AD Oyler onpeaessaToCA
makom pupaxenns oF [7(x), 8yo] (cnraraemoe e | 8yo | max
yOwpaer ropasae OwlicTpee, 4eM nepsoe caaraemoe ')),
A 910 BHpakeHHe Oyler H3MEHATh 3HAK BMecTe ¢ o (KO-
fopas MoMer OnTb H NOJOXHUTENbHOW, H OTpHUATE/b-
woft). Takum o6pa3oM, AJist BHINOJIHEHHA YCAOBHS (I11. 12)
weoGxonnMo pasenctso Hyaio seanunnn F[7(x), 8yo).
Venopue (I111.12) ponxHO BHIOMHATECA ANA BCEX Ge3
WOKNIOUeRHs AOCTATOYHO Manmx papuaunit 8y. Mb Xe

gapyxuau, uro npa 6® 5= 0 xora OW AAA YacTH Ba-
pHOuKA, IMeoLIHX BHA uf)yn. yKa3zaHHoe yc/lOBHE HE CO-
Omonaerca. Tlosromy MOMXHO BHCKAa3aTh ciaelyioliee yT-
wepicaenne: Oan Oocrunenus (yrxyuonaron @ [y(x)]
wakcumyma npu y=j(x) neobxodumo, urobe. e20
'} Yenosue e— 0 upd |84 |mex -0 B Nannom cayvae npuoGpe-

vaet win lime = 0.
a0
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sUpaayuUR (eciH OHa cYIIECTRYeT) ofpaujaracs & Hyas
npu y = §(x):
@ = Frun. no by [!}' (x), 6y] =0 ’)- (ITI. 14)

BuiHo, uTQ, MOBTOPHB pacCyKAeHHA ANA cAyvuas MH-
HHMYMa QYHKOHOHANA, MK MPHAEM K TOMY XKe 3aKaloye:
unio, CaenoBatenvho, popmyaa (111, 14) Bupaikaer yeao-
BHE HE TOJAbKO MAaKCHMYMa, HO H MHHHMYMA, T. €. 3KCTpes
MyMa BooGue. 3Sta Jopmyna dBAAercs aHaloroM
dopuynn {HI 11).

4. [ipoctefilas 3afavya BAPHALHOHHOIO HCUMCACHHS.
Hafigem akcTpemyM $yHKUHORANA BHAA

X3

Oy ={flx, y), ¥ (D dx.

X3

(I11. 15)

I'paHnunble TOYKH AOMYCTHMBIX KPHBMX MpeAnonaralorTes
saKkpenAeHBHMH — AJA BCeX AONYCTHMBIX KpPHBHIX
yr)=un, ylx)=y (I11. 16)
[MpHpawernne $yHKUnOHANA PABHO
X3 £
a@={flx, y+0p ¢ +81dx — | flx, . ¥ dx.
X Xy

Pa3znoxyM nopHHTErpaibHyio PYHKUHIO B NMEPBOM HHTE:
rpaje MmO cTeneHsM Maabx peawunn &y u 6y’. B pesynp-
TatTe NoAYUHUM

AD = S {f Ix, v, ¥'1+ g—; 8y + -%'; 8y'+e 8y, dy)}dx—

X

—\ it v yids,
X1
rae z(8y, 8y’) oObeaMHAeT uJeHH DNOPAAKA Bhille nep-
BOro OTHOCHTC/bHO BeARYMH &4 W Oy'. 3TO BHIpaMeHHe
ynpolaerca cleayoumnM o6pasom:

X3

A@=§{%6y+%,—6y’}dx + S e (8y, 8y')dx. (L. 17)

Xy

) 3uax TON(OECTBA NOAYEPKHBAET TO OOCTOATENLCTBO, 9TO Ye-
sopye (II1. 14) mommno BHINOAHATHCR AAA Beex Oy,
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IlponurerpupyeM Nno 9acTAM BTOpOe charaemoe B nep-
nom nuterpaite. [lasa sToro OpeicTaBHM ero B BHAC

X X3
—\2 —\ 2 ey
1=\ 2 oy dx = 2L gy ax
x) Xy
(Hanomunm, uto 8y’ =(8y)’; cM. dopuyay (I11.4)). OGo-
BHAUMR o vepes u, 3 (6y)’dx sepes dv M BOCNONB3O-

papuinch (Hopmynon S do=uv — S u du, moayuuM

Xz Xy Xy
oF _of S _d (9o )
J—SEE,—(Gy)’dx—- F T dy v 3y dydx.

i 1 Xy
BcreAcTBHE TOTO, YTO TPAHHYHEE TOUKM JACNYCTHMHX
KPHBHX 3aKpenJieHkl, BapHauus §y B STHX TOUKAX HAOJK-
na obpamarscs B Hyab: 8y(x) =0, 8y(x;)=0. [loaromy
nepekifi wien npasofl yacTH pasen HyJio. CirefioBaTeNbHO,

Xy

d af
J=_S7ﬁ_ ay,)ﬁydx.

Xy

Ilopcrapum HafinenHoe sHauewue J B dopmyny (I 17),
punecst 8y 3a ckobka,
Xz Xz
_\foi a4 o S
ND—S e Yoy ds + ey, 85)dx.
xy X X
I'napuyio vacts AQ obpasyeT NepBHil HHTErpaf, KO-
ropuii npeacrapaser cobolt PpynKuHOHAJ, JMHEAHHA OT-
nocurebho 8y. [lo onpeRenensio 3TOT HHTCrpan €cTb
papnansa pynknuonana ®. Hrax, Baprauus QyHKIHO-
wasia (I1L 19) nueer BuA
Xz
af d of
80 — S (8 & Voydr,  (L18)
X1
# ycenonne sxcrpeMyma (I11. 14) sanuuiercs caeayoluM
HDpPa3oM:
Xy
-af d o -
Vo oy v dr=e:

X1

1? H. B, Capeaeco, 7. 1
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TTonyuzeHHOe TOXKAECTBO ACHKHO BHNONHATHCA ANS JI0-
GHX OCTATOYHO MaaHXx ¢yHkuufi 8y =48y(x). 310 po3~
MOXHO TONLKO MPH YCAOBHH, YTo GYHKIHA, CTOALLAA NOA
SHaKOM HHTerpaida B GurypaHx ckobkax, 6yaer paBaa
HYAIO:

(111. 19)

310 ypaBHeHHe HasbipaeTcs ypasneruem 3taepa. OHo
npeRcrapaseT colofl ycloBHe SKCTPEMyMa (yHKUHOHA-
aos puma (I1.15). Kpusme y=y(x, C, Cy), smasio-
liHecHd pelieHHAMH 3Toro YpaBHEHHA, HasHBaKWTCH AKC-
rpemarany (C, v C;— NOCTOSHHEE KHTErpHPOBaHH).
3amerum, uro nputasacune p (II. 19) x noxmnTe-
rpanbHoft GyHKUMH NOAHOA NponsBofrok No x OT JOGOH
yikuun $(y, X) He H3MeHfeT YCIOBWEE 3SKCTpeMyMa
(IT1. 19). HeficTuTeABLHO, 3TO CAAraeMoe nocie HHTErpH-
POBAHYHSA RAET BeAHUNHY

Xz

S % dx== ¢(y2’ xﬁ) e ¢(ylv xl),

x

BapRALAA KOTOPO# paswa Hymo (mo ycaosmio {I1L 16)
KpHBHE HA KOHUAX He Bapbupylored). Taxum oOpasoM,
noGasaenye dp/dx u3Mensier UL 3HAYCHHE IKCTPEMYMa
dyHKIHOHANA, HO He BAWAET Ha BUA QYHKLHH y{(x), npH
KOTOPOil 3TOT 3KCTPEMYM ACCTHTAETCH.

Bocnoabayemcs dopuynch (1L 19) nas HaxoxxeHHs
skctpemyma dynxuuorana (II1.1). B srom ecnyqae

fex, y, ¥)=+ 1+ [y (). Caeroaresnvho,
0 o . _ Yy %)
"oy VI &P
k ypasuerue (I11.19) nmpuuer Bhg
. 3 i, o — ( ] L 5’2 ) ” = ()
& Vv \Viee? G )

PewenyeM storo auddepennuanbHoro ypapHenus oy-
per Gyuxums, gas koropoit y” =0, a ' = a. Caenona-
TenbHO, cama (QYHKHHA ecTh JiuHefiHaa QyHKunA: §==
= ax+ b, kospdunuents KoTOpPOll HYXHO NOAOGPaTH
rag, utobm Bunonaanuch ycnosus (IIL. 16). 3uaunr,
dyrxnuonan (III. 1) mocruraer skcrpemyma (B AaHHOM
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¢yuae, OYEBHNHG, MMEHMYMa), eclii B KayecTse y{x)
#351Th MPAMYIO JIHHHIO, COCAUHAIQIRYIO TOUKM In2 (oM
puc. 111 1).

5. 3xcTpemyM (DYHKUROHAACB, IABACKUEX OT HE-
ckonbkux pynkuuit. Paccmorpam pyHKIHOHAN BHAA

‘D[yl’ a2y - -» ys]’_:
X3
=Sf[x, Upp Yoo o0 oo Ypo Yo - oo y;] dx, (II1. 20)

x

rne ys =ge(x) (==1,2, ..., s)— KpHBHeE, 3aKpenjecH-
ild¢ B rpaHHYHEIX TOMKax, T. €. ynon.lle'raopmoume rpa-
MHHUYHKM YCJIOBH’IH

) =tp, el =grn k=1, 2 ...,8). (IIL.21)

B COOTBeTCTBHH €O CKAa3aHHMM B N. 4 EBapHauua
(pynkunonana (111.20) onpefensieTcs PHpaMEHHEM
X g
of of
6®=S —— 3y, +
X% kzﬂl oyk 2 ay;

og;) dx, (I11.22)

tie 8yr — AOCTAYOUHO MaAHe QYHKHHU OT X, 06palan-
iljecl B NYAb B PPAHHYHLIX TOYKaX

89s (x) =0, By (k) =0. (I11. 23)

[pebGyerca HalTH TakKyi0 COBOKYNHOCTD (byuKuHE

{4 (x), YIOBNETBOPAWINHX YCAOBHAM (I11.21), npu xoToO-

pux ¢ynkuuonan (I11.20) nocrrraer SKCTpeMyma. He-

0OXOMMEIM YCIOBHEM 3KCTpeMyMa fiBJisieTcsl paBeHCTBO

wyaio sapuanun ynxkunonana (I11.22).

WMuTerpupys no 4acTAM KaxJoe W3 § ClaraeMeix BAAa
X3

of
— o dx,

sxopmmx B Gopmyay (111.22), MOXRO NPHBECTH €ro
i BIAY

X3

L= S —d—( 9\ oy, dx.
- dx \ 94

[lponspens Takyio samedy B (I11.22) w npnpaBHAB HYJO
WOMyuNRIleecA Bupaxenie AAs 6@, npuaeM X HeoGxo-

13*
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AHMOMY YCJOBHIC JKCTPEMYMa:

X 5

A _ 4o |
:S.g.(oyk dx ay;)"ykde*O- (111, 24)

3710 TOXKAECTBO JAOMKHO BHNOAHATLCA AAS JIOGHX
BHODaHHLIX HE3aBHCHMO JPYr OT APYyra AOCTATOYHO Ma-
ABX QyHKIMA 8y, = 8ys(x), YTO BO3IMONKHO JumIL npA
YCJOBHH, YTO BCe § BHpaXeHKH, CTOAUIHX NOA 3HAKOM
CYMMH B KPYTAHX CKOOKax, 6yayr paBHH HyAwl. TaknM
00pasoM, MH NPHIIIH K CHCTeMe ypapHewudl Jfirepa:

oLy WOk b -
o, w0 E=L2...9 (.25

Copoxkynaocts QyHKRBI yp = Fe(x), yHOBJAETBOPAIOMUX
STHM YPaBHEHHAM H rpawnanunm ycaosusam (IIL. 21), npu
OOACTAaHOBKe B ¢yrkunonaa (I11.20) pacr ero 3kc-
TpeMyM.

IV. Konnaecxne ceuchng

KoHHIeCKHME CETeHHAMA HA3WBAIOTCS JHHHR nepe-
CeYeHHA KPYroBOTO KOHyCa ¢ MAOCKocThio. B sapucuMo-
CTH 0T OPHEHTANKH NMAOCKOCTH DO OTHOIIEHMIO X OCH KO-
HYCA 9TH JAHHHH TPeACTaB-
NA0T cobofi 3aaHne (Kpyr),
runepGony nau napatory.

Aaauncom (puc, 1V.1) wa-
3nBaeTca reoMeTpHYECKOE
MECTO TOYeK, CyMMa paccTofi-
HHH XOTOPHX A0 HBYX (ux-
! cHpopaRHMX ToweK F, n F,

HA3HBAEMHX Gokycamu, ecth
Puc. IV.1 BeAHTHEA MOCTOHHHASN:

r|+r2=2a. (lV. l)
Kanornaeckoe ypapHetine aaaunca Hmeer sua
x?

rie ¢ u b—Gonbwras M Manaa noayocH sAnunca. Be-
JHYRRA

e==, (iv.3)
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{fle ¢— MOJIOBHHA pacCTOSHAS MeXAy ¢OKycamH, HaSH-
paeTcss axcyentpucurerom sanunca. Ilpa -~ =0 saaune
BLPOIKAAETCS B OKPYXHOCTb. Besauuunu g, b u ¢ ced-

AR COOTHOIDCHHEM
b2 =a® — ¢ (av. 4)

Tuneptoaod (puc. 1V.2) HasHBaeTcs reoMeTpHIECKOE
MOCTO TOYEK, MOJYJb PAa3HOCTH PAcCTOAHKA KOTOPHX RO

Puc. 1V. 2

nyX GHKCHpOBAHHEIX Touek Fy M Fy, HasHBaeMBX dhoxy-
¢AMH, €CTh BeNIHYHH2 NOCTOSRHAN:

|r— ref=2a. (IV.5)

'unepGona nMeer Ape caMMerpuuinie Betsh. Kanomnuse-
¢Koe ypasHeH¥e TANepOONB BHIVISAHT CREAYIOHIHM 00-
PAIOM: ke p

e av.)
Fe @ ® b— AeficTBATeNbMAs H MHHMAS NMOJYOCH rHnep-
Gonid. Beawdnssl @ W b cpsizaHb ¢ ¢ (MOJAOBWHOA pac-
Crosinia Memxay PoKycaMn) CoOTHOUICHHEM

b2 = ¢ — . av.7n

DKCUSHTPHCUTET TUNep6ONE ONpeleNAeTcs TOH Xe
popmynoft (IV.3), uT0 H IKCUSHTPHCHTET SJIHUNCA. Bra-
W, uto Aas sanunca e << 1, a ana runepboas ¢ > 1.

llapaboaod (puc. 1V.3) HasuBaeTcs reoMeTpHuecKoe
MicTO TOYEK, PAccTOAHHE KOTOPBIX 7 RO tppmcupoaanjiou
vkt F (doxyca) pasHo paccrosiauio d JIo Eimxcupmmlu-‘
oli npamofi D, HasuiBaeMoi dupexrpucod napaboibi:
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r = J. KanoHmyeckoe ypapneHWe napabosbnl uMeeT BUA
¥ =2px, (V. 8)

rie p— napamerp napaGoiH, PaBHHA pacCTOsHHIO OT
dokyca no AupexTpuck (OCh x HanpapBjJeHa NO OCH CHM=
MerpHu napaboin, a HaYaJ0 KOODAHHAT COBHajder
¢ BepmAHOA napa6oiin). DKCUEHTPHCHTET napaGonnl cne-
AyeT, KaK MH YBHAHUM HHXKE, NPHHATL PABHLIM 1.

D

d=p'+reos

|
|
I
et il
Puc. 1V.3 Puc. 1V. 4

Jlin6oe KOHHYECKOE CeYyeHHe MOXHO CNpeAeHTh Kak
IreOMeTpHYECKOE MECTO TO4YekK, AJA KOTOPHX OTHOILEHHE
paccrosuusa r (puc. IV.4) po ToUKH F (nasmBaemoli ¢o-
KycoM) X paccrosinuio d 1o npsmoi D (HasusaeMOR -

TeGauna IV.1 PEKTPHCOR)} €CTb NOCTOAH-
Haf peAHYNHa ¢ (Ha3H-

Juavense ¢ Bna xpRBOA ';;f:;f;g) 3 KCLEHTPHCHTETOM
r
<1 aAMBTC = (IV.9)
1 sapatona
>1 ranepGona B 3aBHCAMOCTH OT 3Ha-

YeHHA SKCUEHTPHCHTETA €
noaydaercs To JrGo MHoe KOHHYeCKoe  CeUCHHE
(raba. 1V. 1).

Y sanunca H runepbosinl HMeIOTCsS MO ABA (poKyca H
no jpse Aupexrpuch. Yeiaopre (IV.9) Bunoansercs LA
KaMJIOoro H3 (OKycOB M COOTBeTcTBYyOUlEd emy AHpeK-
tpuc. Ha puc. IV.5 noxasaub ¢oOKyCH H AHPEKTPHCH
oanunca a) u runepGoast 6) (cp. ¢ puc. IV.3 ans na-
pafonul).
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Paccrosinne p’ oT POKyca A0 AMPEKTPHCH HA3HBAET-
¢ napaMeTpoM KphBoi. Beauuuna

p=pe (IV. 10)

HasbiBaeTcs (POKAAbHLIM NAPAMETPOM. Jierko coobpa-
J){Th, UTO OH paBeH [OJIOBHHE XOPAB, npoXoAsiled yepes
(poxyc ¥ mapannesbHOH AHPEKTPHCE (puc. 1V.4). Nan
napa6ons p=p’.

Paccrosune MeXAy AHPEKTPHCAMH 3JJIHICA (runep-
Gonu) pasuo 2(a/e), rie a — Goaninasn (AeHCTBHTENb-
uan) NOJYOChb KPHBOH.

nftme<t ity =1
D, D, D\ s
7
. . % Iy
(i = r}/
T Tz ri g
\|F, 5 A B (7
\\i._* ‘ﬂj/ ! (7 SN
@)
F clafe) _ﬂ’ Vi L P
' V" 2lape) b
a &
Pre. IV.5

Hanuiuem ypaBHEHHE KOHHUECKOTO CedeHHs B NOAAp-
X KOOPAMHATAX, MOMECTHB HAYano KOOpAHHAT B Ol-
oM M3 (okycos kpusofi (puc. IV.4). B cooTBeTCTBHH

¢ (IV.9)

- r —e
- P Frese "
QTRYAa
e D (Iv.11)

—ecos @

(p == p’e; e (IV. 10}).

Ypasnenne (IV.1l) onKCHBAET SRANDC {¢ wavganoM
woopaunat B Touxe Fy; puc. IV.5, a), npaByio BeTBb r'b-
neploan (¢ HavaJoM  KOOpAMHAT B toure Fa;
pne, 1V.5,6) u napaGoay. Ormernm, uto okye Fa sB-
HReTCa VA 1PaBofl BeTBH rHACPOO/bI BHYTPEHHHM.
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Ecnu nomectwTh Hauano KoopAHHAaT B npaBoM ¢o-
Kyce saaunca (rouka Fp ma pue. IV.5, @), 1o, kax che-
Ayer u3 puc. IV.6, ypaBHeHue sasnunca umeer Bug

g
p -—rcos @ —

o P
i 1+ecosg (V. 12)

(p=p’e). Oto xe ypasHeHWe ONMHCHBAET JeBYI0 BETBb
rhnep6oan (cm. pue. IV.5,6) npu ycaosun, uto Hauano
KOOpPAHHAT NOMellleHo B 2 D

Touky F; (BO BHYTped- . .
HHA MO OTHOWEHHIO XK
atofi BerBH ¢okyc), a
Takke napabGoay, sAB-
AAIOUIYIOCH 3ePKANBHEIM

D

Puc. IV.6 Puc. tV.7

oTHocHTenbHo D) oTpamenneM napaGoabl, KH300paxKeH-
Aoh Ha puc. 1V.3. doxyc F rakoii napabonu JexHT cie-
Ba OT AHpeKTphcH D.

Hafigem ypastienne oavoii M3 BeTBeli runcpbonu
{ckaxem, JeBoft) NpH YCROBHW, YTO HAYANO KOOPAUHAT
NOMelleno BO BHELIHAA MO OTHOWIEHHIO K 3TOA BeTBH $o-
kyc (B Touxy F, ans aesok pereH; puc. 1V, 5,68). B 3ToM
chiyuae (pnc. IV.7)

d‘=f¢03(ﬂ—@)—2%—p’=——rcos¢_2.g.._p".

Coraacro onpepenenuio runepboan (IV.5) r—r' =2a,
OTKYAa

r=r—2a.

V. TUHEHHHE OUOCEPEHUHANBHHE YPABHEHUSA k5 |

[loacrasup HafileHHue HaMH 3HaveHns d W r/ B COO™
nowenue (IV.9), npuiem x dpopmyae
r—2a

= ——

--fcostp—2-g——p’

7‘7

floche HecAOXHBLIX npeolpazopaHuil NOAYYIUM HCKOMOE
Y] aBHEHHE

el

{(p = p’e). Crenyer HMeTb B BHAY, 4TO /A JeBOH BETEH
P > -’25 (cm. puc. IV.7), 1. e. cosg << 0. Kpome Toro,

jns Beex Touek |ecos@|>> I, Tak uro 3HAueHHsd r, mO-
aynaemule no Gopmyae (IV.13), GyAyT NoJOKHTEALHHMH,
Mpeaocrassiem yuTaTemMo yGeAuThea B TOM, 4TO ana-
AOrHYHOe ypapHeHWe MAJIA npapolt pereBw (Hauaso KOOpP-

AGRAT B TOuKe F,) HMeeT B
r=—=—r _ (IV. 14)

1—ecosp °

R atom cayuae ¢ < —;— TaK 9T0 cos @ => 0; xpoue TOro,
¢cos@ > I, TAK YTO 3HAYCHRA r NOJOKHATEABHH.

V. Jlunefinne auddepeHnranbtbie ypaBHeHRA
€ NOCTCAHBLIMH Kos(dunuenTamn

MNuueiinniy gudrdepeAUHaSbHEM YPABHEHHKEM 7-TO 1O~
PAIKA ¢ TNOCTOAHHWMH Ko3(pPHUUEHTAMH Ha3HBaeTCA
ypanHeHHe BHAA

Y a0+ .. oy Fay=[() (V.1)

T. ¢, ypasHeHHe, JdHNefiHOe OTHOCHTENLHO Heu3secTHOH
Ppyuxuun y(x) U ee NpoUBOAHBIX (8; — NOCTOSHHHE BC-
ANUMHHB, KOTOpBIE MOTYT GHTb H HYJAMU).

[lcap npaBasl 9acTh YpapHEHUA TOMAECCTYBEHHO pabHa
nwynio (f{x)=0), To apuHelinoe ypaBHeHHE HAILBAETCH
sdnopodReLMe, B TPOTHBHOM CAYyYae — HEOGHOPOOHOLM.
(ulopojpnoe ypaBpHeHne uMeer BHA

GO+ @ g™V .t ay Fay=0. (V.2)

OQ6ugun  pewernsen nudQepenunasbHOro ypaBHCHHR
HAMMBACTCS MHOXECTBO pelleHuii, BKIOYaloNlee Bee Ge3
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HCKAIOWeHHA vacTHHe pelwenrus. Obiuee pemeHwe Bes-
xoro AndQepeRunasbHOre YpaBHEHHS f-TO NOpAAKA C€O-
AePXHT A MPOH3BONLHHX NOCTOAHHMX (NOCTOSHHBIX WH:
TErpHpPOBaHAA), T. €. UMEeT BHA

y=y(x’ C" Cz; v oy Cn)- (V. 3)

Tpupas nocroannuM €y, Cy, ..., C, onpefeiesHHE
SHAUEHHA, NOJYYHM UacTHOe pellenne. HacTHoe pelleHne
He COHEepIKUT NMPOH3BOJBHBIX MOCTOSHHBLIX BEJHYHH.

B reopuu JuHeRAHHX AH(PepeHuHANLHBIX ypaBHEHHH
JOKA3BIBAETCS, YTO €CJH Yy, Y2, - - -, Yn CYTb JHHEHAHO He-
sapucuMbie ') peurenns opHopoxHoro ypasrenns (V.2),
10 ofmee pelieHHe 3TOr0 YpaBHeHHl MOXHO fApeicTa-
BATL B BHJE

g5 Cyy Co -, C)= 2 Cn (), (V.49)

roe Ci, Cs, ..., Cp— NPOH3BOJIbHLE NOCTOAHHLIE,
[Mycth §(x) ecTb OARO W3 UACTHBIX pElICHHH HEOLHO-
popuoro ypasuewua (V.1), a y(x)—oGuee peuexue
TOro e ypaBHeWHA. Ecau BBecTH obosHauende u(x)=
= y(x¥)— §(x), TO obulee perrenne MOXKHO 3antCaTh cJle-
aylomum obpasou:
y(xt Cli C2’ SR C”)=u(x, Cl’ C'b Do i Cn)+g(x)'
(V.5)
TNMoacrasum 31y Pynkuuo 8 ypasheuue (V.1) u crpyn-
NUpyeM OTAGAbHO chAaraeMule BAja u® M caaraembe
BRpa F%
e fa, w4 o +ae +
17"+ au i O+ ...+ af +afl =F ).
Oyukuua §{x) ecTb 4HacrTHoe pelleHHe YpaBHEHAA,
CaepoBaTteNbHO, BHpaXKeHHe, 3aKAI0UeHHOe B KBaJpaT-
Hble cKOGKH, paBHO mpapofi yacTu ypasHenus. OTciola
pHTeKaer, uro ¢ynkona u(x, Cy, Cy ..., Cp) yAowJer-
BOpAET YCAOBHIO

4™ 4 a, @ 4 ...+ o +aw=0.

ty Coeoxymuocte dyuxomii fy, fz, ..., f, naswpaerca auneiino
HE3aBHCHMOA, ecAl COOTHOILENKE BAAA

afi +afzt oo S @nfa =0
BHTCANAETCA TOABKO NpA YCAROBHH, YTO BCe <& PaBiH KYAI0,
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Taxum oGpasoM, u ABAAETCH ofWEM pelieHHeM OXHOPOX-
woro ypassenus (V.2), COOTBETCTBYIOUIEro HeOoAHOPOX-
womy ypasuennio (V.1), T. € HMEIOWErD TaKHe e KO-
sphHUHEHTH @3, UTO W YpaBHEHHE (V.1).

[MosyueHHuA HaMH pPe3y/bTaT MOXHO cthopmyaHpO-
path caeayomum obpasom: obujee peuienue AUHeURO20
NEOOHOPOOHO20 YPABHEHUR pAGHO CYymme obujeco pewe-
NS COOTBETCTEYIOWe20 0OROPOOHO20 YPABHERUA U Ka-
K020-Au60 YACTHOZ20 peulenus ReoOHOPOOHO20 YPABREHUR:

y (o6, HEOAHOP.) =
— y(o6ut., onuop.) + ¢ (sacta., seonsop.). (V.6)

JInnefinne ofHOpoAnue An(depeHNHANbANE ypaBHe-
WHsl ¢ TIOCTOARHEIMA KoS(dHIHEHTaMH pewaloT ¢ To-
MOLIBIO MOACTAHOBKH

y (x) = exp (Ax), V.7

rie A — NOCTOAHHAS BEJHUHHA. MpoanddepcHnHpoBan
vy dyuxonio m pas (m=1, 2, ..., n), DOAYYHM

g™ = A™exp (Ax). (V.8)

[loncrasus 3HauYeHHS QYHKIAH (V.7) n ee npOH3BOAHKX
(V.8) B ypasnenne (V.2) u coxpaTHB Ha OTAHUHLI OT
wyna mHOXHATeNb exp (Ax), MpHAEM K TaK HA3HBACMOMY
X ipAKTEpHCTHIECKOMY YPaBHEHHIO

A* g, AL ad+ap=0. (V.9)

Kopsu 3TOr0 ypaBHEHUA NPEACTaBJAT cobiofi Te 3naue-
Wil A, NpH KOTOpHX GYHKIHA (V.7) yaoeaeTsopsier
ypasuenuio (V.2).

" Ecan Bce n KopHefl XapaKTepHCTHYECKOro ypaBHEHHA
Oyayr pasanuHbiMe (6yAyT OTCYTCTBOBATL KparHue, T. €.
coBnAafAloONHe KOPHU), 7 UAaCTHHX peICHHH BH A
exp (Mix) OKaXyTCH JHHEHHO nesasucuMuMu. Caenosa-
{¢JIbHO, NPH OTCYTCTBHM KPATHBIX kopHeft ofiee peiue-
une ypapHerus (V.2) BHLAAAAT ClENYyIOUHM ofpasoM:

n
y=X Ciexp(h) (V. 10)
i=l
(C, Cq, ..., Cp— MpOH3BOJBHEE MOCTOSIHHEIE).

Moo NOKa3aTh, YTO B cjydae, KOTa XapaKTepHCTH-
seeoe ypasnenre (V.9) nMeer KpaTHhE KOpHH, TO Py
Anneliito He3aBUCHMBIX YACTHHIX peilenui, OTBEdAIOUIHX
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KOPHIO Ay KPAaTHOCTH P, AOAKHH OHTH B3ATH B BHAE
exp(h,r), xexp(h,x), xPexp(A,x), ..., x 'exp (Aux),

raK YTO COOTBETCTBYIOIHA UM BKA2A B ofilee pelueHne
PaBeH CYMMe

P
\ g1
ki_l Cupx* lexp(A,x).

Cnenopatenbwo, ecan kopeb Ay OyAeT KpPaTHOCTH py,

A2 — KPATHOCTH Py, ..., Am— KPATHOCTH Pm(pi4pot ...

= H—lj:p,,.=n). TO ofllee peilleHHe MOXKHO NPeAcTapHTh
e

m Pp
y=az_:| kZ_le,,x“"exp (AuX)- (V. 11)

y Ho:‘tycrnm, yTO HKOS(h¢QUUWEHTH &, B YPaBHEHHR
(V.1) nefictsutensHeie, a GyHKUKA f(x) KOMINeKCHAA.
IIpencrasus ee B PUAE

f)=Fy (x) +if (x),
NIORYYIHM ypaBHeHHe

Y™t a, gV Lay +ay=f(x)+ if,(x).
(V.12)

Byneu ucrath pewenne sToro ypacHenns B BURe
() =y (¥} + iy ()
IMoncranoexa B (V. 12) naer
(e, "+ ... tay +ay)+
+i( ta, g O+ .. oy tay,)=
=fi(*) +if2(x). (V.13)

Y paBHHX Apyr APYTY KOMNAEKCHWX YHCEN PaBHH
Nopo3Hb AeRCTBHTEALHHE H MHHMHe uacTH. Cheaosa-
TeAbHO, ypaBHeHie (V.13) pacnapaercs HAa Jpa He3aBH-
CAMHX ypaBHenus Bufa (V.1). B onsoM M3 HHX cnpaBa
crout QyHkuua f;(x), ero peienuem snasiercs QyHKUHA
t(x). B npyrom cnpaBa cTOHT QyHKius fz(x), ero peue-
HHeM sABaserca ¢yHxkuua y.(x). 310 croficTBO ypaBHe-
s (V. 13) obycaopneno ero sudeiisoctoio. OO no3po-
JfeT BOCAOJABL3OBATLCA CASAYMWNM [PHEMOM, HHOIAa
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snauurenbHo ofnersaiompm suuncaenus. [lyete B pe-
maemonM Hami ypasHesmru (V. 1) mpasas uacts AeficTRU-
venpas. TlpuGanum X Rell NPOHSBOJNLRYIO MHHMYIO
dynxono. Haitaa satem xoMIVIeKcHOe pelIcHhe NOoAyYHs-
l(erocs YPABHCHHS, BOIbMENM ero AeHCTBUTENBHYI0 HaCTh.
Oua OyaeT UPEACT2BRIATD cofiofi penieHHe HCXOAROTO
AndibepeEHaNLHOTO YPABHEHAA.

OuerniHO CGAyiONUlee YTBEpMACHHE: ecny JHHelinoe
onnopoanoe ypastenne (V.2) ¢ feficTBATE/NbHEMH Kosd-
PuuHenTaMy UMeeT KOMIJIeKCHOe peurerne ¥ (x) =y, (x}+

{ iya(x), TO KaMpas U3 dynkunh y)(x) u y2(x) 8 or-
ACALHOCTR ABARCTCA pellleHHeM 3TOr0 ypaBHEHHA.

VI. Bexropm

1. OcucBupie onpeleieHns. BekTopaMy HA3LIBAWTCA
BeJAWYHHB, KOTOPHE XapaKTepHIYIOTCHA YHCACHHBIM 3RA-
uernneM (MOAYAeM) H RaNpaBACHUEM H, KDOME TOTO, CIAA-
ALIBAIOTCA TeOMeTpHUecKH (T. e. NO MpaBujy mapaJiesio-
rpamma). Hike Mut pamim Gosee ofillee onpeie/ieHHE,
103BOARIONUIEe PACIPOCTPAHKUTD MORATHE BEKTOPE HA TpO-
¢TPaBCTBO 1 H3MEepEHuH.

Craaaproim npouseedesiuem ABYX BEKTOPOB A H b ua-
JMBAETCA CKaNApHAs BEAHYAHA

ab=abcos(a, b). (VL. 1)
(KaJsipHOe Npou3BefleHHe KOMMYTAaTHBHO: ab =ba u Iu-
crpubyrusro:  a(by +ba+ .. J=ab;,+ab,+ ..., HO

ite acconuatusHo: a(be)s=(ab)c.
Bexroproix npoussederuesm HA3LIRAETCR BEKTOP 4]

[ab} =ab sin (a, b} - n, (V1.2)

e n— opT (CAMHHYRNA BEKTOP) HOPMAJH K IAOCKOCTH,
» kotopol Memar BeKTOpw a W b, NphyeM NOCAeA0BA-
jeJpiocTs a, b, m o6pasyer NPABOBHHTOBYIO CHCTEMY.
BexkropHoe Npon3BeAeHHe He KOMMYTaTHBHO: [ab] +=
o« |ba], aucrpubytusmo: [a(b; + by ... )]=[abi] +
| [abz] + ... B He ACCOURATHBHO: [[ab]c] = [a[be]].
PaccMOTPpHM CMEUARAROE (BexTOpHO-CKaNAPHOE) npo-
usnedenue Tpex sekvopos: a[be]. Ilpumerus dopMyan

1) Hapagy ¢ 3aniceio [ab], xoropoli Mu OyaeM RNOXB3OPATHCR,
JUiR ofo3HaueHHs1 BEeKTOPHOTO TNPOHSBENEHH NPHWEHACTCH TaKMe
viimnon a >Ch,
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{VL.1} u (VI 2), nonyarm
a{bc]=a{bc sin (b, c)} cos(a, n).

Hs3 puc. VI.1 serko BHAETb, YTO MOJYYEHHOe HAMH
BHpaKeHHe papHO OOGBEMY mapajnesennnena, nNocTpoeH-
HOTO Ha NepeMHONKaeMmbX BekTopax!). [edcTBHTENBHO,

NMPUNOKEHHA

AT T T
-~ e
ﬁ__..’r______fr,’ j'f
/

Prc. VI. 1

besin(b, ¢) naeT naowaAb OCHOBAHKHA MapainefNennnesa,
a acos(a, n)— ero BLCOTY.

B xauecTBe OCHOBAHHA MNapajNenelMneAa MOXHO
B3ATh TAKHXKe rpaHb, CTOPOHH KOTOpOfi o0pasyloT BeK-
TOpPH ¢ H & JiHGO Bexkropw a M b. Toraa ofvem Gyaer
onpeAeaaTbcd CMCIWAHHNMH Npou3Bedewusima bjca]
cfab]. ITockonbky ofbeM BO Bcex Tpex ¢AyYasx OAHH
H TOT Xe, MOXHO HaHCATh

abc)=Dbca} ==c[ab]. (V1. 3)
Taxkrm oOpazoM, cMelllaHROe NPOH3BeleHHe AONYCKaeT
IHRJHYECKYIO NepecTaHOBKY COMHOMHTeAed, T. €. 3aMeny
KaXXJoro H3 COMHOXHTe/AEH CHEeAYIOHM 3a HHM MAH
NpeAMecTBYIONHM eMy COMHOKHTeNeM, CAeLyoulnM 3a ¢
cAefyeT CYHTATH BEXTOP a, 8 MPeIlicCTRYIOINAM A — BeK-
TOPp €, YTO HaTAsi[AHee BCEr0 BHITEKaeT M3 caeayomeft
CXEMHI:

a—b

X ¥ (VL. 4)
[

OtrmetuM, uTO BO BCeX TPex BhipaKeHnax GopMyan
(V1.3) BexkTOopH RAYT B TON Xe MOCNEAOBATENbHOCTH,
uTO H Ha cxeMe (VI.4). Ecan B3ars BexropH B mocneno-
BATEABROCTY, NPOTHBOMONOMHONH H306paXkeHHON Ha cxeMe
(V1. 4), 10 cMemaHHOE NPOW3BEICHHE H3IMEHMMT SHAK.

1) Mpeancnaraercs, uro yroa (a, n) ocrpuis, Ecaw stor yroa
TYOOR, O CMeIIauHOe NpOH3IBeneHHEe papHo oObEMY n4panaenenn-
mena, BIATOMY CO 3HAKOM MHHYC.
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Jleodnnts 8exToprbig npoussedernties HasHBIETCA
pektop {a[bc}]). MoxHO nokasatb (Mm clienaeM 2TO

s [a [be]) = b(ac) — c(ab) LG,

(sra dhopmyaa uuraerca «Gam MHHYC 1a6>).

B coorsercreuu ¢ onpemencuuamu (VI.2) u (VL. 1)
KBajpaT BEKTOPHOTO MPOM3BENEHHS BEKTOPOB @ H b Wo-
KerT GHITh NpeoGpa3oBaH CAeAYIOUHM OGpasoM:

[ab]? = a®b® sin? (a, b) =
— a%? — a%? cos? (a, b) = a?h? — (ab)%.

Mu nprutin Kk Gopmyne
[ab)? = a?b® — (ab)’. (VL. 6)

2. dopmyant sBexropuoh anreGpm, supaKeHHpie we-
pes NPoeKUWH BeKTOPOB HA KOOpRAHHaTHLE ocH. Bce mpu-
pejeHHBe Bhlle onpeaeseHus u GopMyabl He 3aBHCAT OT
pubopa cHUCTEMBI KOOpDAHHAT, B KOTOpPOH Bejercs pac-
cvorpedie. Ecllu yCTaHOBHTH CHCTEMY KOOpPAHHAT (MH
Oynem {.J&CCMHTE)H‘.‘IEI’!‘I; TOJNLKO ﬂ[)ﬂhll()yf‘().ﬂhﬁhli‘, T. €. Ae-
KAPTOBBI CHCTEMHI), TO KaXIhA BEKTOP MOMeT OHTH 3a-
NaH ‘}‘i!:'_‘-.M'.'E yHCJAAMH — €ro ﬂpOCi{ui{ﬁMH Ha {((J{_}i'rjll‘.'l'rii;}'l'-
uue ocul!). CaegoBatenbHO, BEKTOpP A& “&}ml’.;xee.nc;:"reu
rpofike uHcean ax, @y, @z BEKTOp b—Tpofke umncen bz,
by, bz v T. A

3Has OpoeKIUH BEKTOPA KA KOOPAHHATHLIE OCH, MOXHO
nafiTH caM Bextop., OO603HaUWP OPTH KOOpAHHAATHHX
oceft 2) CHMBOJIAMH €4, €y, €z, MOXKHO NPEACTABHTb BEKTOP
n BHAE

a=e., +en, + €a, (V1.7)

Urobht MONYYHTh BO3MOMKHOCTh 3aNHCHIBATD QJOE‘M)MLVI

p koMnakTHO# dopMe ¢ MOMOMIBIO 3HAKA CyMMBI L,Gy—
jeM B padbHefilieM MO/MB30BATHCH CJeAYIOUMMHE 0603HA-
yeuusimu. BMecto xoopAHHATH x OyleM mHcaTbh X, BMe-
CTO § — Xa B BMECTO 2 — X3, AHANOTHYHO ANA OPTOB OCeH
ppedeM o0O3HAUeHHA: €;, €y, €s. COOTBETCTBHE MEXIy

'} Mw paccmaTpHpaeM TaK HashBaeMhble cpofoHEE BEETOpH,
fnAK KOTOPHX Re (HKCHPOBAHH TOYKA MPHAOKEHHS H MPAMAN, BAOABL
WOTepol HampabaeH BeKTOP.

a DTH opTH 0603HAYAKT TaKKEe cHMBOJaMB i, }, k. Oanaxo
NpIHATIHE HaMi oGo3nauennd, Kax OYeT BHAHO H3 NOCIEAYIOWCTO
WAIOKCHKA, AMET HECOMACHHO? MPEeAMYILECTBO.
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NpeKHAMA ¥ HOBHMA 0BOSHATEHUAMN
5 A4aHO Ha =
MHX HHM¥e CXeMax: P

X —> X,

¥ X, (VL 8)

2—+x3.

i“m‘"‘“e.\t-"> €,

—e, ¢, (VL. 9)

k=ez‘—)"ea.

B noBHX o6osnavennax dopumyaa (VI.7) wmoxer
6uTh 3amHcala B PHAe

a= ; ekak (VI. 10)
(Bo Bcex cnyuwasx, xoraa He Gymer oroeopeHo NpPoOTHBHOE,
o MH OyzeM mpeanofaraTe, 9TO HH-
JeRC, MO KOTOPOMY NPOM3BOAHTCH
CYMMHpOBaHHe,— HeMol undexe —
npoGeraer snavenns I, 2, 3).
Tpofika pekTopoB e;, €, €; 06-
s, Pasyer GasHe KOOpAMRATHOW CH-
/ CTeMH. 3ananue 3THX BeKTOpOB
8, OJHOCTLIO ONpPEAEJAET .CHCTEMY.
Phic. V1.2 [Tockosbky e, €; H €; B33aHMHO
HEPOCRANKYASAPHHE, 2 MOAYA
PABHH €AWRHNE, B3 POPMYAH (\},l. l[; Bmexae'rfl}:rrg §

(VL 11)

TAe 8:r — TaK HaswBaeMulii cumeoa Kpowekepa, HOTOp KLt
ONpeAeafeTca CAeAyIOMHM o6pasom:

€€, =<,

'5u=={ I, ecan i=—=4§,
0, ecanm £k
Ormerum '), uto 8;x = 8ps.

H3 ¢opuysn (VI.2) caenyer, uto (puc. V1. 2)

(VL. 12)

{eleQ] = €3,
[e2e3] =€), (VI‘ 13)
[ese)) =e,.

i " -
8} B Npunoxennn X Gyaer nokasano, uto COBORYITHOCTL BeJH-
WH iz 00pasyer CHMMETPHYHLIE TER30p BTOPOre panra.
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OrmeTnM, yTo Xaxaoe us coornomenufi (V1. 13) moxer
61Th NOAYUEHO W3 Npelbayltero (HAH MOCAEAYIOIEro)
¢ NOMOIbIO UHWKAHYECKOl NepecTaHOBKH WHAEKCOB NO
CNCMe

12
% (V1. 14)
3
BeegeM cHMEBOX 1)
ikt (VL.15)

ofosHavaouii HaGop w3 27 uncen, KOTOpHe ompene-
JNIOTCA CAECAYIOIUHMHE NMPABHAAMA:

1) ecnn sHauweHWA XOTA OW ABYX HHUEKCOB COBIA-
NAIOT, TO gigr = 0 (HANpPHMeED, &yy = Basy—8iga=28220=0);

2) ecnn Bece BHAGKCH pasHuHe W 00pasyloT mUKAHYe-
¢KylO DepecTaHOBKY Moc/enoBaTebuocTA 123, 10 e =

| (8125 = €231 = &2 = 1)

3) ecnH BCe HHACKCH pasHBIE H o6pasyioT UHKJHYE-
CKYIO TIepecTaHOBKY MOCJefoBaTeNbHOCTH 32 1, TO 8=

—1 (321 = €213 = &2 = —1).

Takum obpasom, us 27 sHaueHufl ey 21 pasHo HYJIO,
3 pasan <1 u 3 paBHH —I.

3ameruM, uro nio6ana UHKAHYeCKas NepecTaHOBKa 4n-
cen 123 moxer O6WTh noayueHa u3 123 nocpeAcTBOM
YeTHOTO YHCAA MepecTaHOBOK (TPaNCNOSHURA) ABYX WH-
feKeoB, a Mo6as WHKANYECKAasa mepecTaHoBka wncen 321
MOXeT GHTbh moJydeHa Ha 123 nmocpeAcTBOM HeYeTHOTO
WHCAa TIEpPecTAHOBOK JABYX WHIekcoB. [deficTBHTeNBHO, MO-
MEHSIR, HaNpHMep, B mocAefoBateabrocTH 123 mecTaMH
I 1 2 {yro mact 213, T. . HHKAHYECKYIO MEPECTAHOBKY
uncen 32 1), a saTeM nomense Mectamu 1 u 3, noayunm
nepecTaHoBry 23 1.

ChnenoBaTelbHO, 3HAYCHHA CHMBONA &ix; MOXHO onpe-
acawrh Tak: 1) oHA paBHBL HYJO NpPH cOBOalCHHB 3HA-
weunii xoTs 6bl ABYX HHOekcoB, 2) ouu papHH -1 uaw

1 B 32BHCHMOCTH OT TOr0, KAKHM — YeTHHM HJHW He-
HerHM — YHCAOM HepecTaHOBOK MOXeT GHITh no.nyqua
NOCACNOBATENBROCT { 2 M3 nocdefoBaTenbHocTH 123,

) Ero nasWeawT HHOFAA KOCOCHMMETPHYHEM chrMmBosom Kpo-
werepa, 13 [punomenna X GyAeT HOKA3AHO, YTC COBOKYNHOCTE bBe-
AN iz 0Bpasyer afcoAloTHO aHTHCHMMETPHINEIA TEH30P TpeThero
| LULLE]
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HOns onpenenenus amaka e;; wmoXno NOAb30BATECA
Takixe caenyiolnm npapuiaom. Haszosem Gecnopsaxom
B NepecTtaHoBke TOT (akr, uro GoJbllee YHCJAO CTOHT
Bepefn MeHblero. Tak, wanpumep, B nepecranoske 2 13
COMEPMHTCA OAHH Gecnopsmok: 2 crout Bnepenu 1, a B
nepecranoBke 321 tpu Gecnopsaka: 3 crour nepen I,
3 CTOHT nepen 2 u 2 crout nepen |. [lpunuiem e;y sna-
yeHHe -1, ecam uucno Gecriopsiikop B nepecTaHoBKe
ikl siBnsfieTcs YeTHHIM, U —1, ecauM YHCJIO GecnopsaikoB
HeverHoe. Jlerko yGeanTbcs B TOM, 4TO Bee TPH paccMmor-
PEHHBIE HAMH NpaBHJa ONpefe/NeHHs 3HAKA £ AAIOT
ONlHHAKOBBIH pPesyJbTAaT.

Hoxaxem caepywomee oveHs nosesnoe COOTHOLLEHHe
MEWAY CHMBOJNGMM & u §:

; EipiCmat == 6!&:6#3 =30 aluakm' (VI- 16)
Packpoem cymmy, croamyio B sesoft wacru:
81818mn) T LikgBumna + 81438mns (VL17)

H BHIACHHM, NDH KAKHX 3HAYEHHAX MHAEKCOB i, £k, m, n
3Ta CyMMAa OTJIHYHA OT Hysa. OYeBHIHO, UTO AN OT/IH-
GHA XOTA GHl OJAHOrO CHAraeMoro OT Ky/Ns KOJMMHH Bh-
TIOJMHATHCA OAHOBPEMEHHO YCAOBHA

ik H m=n. (V1. 18)
Kpome Toro, ronxno 6uth

i=m, k=n AU i=n, kb=m. (V1. 19)

HekcTaurenpHo, ecan npu cobaioaenuy ycnosua (VI. 18)
He Oyaer cobmoaathcs ycnosue (VI 19), 70 B xaxnom
H3 caaraemnix 8 (V1. 17) B uncse 3uavenuit nepphix HABYX
HHAEKCOB OGOHX coMHOXHTeNeHh Gyayr ¢hurypupoBats H
1, n 2, u 3. [TosToMy HeMOl HHAEKe | B KAKAOM M3 cira-
T2EMBIX COBNAJeT CO 3HAYCHHEM OAMOTO H3 HHAEKCOB i,
k, m, n, TaK 9TO BCe ciaraemuie GYAYT RYJAMHA.

O6wbenunnm yenosus (V1. 18) u (VI 19) B oamo, Bu-
paxaemoe GopmMynamu

l.=m?ék=n' (V].20)
E=n s k=m. (VI 21)

B cayuae, cooTBercTByomenM cooTHomeHNsM (V1. 20),
cymma (VI 17) umeer Bun

Lmn1€mnl + ot mne + EriniCmna-
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OueBHAHO, ¥TO OTAHYHHM OT HyAs OyAeT TOALKO OAHO
cnaraemoe {(AJAA KOTOpPOro m, n M [ PasiHyHH), NPHYEM
ono papHo +1.

ch.nyqae. cooTReTcTRyIOUleM cooTHomennam (VI.21),
cymma (V1. 17) nmeer puA

Erm1®mn1 + EamoBmas + 2am3Bimas

B sTofl cyMMe Tak¥Xe OTAHYHO OT HYJ#A TOAbKO OAHO c.n:}-
racMoe, TPHYEM OHO paBHO mpousBeaenuio +1 wa —I1,
r. e. —1 {(0pH nepecTaHOBKe HABYX BWHAEKCOB €nmi MEHAELT
3HaK).

Tenepb ofpatumca x npaeoit vactr popmyan (V1. 16),
T. €. K BhpamenHio

BimOan — Oindim- (V1.22)

Penn i =% (MWnH m =n), 370 BHpaXeHHe NPHHUMAET
B Sambun — Beabrm  (AHGO GinBzn — Oinbra). O6a 3TH
ppaxceRns papHn Hyalo. Orciofa caelyer, 4To AAd OT-
Janunst supawenua (VI1.22) or Hyas AOAXKHHW OfHOBpeE-
MCHEO BRNOJHATHCA YCJIOBKA

i=hk U mstn (VL. 23)

(ep. ¢ (V1. 18)). Kpome TorO, NOJIKHO COONONATLCA OAHO
%3 ABYX CACHYIOUIMX YCJAOBHA:
i=m, hk=n, (V1. 24)
i=n, k=m. (V1. 25)

[Mpu cobaiofennn ycaosus (VI.24) nepBuifi uieH Bh-
p:miCI:IHSI (V1. 22) pasen 1. ITockoabky i=m, am5*=n
(em. (V1.23)), 170 is=n # BTOPOA uJEH BhHIpaXeHHd
(VI.22) pasern nyaio. CrenopatenbHO, Npu COG/MIONCHHH
yenoeusi (V1.24) supaxenne (VI.22) pasuo +1. Coso-
kynuwocts yeaosuii (VI.23) m (VI.24) sxkBuBasenTHA
yesaopuso (V1.20), npu KOTOpOM, Kax MH YCTaHOBHJH,
acpan uwactb dopuyan (VI 16) Takxe obpawmaercs B

b
l Flpn cobnionennn yeqaosus (VI. 25), koropoe B cove-
ramnn ¢ (VL. 23) skpHpanenTHo yc;loamo (VL. 21), BH-
ancenne (V1. 22) obpamaerca B —1.
|'m’l‘:umm(a:;ﬁpas)om. cooTHowenne (VI.16) Hamu nmoka-
14 180D,

. ROMOWBID CHMEBONZ €[5 COBOKYNHOCTh COCTHOILLE-
wiii (V1. 13} moxeT OHTL NpeAcTaBsieda B BHAE OAHOrQ
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BHPAXCHAA

lees) = Z, everes. (V1. 26)

JefcrauTeasto, mpi i == 1, £ =2 oTAHYHBM OT Ryas Oy-
JeT TONbKO CJIaT2eMoe €383, pabHOe e3, MpH i =2, k=3
OTJHYHO OT HYAA cHaraeMoe eqg31€1 = € H, RAKOMeL, HpPH
i==3, R==1 OTAHYAO OT HYASA CAAracMoe €3 282 = €s.

Buipawenne (VI.26) naer aaxe Gonbme 4yeM coBO-
Kyn#octs Tpex coorxomennfi (VL 13}, Ono copepxkur
9 coorHomenud. M3 Hero caeldyer, uTO BeKTOPHOE NpO-
H3BEASHHe JWGOre OpTa HA caMoro cefs PABHO HYMIO —
OpK i==4Fk Bce cAaraeMbie B MNpaBoil YacTH GopmyiH
(V1. 26) o6pamatorca B Hyab. Kpome Toro, B (V1. 26)
COHEpIKATCA BHPpaXeHHsn, noayyawomuecs w3 (VL 13) ne-
pecraHoBko# coMHoXKTeneA. Tax, HanprMep, npH i =2,
k=1 cnpana B (VI.26) oranuno oT Hyas caaraemoe
e300 =—C€ H T. A.

O6pa3yeM ckaasiphoe TNPON3BefCHHE BEKTOPOD a==

= Z e n b= Z ey,

= (5 ) (F o).

BocfioNb308apIIHCh CBORCTBOM IlHCTpHﬁ}'THBHOCTH, MO~
HO HANHCATD

ab= Y eepaih, — g &, p,by
'’ i

(cu. dpopumyay (VI.11)). B coorseTcTBHR C onpegene-
HHeM §;; B mocnefHefl cyMMe OTJAHYHH OT HYAA JHIOb
cliaTaeMHe ¢ OAMHAKOBBIMH 3HAYEHHAMH WHAEKCOB i K A.
ChefoBaTeNbHO,

ab= }; ab, (VL. 27)
WJHH, Hepexoan K OGHYHMM 0B03HaYeHHAM,
ab=ayb, + a,b, + a,b,. (V1. 28)

Jlnd 3aji2HHBIX BEKTOPOB & H & MX NpOeKUHH HA KO-
OpXHHATHEHE OCH 3aBHCAT OT BHOGOpAa CHCTEMH KOOpAM-
HAT, HO caMO Npok3BeAeHue ab or sToro BHGopa He 3a-
BHCHT. OTCIORa 3aKMIQUAECM, UTO BHpameHue d.b: -
+ ayb, + a:b: ectb uHBapuaur, T. e. BeAHYHWHA, OAHHA-
KOBaf BO BCeX CHCTeMaX KOOpAMHAT,
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[lycTe HAM JaHA COBOKYMHOCTb Tpex uHcea 4, v, W,
© KOTOPHIX M3BECTHO, YTO B KOMGHHAUKHK ¢ NPOCKUHAMH
HEKOTOPOTO BeKTOpa a OHH AT CKajsp, T. e HHBA-
PHANT: |
ua, + va, + wa, = nv.

Toraa Ha OCHOBaHHH CKA3AHHOTO BHIle MOXKHO YTBEpHK-
RaTh, YTO #, U, W CYTh KOMMNOHEHTH 1) HekOTOPOTO BEK-

TOpa.
Ofpa3yeM BeKTOpHOE NpOH3BelleHne BEKTOPOB 3=

= Z e;a; u b= 2, e.b,:

[ab) =[Z‘: ey, Ek_‘, ekb,,].

B cnny AHCTPHEYTHBHOCTH MOXHO HAGHCATh

[ab] = ‘;Zk [eces] 2By,

3ameruM [es] B cooTmercTBHY C (opMYNOH (V1.26):
[ab)= Z a;by E 8pi€y = E ;518,00
ik T 1B

Urak, BeKTOpHOE MNpOM3BeleHHe MOMET OHTL Nped-

cTapaeiHo b BUAeS
[ab] = , Zkl ; €p13,:0501. (V1. 29)

M3 27 cnaraeMBX 3TOA CYMMEl OTJHMHH OT HYAS TOJALKO
mectb. BHOACAB 3TH caaraeMbie, NOJAYUHM

[ab] = a,byes + bty + asbie — Gabe) — Gobyes — a,bye;.
Hakoneu, ofbeiNHHB cJjaraeMhe ¢ OXHHAKOBRIMH Op-
TaMu, NpuieM K BHpaiKeHHio

ab] = e, (ahy — ash;) + € (s — aiby) + €3 (@b, — aby),

| ] 1 ( 3 2 (VL 30)

KOTOpoe MOXeT GLTh 3a0HCAHO B BAAE OMPEALNUTENA
{cm. [Tpunoxenne VIIT)

a; €3 €3
[ab] = | az a3 (VI. 3[)
b, b by

1) Tak ARA KpaTKocT Mbl GyleM HA3LBATL MPOEKIHH DBEKTOPA
Wi HOOPAHHATHIIE OCH.
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HAH, B OGHYHEX 0503HATCHRAX,
ek
ax 4y az
x bg bz

[ab] = . (VL 32)

OrMetuM, ato coraacto (VI.29) /-a KkoMnoHeuTta pek-
TOPROTO MPOH3BEAeHUs oHpeaeasercs dopmyach

[ab];, = & by = 3, £1,0,b,
N I. &

{MH ocyLUeCTBHAR HHKAHYECKYIO NEPECTAHOBKY MHIEKCOR
NpH €, KOTOPAasA, KAK HIBeCTHO, Ke H3MEHAET YHUCJOBOLO
3HAYEHHA 3TOMO cEMBosa). Hro6u uMers aeno ¢ Gonee
NPUBHYHON NOCAeROBATEABHOCTRI0 (YKBCHHWX HHAECKCOB,
HanWmeM BWpaKenue AAA /-B KOMHOHEHTH ReKTODHOrQ
npoH3BeleHHA

[ab), = kzl Cinrayb;. (V1. 33)

HokaxeM ¢ nomomplo coorHoweunss (VI.16) dop-
myay (VI.5) («6au munyc uaé»). Aaa atoro sanHilieM
lz%;{l'r%pi)loe NPON3BEJIeHAe B COOTBETCTBHA ¢ PopMyJoh

.29):

d= [a [hf.]} == k_z_ | By ly {hC}np_ €.

Tenepr 3amenum [bc)ap.: ero Bupakenuew, RoAyvaio-
mHMcs H3 Gopmynar (V1. 33):

d= E Cprily€y E €tmadmCn-
kI mna

OcyuleCTBHM HHKAHYECKYIO MNEpecTaROBKY HHOEKCOB NMPH
CHMBOJIAX e, 4TOOW o6wnf ans HUX HHAeKC { OKa3aJcH
Ha nocnelnem Mecre. Kpome rtoro, crpynnupyem comHo-
MHTeAy TakMM o6paioM, YTO6H cyMMHpOBaHUe Mo [ ocy-
IHECTBAAAOCh B TNIepBYK» Ouepelb:

d= Z €0 e, g &ihiBmpt =

Lok mn
== Z a €00 mCp (81 mOpn — 81,050)

t, kom,

V1. BEKTOPH a7s

(Mu npumennan coorrowtenne (VI 16)). Hanbpefimnue
npeofpasoBaHAn AaloT

de=2, ety 2, Ombm 2o BnCn —
Lk m H
o Y €y Dy 810Cn 2 Db = Y eaybicy — 2, €,ciby=
[ 3 n m i. & ik
= f?', eb; ; QpCp — Z e;0; Z;, azh, =b(ac) —c{ab),

WTO H TpebHoBanock AOKA3AaTh.

3. Hcrusisle BEKTOPH W NceBAoBexTOpH. Passnuawor
fiDA BHRA BEKTOPOB: noAfpHble (HJIH HCTHHHBE) H @KCH-
aabnble (WM ocegble), HHAUE Ha3biBaeMble ncesdosexro-
pamu'). TIpu WHBEPCHM KOOPAMHATHHIX OCell, T. €. npH
WiMeHeRHH HanpaBJeHHH KOOpAHHATHEX Oocell ma obGpar-
poie  (puc. VI. 3} kOMNOHEHTH
NOASIPHOrO  BeKTopa  MEHAIOT
HaKk. DTo OIHAUAET, 4TO TAKGH
ILCKTOP NPH MHBEPCHH OCTAeTCH
fics mamenenyi. KomnokesTh
(1CeDAOBEKTOPa MPH  HHBEPCHH -———
aHaKa He W3MeHsiOT. D10 osHa- ¥/
uaer, 4To (ICEBOOBEKTCP NPH HH-
(EPCHH H3IMEHSeT CBOe HAlpas-
senve Ha ofpathoe (T. e Me-
nneT 3HaK).

Us prc. VI3 euamo, 4to Puc. VL.
npH  MHBEPCHH KOOPARHATHBIX
ocefl npaBas cHcTeMa KQODAMHAT mepexoinT B JEBYIO.
flosToMy pasaHyne MeXAy MNOAAPHLIM BeKTOPOM W
HCCBIOBEKTOPOM MOXHO ONPEAeAHTh CAedylomwuM o6-
pAIOM: TIONSPHBIA BEKTOP He H3MeHAeTCA NMpH nepexole
0T NpaBoli CHCTEMB KOOPAMHAT K J€BO#H, NCceBAOBEKTOP
We NPY TAKOM Nepexoje M3MeHAeT HanpapAeHHe Ha oO-
patuoe. B TlpuaoxeHun X 6yjaer NoKaszaHo, YTO NCEBAO-
wekTop npeAcragaser coGofi aAHTHCHMMETPHYHAIR TeH3OP
NTOROre palra.

Fenan o6a pexTOpa a ¥ b NOAApPHHE, KOMMNOHEHTH
penvopioro npoussenenna (VI 30) npu nnsepcHr sHaka
e N3MEHAIOT (a; U bp P OTASNBHOCTH MEHSIOT 3HAK, HO
WX npousBefeHne ocraercs Oes uamenennii). Caepona-

L]

|
|
I
|
|
|

Yiz)

‘) «[Teceppor — NEpBas cOCTABHAY 9aCTh CAOKHHX CROB, 03Ha-
quIenN: A0MAIKA, MHHMHE (COOTBETCTBYCT PYCCKOMY <axer).
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TeJbEO, EEKTOPHOe TNPON3BelieHHe TNOAAPHHX BEKTOPOB
ABJASIETCS NCEBAOBEKTOPOM.

Ckaaspsel TagxXe HYXHO RETATb HA [Ba BHAA: LCTUH-
Hble ckaaspot u ncesdockaanpot. Ucruniune ckanapnl He
N3MEHAIOTCA OpH nNepexofe OT NpaBofi CHCTeMBl KOOPIM-
HAaT K NeBofi (MAM TIPH HHBEPCHHW KOOPAHHATHHX Ocefi).
K ux 4ydcay OTHOCATCH, HANPHMEP, MAcca, SIeKTPHIeCKHA
sapan, Temneparypa. IlceBgockanfapu npa nepexole OT
NpaBofi CHCTEMB KOOPAMHAT K JeBoH MeHAI0T 3Hak. K ux
SHCAY NPHHAANEKAT CKaAApHbie BhIPAXKEHWSN, NOAyqalo-
WHECA B pesyabTaTe MAaTeMaTHUSCKHX onepanufi Haj BeK-
topamu. Tak, HAMPUMep, CKaAspHOEe NpOH3BedeHHe (CM.
(V1.27)}) noaapuoro B axkcHaJbHOrO BEKTOPOB NpH HH-
BEPCHH MeHseT 3Hak M, cAeloBaTelbHO, SBASETCA He HC-
THHHAIM CKAAApOM, 3 ACeBAOCKANADOM,

Ecan eexktopbnl a, b, ¢ noAaspHble, TO BLpaKeHHe
(V1. 3) Gyaer nceBnockasnspoM — NipH HHBEPCHH OHO Me-
HiAeT 3BakK. TakuM obpasoMm, cMewlalioe MNPOH3BEACHHE
NOJAPHEIX BEKTOPOE €CTh NCEBAOCKAnAP.

4, MpeoGpazosanns KoMmoHeut Bexkropos. Hadizem
dopMynsl npeobpa3oBaHHA KOMIOMCHT BEKTOpa MpH mOe-
PEXOfe OT OJHOM CHCTEMB KOOpAHHAT K Apyroil. Bosb-
MeM JBe CHCTeMul npsMoyroAbHuXx koopaunar K u K,

’

3anaB HX Gasucamu e, €, €, u €/, e, €, [Ipousponb-
bl BEKTOp @ MOJKHO NPEACTAaBUTh B BHIE a== ), €xaj
e 4, — NpoeKnuy 2 Ka ocu cHcremb K, anGo B BHe
a= ) e.a,, rle a, — npoexuHu a ma ocH chcteMu K.
Taknm obpasom,

L ejq, = ; €8, (V1. 34)
Yuuoxnm (V1. 34) na opr ez
Zk:, ejela, = 2 elea,. (V1. 35)

Corsacuo (V1. 11) eje, =3,,. CneaoaTenbHo, B3 Tpex

cnaraeMblX B f1eBOf uacTH 6yfLeT OTAHYHO OT HYAR TOIbKO
caaraemoe ¢ & =i, xoTopoe paBHo 8,4} =aj.

CxansipHoe NpousBelleHHe ej¢, PABHO KOCHHYCY yTJaa
MeXAy Ochlo ¥, chereMH K’ B ockio x. cucremn K. O6o-
3HAYHB 3TOT KOCHHYC CHMBOJIOM e, MOMXHO HaNHCATb

@, =¢e, =cos(x}, x,) (i, k=12, 3). (V].36)

V1. BEKTOPBI 177

Bocnonb3onapiliuck 3TuMY 0003HAYEHHAMY, COOTHO-
wenye (V1.35) MOXKHO MpeACTaBUTL B BHAEC

¢, = Zk; a,q, (=123 (V1.37)

Mopmyna (VI.37) nospoaser n0 H3BECTHHIM NpPOSKUHAM
PEKTOPA @ HA OCH CHCTEMH K BHUYHCAHTD NPOEKUUH A
wa ocu cucrembl K. UTo6n noayduutb QopMyabl obpart-
woro npeoGpasopanus (or K’ x K), yMHOXUM (V1. 34)
s opT e€;. IloBTOpHB pacCyXAeHHs, npupeAlHe Hac
i qopmyne (VI.37), noayunm, 4To

a,= Zk: o, (=123 (V1. 38)

®opuyan (VL.37) n (V1.38) pasnuqaiorcs AHWb
TeM, UTO B OLHOM CAyYae CyMMHpOBaHHe IPOU3BOANTCA
1) BTOPOMY HKHIEKCY NpH Cue, B APYTOM caAyvae — no

IlepEOMY.
JepaATt BeJRYHH O HE ABNAIOTCA He3aABHCUMEIMH.

O6GpasyeM CyMMY Y Oy, Yura (V1. 36), noayunmM
m
§ u'fmu'km = § (e:em) (e’kem)'

Besinyuny eje, MOMHO PaccMaTpupaTh KaK n!)oexumo
WEKTOPA ¢} HA OCb Xm CHCTEMH K, ananorauno ee  ecTb
IPOCKLUS BEKTOPA € HA OCh X Takum ofpasom, CYMMY,
¢TOMNYIo CNPaBa, MOXHO MPeACTaBRTh B BALS

zn; (e;)np. £m (e;)np. X mn e:e;@ = 6‘#-

{(cw. popmyay (V1.27)). Orcoaa cAepyeT, YTo
Z O mem = Sip (V1. 39)
n

ANANOTHUNO MOMHO HOKA3aTh (pEKOMEHAyeM 3TO che-
ANTL TATATENID), UTO

Z Ot = Ot (VL. 40)

[lpeoGpasopanus (VI.37) (VI. 38) MoryT OuITE
DPUISIT B KauecTBe ONMpeAeNeHHd BeKTOpa. 8EKTOPOM
HQIUQOTCA COBOKYNHOCTL GEAUNUH @), G3, (3, KOTODOLE
apit fepexode oT oOKOI CUCTEMbE xoopdunar K Opyeod
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npeobpasyrcrea no gopmyaran (VIL.37) u (V1. 38), ede
Ciik — BEAUYURBL, Onpedernempie Poomyarodi (V1. 36).

[locnennee onpepenenue BEKTOpa JIerko pacrnpocrpas
HEHTb Ha NDOCTPAHCTBO AOGOrO yuesa H3Mepenuil. [Tycrn
nMeeTcs npocTpaHcTBO 1t HaMepeHni. BosbmeM B STOM
HPOCTPAHCTBE CHCTEMY KOOPAHHAT, oOCH KOTOpOH RB3a-
HMHO NEpNeHAHKYAAPHL. D70 O3Ha4aer, uTo opTh oceff
€1, € ..., & yroBaAeTBOpSIOT yenosuio (VI 11). Torna
BEKTOPOM B 71-MepHOM HpOCTpaHCTRe (n-BexTopom) Ha-
ShIBAETCA COBOKYMHOCTh # BeAHYHE a),Qs, ..., G, KOTO-
Pble TIpH nepexose OT OAHOH cHCTeMEl KOOPAHHAT K Jpys
ro# npeoGpasywores no Gopmynam (VI. 37) u (VI. 38).
Hemoli nupexe npoderaer MpH CYMMHPOBAHHH B 3TOM
cayuae He 3, a n 3nauenusr. Uneso ypasuenuit B (VI. 37)
# (VI.38) takke Gyger me 3.2 .n.

Ckansiproe nponssenenue BEKTOPOB TalMKe Nerko of-
O0IIAeTCS HA NPOCTPAHCTBO # H3Mepennit. Anaaoruyno
(VI.27) nasosem CRAMAPHLIM (IDOH3BeAeHHEM ABYX BeK-
TOPOB ¢ KOMIOHEHTaMu @1, @2, ..., 8, ¥ by, by, .oy NOD
BhIpaKeHHe

iﬂ) =£Z ajég, (VI. 4!)
-]

KOTOpOe npeicTasasar coboi HHBApHAHT. BekTopw, cka-
JADHOE HpOH3BedeHHe KOTOpHX pasHe Hy 0, Haskl-
BAIOTCSl BIAHMHO OpPTOrCHANBUBIME (wrn Baanmuo nep-
NEHAHKYASIPHBIMH) .

[Tousrue BEKTODHOTO NpOW3BeAeHHs Ha npocTpaHcTBa
HHOro, ueM TpH, uHcna uamMepenust e pacnpocrpausercs,

HHBepcnio  koopannaTHmx oceit (cm. puc. VI. 3)
MOJKHO paccMmaTpuBath kak npeobpasopaHHe OT cHCTe-

M K K cHereme K’, xoapduusentn KOTOpPOro HMelT
JHaAYeHHA

—~l mpu i=¢,
a,,={ 0 npu i+#&

®tp = — dyp. (V1. 42)

Coraacro hopmyae (VI.37) xomnomesry BEXTOpA
npeoSpasyiorcs npu WHBepcHu no 3akoxy

o i
= Zk: 8, = &
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7. ¢. H3MCHAIOT SHaK Ha obpatemdi (06 aToM OuJaa yxe

Wil BLIe). )
l I’Iaﬁnem) 3aKoH npeofpasoBaHnd KOMIOHEHT BEKTOp

HOrO TIPOH3BENIeHHST NPH HHBEPCHH KOOPAHHATHEIX ?rce’%
HannmueM sHpaxenue (V1. 33) B cucreme xoop;;una =
{nosayualouieiica B pesyJbTaTe HHBEPCHH oOCeli CH

Mia K):
) = = ' b, (VI 43
{ab]; k; LA kg LA )

Mu BocnoabsoBanHCh TEM, UTO BEAHUHHH €4 onpeéle-
ANOTCA OANHAKOBO AAA BCEX CHCTEM KOOpAHHAT, umar )i
¢TRHE Yero NnpH NO6GHX NpeocbpasoBaHWAX KOOPAH

(VL. 44)

g, =t

r
ik! [13 5

’ 4 e.
Berpasim B dopmyne (VI.43) a, u b, uepes n
HWITPpHXOEAHHHE KOMMNOHEHTHI CDOTBGTCTBY;O;{THX BEKTO
JFOR, BOCMOJAB30BABLINCE cooTHOWeenHeM (V. 37)

[abj; = kz:- Bipt ; (—Oem) 2, ; (—d,)b,=
> ErptOpmdipnb,.
P

kAo,
|||v1)lI3BE,[lﬂ CYMMUHPORANKHE IO HHACKCAM M W ), NOJAYUHM

{ab]; =:g; LI

1 coorsercrun ¢ (V1. 33) nocaepkee BHpaXkeHHe ecTb
fab],. Taknm o6paszoM, Mu YCTAHOBH/IH, YTO

[ab]; = [ab],,

¢, €. 4YTO KOMIIOHEHTH BEKTOPHOIO NpOU3BEIALHHA nplf
BUBCHPCHH HE H3IMEHANTCH. Orcrona Cheayer, uTo Bi:;gg-
noe 11por3peAeHde HCTHHHRX BEKTOpOB SABJAAETCA I

NERTOPOM.
ManuitemM cMellanHoe NpPOHM3BeAEHHE TPEX BEKTOPOB.

Coraacto dopmynam (VI.27) n (V1. 33)
abe] = Y a; [be), = z Gy g; &ip1bpCy =
I ;
= ) eabee;. (VI 45)
e
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BusacAdM, KaK BefeT ce6A 3Ta BeANYHHA NMPH WHBEPCHH,
B cucreme K Gysem HMeThb

(a[be]) = ‘;_! €, @00} =
= ‘;; , €yki ; (— i) @ zp: (— 8:p) 8, ; (— 8 ) e, =
=— X ewabe;=— (albe).

MH noayuuAn yiKe HIBECTHHH HAM pPe3yAbTAT; CMElNaH-
HOoe Npou3iBeleHAe HCTHHHBIX BEKTOPOB MpH HHBEPCHH Me-

20 HAET 3HaK, T. €. ABJASETCA [CER-
ACCKANAPOM.

5. Mpupawienue BekTOpAa NPH
nosopore. Hafinem npnpamenue,
HOTOpPOE TNOAYyUaeT BeKTop &
nNpH TNOBOpPOoTe Ha OecKOHCUHO
Maauf yron dg. Brenem sipe ¢H-
cTeMn! koopaudHat K u K’, xoro-
pele BHfepeM TaK, 4TOOH HX
OCH z H 2’ copflajlaiu ¢ BeKTO-
pom de (puc. V1. 4). Ilycts cu-
o4 creMa K’ moBepHeTcs BMecTe €
= . BexTopoM a Ha yroa dg¢ OTHOCH-
y ¥ tenvho cHerembt K. flpn aroMm

OTHOCHTeNAbHO cHcTeMH K’ Bek-

5 TOpP & OCTAETCSl HeU3MEHRHM, OT-
Puc. VI. 4 HOCHTeARHO Ke cHcTeMu f Bek-

TOp a noAyuaer npupailerue da.

Byaem cuawana npeAnosaraTtb, YTO Hava/Jo BEKTOPZ &
noMellaerca Ha ock z (pue. VI.4). Ecnr a nexur nep-
BOHAYANLHO B NJIOCKOCTH ¥2, TO DpHpallleHHe da KOJLITH-
HeapHO ¢ ocblo x. Moayab sToro DpHpalueHis, KaK BHAHO
N3 pHcyHka, paseH asinadg. U3 cka3anHoro ciepyer,
YTO NpHpalUEHHE BEKTOpa a4 MOKeT OHTb NpelcTaBJCHO

B BHJE
da =[dg, a]. (V1. 46)

2|

i

Hoxaxen, 4yTo HafileHHAs Hamn ¢Qopmyaa octaetcd
CNpaBeANHBON NpPH NPOH3BOJILHOM pPACHOJNOMXEHHH Bex-
TOpa & OTHOCHTEAbHO cHereM koopauear K u K. Bse-
neM B PacCMOTpPEHHE OpTHl ey, €y, €; cucreMnl K U OpTH

e, e, e, cucremn K'. Toraa sekrop a MOXHO 3aAaTb

e —— e et s W

VI. BEKTOPH sl

BLIpaXeHneM am e.0,+ &3, 1+ €0, (V1.47)
AHGO BHIpaXKeHHeM
a=¢&a, + ea, + ea), (V1. 48)

Pe Gy, @y, Gz— NPOEKIHH BEKTOPA & HA OCH CHCTEMH !(;.
a,, @, @,— NPOEKUHW BEKTOpa a Ha ocu cucremn K’
g 5
[lps nopopoTe BEKTOpa BMECTE C cucremoft K’ Ha
yrosi dp BEKTOP MOJYy4aeT OTHOCHTENLHO K npupaiienue,
KOTOpOE MOKHO 3amHcaTh B BHAE NMPHPAIUCHUS BhIp2XKe-
s (V1. 47):
da =e, da, + ¢, do, + e, da,
auGo B BAAe HpHpAllleHHs BhIpaMeHHs (V1. 48):
— of Ade’ 4ot £ g F
da=a,de +a, de, +a, de,

rae de’, de;, de] — NpupaikeBUs OPTOB oceli cHCTeMH
K’, nabmonaemne B cicreMe K (HanoMHWM, 4TO mpoek-
whH o), &, a, DpH MOBOPOTE
OCTAIOTCA HEH3MEHHLIMAY.

Mpu sH6paKHOM HaME Ha-
fipapAeHud ocu 2' NpHpalliende
opra €, papHO nyao (de;=0).
fta puc. V0I5 nokazana npn-
puenns de}, m de,, KoTopHe
HOAYy4a10T OPTHE, R €, NpH No-
#OpoOTe CHCTEMbl KOOPAMHAT K’
wa yron de. W3 pucynka BHR-
o, urc HanpaBiaenue  de, ,
connagaer ¢ HanpapiendeM oprta ¢, Moayan xe de;,
panen dp [Moxyms (T. e AnuRa) nioGoro opTa paBeH
gpunnne). CaefoBaTensro, NpEpallenHe OpTa €, Ha-
smoxacmoe B cHcreme K, mMoieT OHTh NpPEACTaRACHO
(RIS

(VL. 49)

Puc. VL5

de,=e, - dy.

AnanorruHue paccyXaeHus NPHBOMAT K dopmyne
I i
dej ~= —¢ - do

’ ’ L
(snAK «—» BH3BAH TeM, YTO BEKTOPH de, u e, Hanpas
JEILi2 B IPOTHBONOJOKHEE CTOPOHBI).
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Ioacrasks nafileHHbie HaMM 3HaueHWs NpUpauieHHA
opros B popmyay (VI. 49), noayuuym, uro

da=(a.e, —aye ) dyp.

ITokaxkeM, uTO HalileHHOe HAMH BHpaXKeHHe 3KBHBA«
JEHTHO BEKTOPHOMY npoHssenenuio [dg, a]. Iaa srtoroe
BHPA3HUM TNOCJHe/lHEe NPOH3BEACHHE Yepes NPOCKIHH [es
peMHOXaeMEX BeXTOpPOP Ha OcH cucTeMm K', yurs, uto
dp Hanpasaer mo ocu 2. B cooreercrenu ¢ dopmynoft
(&I

.32)
L4 ’ r
e, e‘, €,
J— [ L
[do, a]=| 0 © d9 |=(aje, —ale;)dyp.
a, a, a,

Takum o6pasoM, Mu mpuman x dopmyae (VI 46).

VII. Matpuuw

Onpencnenne marpuunl. B IMpunoxenun VI 6Ly nmo-
AyyeHs! GoOpMyAH npeoGpa3oB3HHA KOMNOHEHT BEKTOpA
NpH nmepexofte OT cHcTeMH xoophuHat K k chcreme K':

@)= ; e, (=1,23), (VIL 1)

i=1,12273) (VIL. 2)

a‘=§:aua;
(c. dopmynn (VI.37) u (VL. 38)).
KosgpuunenT mepexosa MOXKHO .3aMHCaTh B PHAE
KBajApaTHOA Tabauun
Wy Gz 3
A==]an @ o
Q3 Gaz Oy

' (VIL. 3)

KoTopad HAa3nBaeTca Mmarpuyed npeobpazosarus., Bead-
YHHH Gz HMEHYIOTCH 34emenTasmu marpuysi. Tleppuil uH-
JeKC YKAasnpaeT HOMeDP CTPOKH, B KOTOpPONl CTOHT AaH-
HRF 3/IeMeHT, BTOpoft HHAEKC — HOMep cToabla.
YcaoBumea 06 o6o3HaueHUAX. DJeMEHTH MAaTpHUH
Mb §ylem o603HayaTh CTPOYHNMH GYKBAMH € ABYMS HH-
HAeXcaMM, a MaTpHLY — COOTBETCTBYIOWEH RpONUCHON
6ykeoil (Hanpumep, 2Ae¢MEHT a;x, MaTpunia Al)), Komno-
HEHTH BeKTOpa OyAeM 0003HauaTh CTPOYHHWMH GyKBAMH

1) Tak nWwercA npoNHCHAR TPAMas rpedeckan GyKea <alvdar,
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¢ ONHHM HHAEKCOM, a BeKTOp — TaKofi JKe CTpouHon OyK-
woft, HO MpPAMOTo NOAYKHPHOro mphpra (Hanpumep, di—
KOMMNOHEHTAa BEKTOpa, 4 ~— BEKTOP).

Onepaumto (VIL 1) npeobpa3oBaMHa KOMNOHEHT BeK-
TOpa MOXHO 33aMHCaTh CHMBOJHYECKH B BHAC YMHOXKe-
(s BEKTOpA Ha MAaTpHLY:

a’ = Aa. (VIL.4)

Kos{@unnents obpatnoro npeobpasopasna (VIIL.2)
0fpasyorT MaTpHLy

@y 21 O3
A l=[ o2 on o],

G153 G333 Ga3

(VIL 5)

nazHpaeMylo obparnod sarpuged. O603RAYHD SNCMEHTH
o0paTHOR MATPHUB CHMBOJOM a),, MOXHO HANUCATb CO-

OTIHOIIeHYEE (VIL. 6)

{2 1
Oy, == gy
Marpuua, nonyzaemad w3 A 3aMeHoOR CTPOK CTOJG-
MAMU, HA3HBaeTca Tpancnonuposannod u 06o3HaTaeTCA
A. Ecnu 0603HaYATh 3J€MEHTH TPaHCHORKPOBAHHOA
MOTPHIL CHMBOJIOM (5, MCKHO HANUCATD

e (VIL.7)

Ha ¢opuyn (VIL6) n (VIL7) caeayer, u4ro mar-
pitua oGparHoro npeoGpasosanus (VIL.5) coBnajaer
¢ TpanCMOHHpOBaHHON MaTpuue#t npaMore mpeodpasosa-

st (VIL 3): -
A'=A. (VIL. 8)
Coornowenne (V1. 8) cnpaseiinbo He AAd JMIOGHX
marpuu '),  MaTpuuw, YAOBACTBODAKIUHE  YCJOBHIO

{VI1l. 8), HaaLIBAIOTCA OPTOZOHAABHBLML.
O6patHoe npeobpasosauue (V1. 2) sanuwiercs cHM-
HOANYCCKH B BHRE
(VIL 9)

Jle wmenna ¢oOpManbHOA MAaTEMaTHYCCKOH CTODOHH
nenn, cootnomenua {VIL.4) u (VIL9) (unuamy chroBa-

-1
a=A"2a’.

') BooGwe ropops, He BCAKag MaTpHIA HMEET obpaTnyo. Mart-
pit, fnn KoTopoil ofpaTHOH He CymecTByer, Ha3LBaeTCH ocobennofl
with ntpoxcennofi. Ho paxe ecnw mMaTpHua He BHIpOMAeHa, € 00-
pavunn u TPANCIOHHPOBAHHAA MaTpHUL MOrYT He COBNAAATD.




a8y NPRIOCKEHUSA

b=Aa, (VIL. 10)
oAl
a=A""p, (VIL 11)

KE]KTJ?:!(II:;E 06pa3oM, MaTpuiy A moxno paceMmarpueath
t2 HLH Oneparop, koTopkhi, BO3RCACTBYS Ha Bek-
P a, npespamaer ero g BEKTOp b.
a 4
- (V”m;ﬁu)em B!ﬁBiIUM BHIe nmpeoGpasosanus (VII. 10)
ar anu 1eM Ass1 6oablel o6iuHOCTH Oynem cumu-
npo&"rp“ H('?':;f‘r()apu[ a b onpeaencum we 5 TPeXMepHOM
Tpa BE, B IIDOCTpAHCTIE 1 HIMepeHus ¢
i b S [ HH. aHa-
Joriu ¢ (VIL 1) u (VII. 2) NOAYYHM k v g

n

by = =
' g_:lamak G=12..,n (viL19

i
a,-_:gl b G=12 .. n), (VIL13)

F
I];,l:; “1(.e — 3.r1eme}gu MaTpUuW obpaTaoro nipeobpasosa-
MaTpuuel A-T),
gl ). Bas oproronanso MaTpHIL
Marpuns A u A Tenepb

H n crosbuos, Banpumep, e Be S

G @y .., oy,

A==[% % ... @,
________ ! (VII. 14)

Rl Bnp ... G,
& gii{aﬂrpnufi _(VI!. 14) saBasercs KBalpaTHol — uyyeno
POK B Hell paBHO wHCAy cTOA6LOB. Kpome kBanparnux

PacCMaTpHBaOTeS Takke §p

1a PAMOYroJibHbie Ma
0 CTPOK KOTOPHX m He ‘ et

PaBHO 9HCHY cTOAGIOBR A:

e w2 .., @y,
A=A =] % 2 oo | g 15)
Cm Qg ... Gy
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ITeppnit nHAeKC NPy cHMBOAE MATPHIH YKA3MBAET YHCIO
CTPOK, BTOpOfi — 4KcAo croabuos. B cayuasax, xorga ato
HC CMOXeT TNpPHPECTH K HeAOpA3yMeHHAM, MH 3TH HE-
AeKchHl OyAeM onycKaThb.

Hrak, B ofuiem caydae noA Marpuuefi NoHHMaercs
COBOXYNHOCTL /-1 3J€MeHTOB, PACNOJOMEHHHX B BH-
Jle NPAMOYTOAbHOA TalanUR, DAeMeHTAMH MATPHUN MO-
ryT ObiTh (PYHKUHH, YHcAa JAWGO HHHE BeJHYHHH, Haj
KOTOPHMH MOXHO MPOM3BOAHTL aareGpaHuyecKde ofiepa-
uHA. MaTpHUa c m cTpOKaMM H i CTOAOUAME HasLBaeT-
e (m X n)-matpunefi, wan Martpuneli nopapka m X n,
HAH, HaKoWel, MaTpuued pasMepa m X n. Marpuny
nopagka m X 1, T. e. MaTpHHY ¢ OZHHM CTOAGLOM,
HHOrAa HasHBAWT NpocTo cronbGuom. MaTpHuy nopsaka
1>{ n, 1. e. MaTpHLUY ¢ ONHOA cTpOKOH, HHOTAA HA3HBAIOT
I(POCTC CTPOKO#.

Hdpe Matprunl A 1 B HasuBaloTes paBHHMH (A=B),
CCAH COOTBETCTBYIONKE 3JeMEHTH 3THX MaTpHL papHH
ApYT APYTY {ous == Biz).

Marpuun A u B cunT2I0TCH OTANYAIOIIHMHCH TOJBKO
anakoM, (A =—B), eciH COOTBeTCTRYIOIlHE 5JE€MEHTH
HTHX MaTPHIl CBA3AHH COOTHOLUEHHEM ¢t = —fhip.

Kpazparnasa marpuua (VIL I4) (v. e. maTpnua mo-
praka # X n) ecrb 4acTHHi cayua®t marpuuu (VI 15).
Marpnua, npeofGp2syomas BeKTOP B NPOCTPAHCTBE & H3-
MepeHHt B Apyrofl BeKTOp B TOM 3Ke NpPOCTPAHCTBE, ove-
#HAHO, OYAeT KBaApaTHOI.

Ecan sseMeNTH KBaApaTHOA MaTPHUHN YAOBAETBO-

pAIOT YCJOBHID
P, (VIL 16)

MATPHLUA HaA3WBaeTCA cummerpuumod. CHMMETpHURAN
MOTpPHILA, OYEBHIAHO, COBMANA€T €O cROefi TPAHCNOHHPO-
nanuodh

Ao = chuu- (VII- 17)

KeaapaThas MaTpHlia, 3JeMeATH KOTOPOR yaoBJjer-
BOPHIOT YCJAOBRIO

s = — By, (VIL. 18)

HOOKBACTCA GRTUCUMMETPULROT WIH KOCOCUMMETPUSLKOR,
ﬂli’I'HCHHME’l‘pH‘IHaﬂ MaTpHEa OTJHYACTCA OT cpoell
TPMICTIOHAPOBAHHOR TOABKO 3HAKOM:

A!II'I"RI:I!III Al Kﬂﬂﬂllﬂl‘ (V”. 19)

13 U. B, Capeapen, 7. |
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Keagparsas uaTtpuna, y xoropofi OTARYHH oOT Hyas
ARUID SACMEHTH ;. C OAHHAKOBHIMHA 3HAYCHUAMH HHIEK-
COB i H R, HaduBaercs duazorasvrod. JHaroHAnbHAN
MaTpHALAE HMEET BHA

A 0 ... 0
A= 2. 01 (VIL. 20)
0 0 ... 2,

SaeMenTH 3TOR MATPHUH MOKHO DPEACTABHTH CAEAYI-
nieM obpasom:
Ay = ApByg, (VIL. 21)

TAe 8;x — cumpon Kponekepa (cm. (VI.12)).

Ec/in H3MEHHTH CHCTEMY KOOpAMHAT (T. e, Gasne
€1, €, ..., €), TO KOMNOHEHTH BeKTOpoB & K b (cwm.
gopwyay (VII. 10)) cramyr apyrumu. HUamensates Takme
H 3/1eMEeHTH MaTPHUH-onepaTopa. (OKaskBaeTcA, 4TO B
HEKOTOPHIX ¢Ay4anx (B YacTHOCTH, B TOM ciayuae, KOrfAa
MarpHua A CHMMETPHYHA) MOXKHO TAK BubpaTh GasHc,
YTO MaTpHua A esaerTcs AHAroHasbLHOIN.

Ilpn mepexone or omuofl cHCTEMH KOODAMHAT K ApY-
rofi SReMenTH MaTpHIL MEeHSIOTCS, OAHAKO OCTAaeTcA He-
H3IMEHHON CyMMa AMaroHaJbHHX JEMEHTOB, HA3HBACMAN
cAedom marpuyst (oGosmawaercs SpA; memenxkoe Spur
osHavaer caen). Takum o6pasom, csel MaTpHUN OHHHE-
KOB BO BCeX CHCTEMAX KOOPAHHAT, T. ¢. ApAselcA HHBA-

PHaHTOM:
SpA = Z‘: oy = inv. (VIL. 22)

OcTraerca HEeH3MeHHEM Taxkxke onpeacsuTeNnh MaTpHUH
(cm. (VIIL 3)):

detf oy | = inv. {ViI. 23)

Hasosem eannnunoft matpuueh E taxyio martpany?),
KOTOpasi NpH YMHOXKEHHH Ha BeKTOp N[O NPaBHAY
(VI 10) naer Tor ®e BekTOp

a=Ea.

Jlerko coo6pasnTb, YTO 3MeMEHTH eXHHRUHON MATpHUL
ROMXHH OuTb papim &; (moacranoska p (VIL. 12)

1) Mlrorpa €ABHAYAYI0 MATDPHLY 0003HAYA0T CAMBOJIOM 1,

VIl. MATPHLIE 87

fix = 8ix NMPHBOANT K COOTHOWeHHW by==a,). Tarum
obpasom,

T | e |
E=poul=]% 1 ° (VIL 24)
Q 0. 1

OTMeTHM, 4TO 3Ta MATPHIA ABAAETCA AHANOHAJLHOM.
Anre6pa wmatpun. MaTpuud cyT» aareGpanveckne
of'beKTH, HaJ KOTOPHMH MOXKHO COBepliaTh OnepaniH
CAOKEHUSA, BHUHTARHS H YMAOXKEHHA (ONepaunH AeNcHHA
MATPHIL HE CYIleCcTByeT).
Cymmofi asyx Matpun, A m B masmpaercAa marpana
I'=A+ B!), sieMeHTH KOTOpOfi ompegeasoTci ¢op-

Mynoit
Yiz == tza + B (V11. 25)
PasHocTbio MaTpul RashBaercsa marprua I'=A—B

¢ 3/eMeHTaMH
Vie =ae — Pus- (VIL 26)

OueBHAHO, WTO CKAAAWBATE H BHUKHTATH MOXKHO
TOJBKO MATPHUE OAHHAKOBOIO NOPsAKa, T. €. MaTpHOH
¢ OLHHAKOBHIM UHCJOM CTPOK H OAHHAKOBHM YHCJIOM
¢ToA61OB.

lMpoussenenneM MATPHIM A HA CK2/%p 1 HAIHBACTCH
marpuna B = nA c aneMentanu

(VIL. 27)

Bix = Masp.

[Mepefinem Kk pacCMOTPEHHIO NEepeMHONEHHS MaTpHIL.
[NpeanosioxuM, 9To AeficTBHe MaTpumm A Ha BeKTOp a
npespaiiaer ero B Bextop b, a seficraue marpunu B Ha
sextop b npespamaer ero B BexTop €. EcrecTBeHHO Ha-
ypaTh npoussejenneM matpHi A u B Takylo MaTpHRy T,
xoropas, AeACTBYA HA BEKTOp &, NPEBpAINACT €ro B BeK-
top ¢. Takum oGpasom,

b=Aa, T e bﬂ=¥¢mﬂg,
C _Bb=BAa, & e, c‘=§ﬂimbg]=§p‘ﬂ¥aﬂlm=

= ;: ay ; Bim®ma.

1) IlpousHocHTCA: MATPHIA <€raMMa» paBua MaTpule «anbhar
wame MaTpEna «Gera» (B — nponucHoe rpevceHoe «beta», T' — npo-
o8 rpegeckoe ¢rauua)).

13
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C zpyroft cTropon,

C=Pﬂ, T eE = ; Yialy.

Cpasuenue o6enx GopMya A%s ¢ H ¢; NPHBOLKT K NPa-
BRAY YMHOXEHHS MaTpPHIL:

I'=BA osnausger, wt0 y,, = ; BimGms- (VI 28)

CoraacHo 3TOMy NPABHAY AAA NOAYYEHHA 3JeMeHTa MaT-
punu T, crosamero ma nepeceueHHH {-i CTPOKN W k-TO
croabua, RYXHO YMHOXRATb KaJKARfA SJeMeHT {-A CTPOKH
MaTpuu B Ha cooTBercTBYlOUWMA 3AeMENT £-TO cTOAGRA
MATPHUH A B BCe NPOH3BEACHHA CACKHTb. DTO MOKHO
NMOACHHTb cAeAylomedi cxemofi:

(VIL. 29)

....................... faggreearenes
-8 empeona, K-d ammp

3amernm, uTo NpoH3BeAcHHe MaTPUL, BOOGLIE TOBOPS,
He KOMMYTaTHBHO, T. e.

BA 5 AB.
Marpiun, AR KOTODHX BHIIOABAETCA YCJAOBHE
BA = AB,

HA3HDBAIOTCA KOMMYUTUDYIOWLLIMIL,
Jlerko MOKA3aTh, YTO NpOH3BeleHHe MaTpHLl accouHa-

THBHO!
(FB)A==T(BA). (VIIL. 31)

ST0 o3HaYaer, UTO YMHOXMB cHauana B ma I', a saTeM
A na (TB), MI! NOAYYHM TOT He peayabTaT, Kakol 7o
Jyuusica OH NpH NepeMHOXEHHH chauaia maTphu A u B
H NOCAEAYIOHIEM YMHOXeHnn Marpuun (BA) na I'. Hefi-
CTBATEJBHO, HO NPABHAY NEPeMHONXKEHUA MaTPHI

(B} Adin = 2, (Bt = X (X Vutbrn ) e =
= ; Yui (%’: E"mﬂmk) = Z‘: Vit (BAYy, = {['(BA)} s

{VII. 30)

|
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(8 xone npeo6pa3oBannfi MK H3MCHHAH MOPANOK CYMMH-
poBalua no uHAeRcaM m K [). Takum oGpasom, cBOB-
creo (VIL 31) nokasaHo.

MoxHO YMHOXATb ApYr Ha Apyra W HeKBajparHue
(npamoyroabinie) MaTphun. Kak caepyer- H3 cXeMH
(VIL. 29), ncpeMrOMeHHe TaKHX MaTpHl, BO3MOXHO
TONBLKO B TOM CAydae, KOrZa YHCAO cToAOuoB MaTpuun B
(BTOpOoi MaTpuuUm ')} coBNajaer ¢ YHCAOM CTPOK MaT-
puub A (nepBofi MaTpuuH). MaTpana-nponssexesue Oy-
et HMeTb CTOJABKO CTPOK, CKOJbKO HMX HMeeT BTOpas
marphua (Matpaua B) M cTOALKO cTOAOUOB, CKOJABLKO HX
WMeeT neppas maTphna (Marpuna A). [Toacuum 3ro cie-
AYIOLIHM NPEMEPOM:

.......

€y i B3
B Bz ... ﬁmi Gz Ogp Gzy §
Bz Baz --. B2a

®a1 Taz OGpy
=! Y Btk X Bt X Bt '
2 Buay 2 Boi Y Barags

Ecan BTOopan MaTpuua KeaapartHasi, T. €. HMeer mo-
punok n X n, a neppas MaTpHUA COAEPKAT TOJABKO OOHH
cronbelt ¢ 7 3JEMEHTAMH, TO MarpKUa-NpoH3BeAeHHe
TaKXe COCTOHT H3 OAHONO CTOAGRA C 1 ANEMEHTAMEA:

o Zﬂlk“k
g sl Emkﬁ#
Z B“kﬁ.f

fIpy yMHOMEHHH MATPHIH € OAHHM CTOAGLOM Ha
MATPHILY ¢ OAHOA CTPOXON MOJY4AaeTCA WPOCTO HHCAO

(nan PyHRUMA, echH SNEMERTAMH MATPHIH ABJAKTCA
(PyNKUHK): '

Bir Puz ... Bin
Bz P2z ... Pan

ﬁﬂl ﬂug PP ﬂun L

(VIL. 32)

@

1B Be - Ball| . 7. | =D Bacs.
&

Gn

(V1. 33)

1) B npouspefenan MaTphit BA mepBHM cOMHOMEATEAeM HYXHO
caiTATL MaTpHiay A, crommmyio cnpapa. Ha Hee yMfoMaeTcd BCKTOD
N HOpDYIC Odepenb, a 3aTeM YiKe Ha Pe3yALTAT BO3AeficTBYeT BTOpad
mnrprua B,



390 NPHUAOKEHHA

B uactHocTH, ecan B kavectse Matprun [IBll B3sTh Tpanc-
nonupopaunyo marpuuy [lall, o (VIL 33) nepexoaur B

a,
Ia-%---ﬂnﬂi ﬂ=Za§-
Gn £

CrnenovaTeabHo, BAA MaTpAUH A, 1), HMemed TOALKO
OAHH cTonGel, CNPaBeldHBO COOTHOLIEHRE
L3

Ao nAw = Z“: . (VIL 34)

Ecau B KauecTee 3/1eMEHTOB MATPHUK C OAHHM CTOAG-
LOM BSATb COCTABAAIONIHE BEKTOPA A, 8 B KayeCTee KBajl-
paTHOR MaTPHUK — MATPHLY-ONePaTOp A, TO COOTHOHIE-
Hue (VII.32) npumer Bua

a, @yg «.. Gy ay
Cgy Ggg ... Ggp as

b,
=H o) l (VIL. 35)

Qn1 Bpg ... Upg an bpn

rhe b‘=§:aua, {cp. ¢ (VIL.12)). Jlerko 3ameTuth,

9710 cootHouwenne (VII. 35) 3xkBHBaAeHTHO COOTHOLICHHIO
(VH. 10). CnenoBaTe/bRO, BEKTOP MOXHO NPeACTABHTH
KaK MaTpHUY ¢ OAHHM CTOAGHOM.

Paccmorpim nponaseaenue eanHnunofi mMatpuuum E
Ha NpoH3BOAbHYIO Matpuny A. CornacHo npapHay

(VI1. 28)
(AE); = g_) Aimdma

(6mr — 3nementH Mmatpuun E). B s1ofi cyMme OTAHUHEIM
OT Hyasi GyAeT TONLKO OARO CJAaraeMoe, y KOTOPOro
m==k. Cnenopareapdo, (AE): = Aj. Avanornuno

(EA)ik T ; 6lmAm = Alb'

M3 ckasaHHOro clie/lyer, UTo yMHOXeHHe Ha eAHRHYHYIO
MaTpHuy (npu A1060M NOpAAKe COMHOMHTeNeR) He H3Me-
HAET MaTpHIL A:

EA=AE=A. (Vil. 36)

Nocaennee cooTnomeHNe 03HAACT, UTO eAHHHYHAA MAT-
pina KoMMyTHpYet ¢ aioGoft Marpuued A.
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OueBHARO, YTO, NPHMEHHB X KaKOMY-a1nGO BekTopy
cHauana npeoGpaszoBanue A, a 3aTeM o0patHOe eMy mpe-
o6pazopaitne A~', MH AOMKHH BEPHYTBCA K HCXOLHOMY

PEKTO
i a=A'Aa. (VIL 37)

Orciofa BHTEKaeT, YTO Npou3BefeHne npaMol m ofpart-
WOl MaTpHil NOJIKHO OHTh PABHO EAMHHYHOA MATPHIE:
A-'A = E"). Tlpoussenenne npsamodi H o6paTHo@ MaT-
pUL, OYEBHAHO, KOMMYTATHBHO, CAeN0PATENbHO,

A'A=AA'=E. (VII. 38)

3anncaB 3/JeMeHTH NpousBefieHus marpun A u A~
wo ¢opmyae (VIL.28), MoxHO uHaAiTH COOTHOMICHAE
MCKAY JAEMEHTaMA NpsAMOH W o6paTROA MaTpHL:

Y e = 2 Gy = s (VII. 39)
1T m

Ilna oproroHansHON MATPHRMW, T. €. MATPHLH, YAOBJAET-
nopsiomed ycaosuio (VIL8), aj,=«,, (em. (VIL6}).

[lpoussean 8 (VIL. 39) Takywo 3ameHy, nOAyuHM
2 Cis = buss (VIL. 40)

E Et By == LTS (V"' 4')
it

TaknM 06pasoM, 5JeMeHTh OPTOTOHaJAbHOR MATDHILL
yaosaeTBopaloT coorrowennsim  (VIL39) s (VIL 40)
(cp. ¢ popmyaamu (VI.39) u (V1. 40)}.

VIill. Onpenenurenn

ITycTh HaM AaHa KB2jApaTHAsA MaTpROAa

A=

Qyy Gz Gin
dgy Gz ... G3n 2 (V"l. 1)

QO6pasyeM U3 3NeMEHTOB STOA MAaTPHUL BHPaXEHHE

€ix.. %1l - - - Gpmr (VIIL. 2)

') Ha stora cooTHOWEMHA CTAHOBHTCR NOHATHGIMN ofoaHaueune
A ', ynorpeGanemoe aan obpatuofi martpuunt (E — ceaunuuar}).
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rae ik, ..., m—nepecTaHOBKa H3 uhcen 1.2, ..., n,
a & ... m — BEAHUYUH2, paBHaa <1, ecan uncao Gecno-
pAAKoB ') B nepecTaHoBke i Xk, ..., m ABJAACTCHA YEeTHHM,
M —I1, ecan uyncno GecmopalkoB HeuerHoe (cp. €
(VL. 15)). Uncnio nepecTaHOBOK M3 1 4YHCEN, Kax H3BecT-
HO, paBHo n!. Cief0BaTe/IbHO, MOXKHO COCTaBUTL n! pas-
JuuHbiX Bepaxeunui suna (VIIL 2).

Cymma Bcex soipaxenufi suaa (VIIL 2) o6oanavaerea
CHMBOJIAMH

D,=D(A)=detla,;|=

) &) -.. g
az Q32 ... 82q |

B BRI N Z Cin...mhiler - Y
gt Qp2 ... Opn ik ...my

(VIIL. 3)

H HasuwBaerca onpedeiutesem (AN FeTEPHUNAHTOM),
coorsercreyiomnm Matpuue (VIIL 1). Cymma (VI 3)
Gepercs No BeeM NepecTaHOBKAM uucen i, k, ..., m. Cae-
JIOBATEALHO, OHA COMEPKHT n! cAargeMulx.

Ecan AOMOAHWTL ONpefeNeHHe ei4. .. m YCAOBHEM,
yT06H 3TOT CHMBOJA ofpailaicA B HYJAb NPH COBNAaAECHHH
3HaueHMAi xoTA OH ABYX H3 1 HUHAEKCOB, AETEPMHHAHT
D (A) Moxno onpejeSATh KAK CYMMY

]

N e bakapey, . iaiy (VIIL. 4)

Lk ....m=I

P KOTOpOf Bce MHAEKCH i, &, ..., m npobGeraiwT 3Have-
Hug ot 1 po n.

Hs (VIIL. 3) cneayer, uTo onpeAeJuTedb MOXHO 33-
nucath B Buie Tabanuw, anamoruyuoRk (VIIL. 1), ¢ Tem
OTAHYKEM, YTO N0 60KAM BMECTO ABCHHWX BepTHKab-
HHIX JHHBA CTABATCA OJHHAPHHE.

Ykcno crpok (Wan croabuoB) onpelenatens Ha3H-
BagTCs ero nopRoKoM.

OTMeTHM, YTO ONpefeAnTe]b AHATOHANbHOA MATPHUN
(VIL. 20) paper npou3BefleHHIO €€ AHACOHANbHEIX 3Je-
MEHTOB!

detll a’kaik "=l|1:2 b e i’m (VIII. 5)

1} HanownumM, uto OGecnopfiAKoM B NepecTaHoBKe HAILIBAETCA
TOT (raxT, uTo GoMbiuce YHCAG CTOHT BOEPeAH MEHEBUIETO.
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n onpeAenHTeNb €AHHHUHON MATPHUK paBeH eAHHHNe:
D(E)y=1. {VIIL. 6)

TMoAcHHM cCKazaHHOE Ha NpHMepe ONPCACAHTENR
TpeThbero NopARKa:
an 4z dpa
dz; dzz 23
431 @3z 3y

D3=

M3 BTOPHX HHIEKCOB 3JeMEHTOB 3TOr0 oONpeAedHTENR
MOMHO clenate 31 = 6 nepecTaHoBOK:

123 0 Gecnopankos 4

231 2  Gesnopaaxa +
312 2 OGecnopagka +
321 3 Gecnopszka -
213 !  Gecnopazok -
132 1 Gecnopsanok -

Cornacuo ¢opmyne (VIIL. 4) onpeaeanrenem Tperbero
HnopAAKa 6yaer BopaXeHHe

Dy o= 0y @yattzy + G128y + G303 —
— O3ty — (9l Tay — &1 10s3 9.

Ecak B onpeaeantese n-ro NOpAAKa BHIYEPKHYTE i-10
¢ipoKy d R crosifen, noayyutcA onpedeAHTedb
(s — |)-ro nopagka, KOTOPWA HA3HBAETCA MUNOPOM HC-
AGAIIOrO Onpede/dTensd, COOTBETCTBYIOMNM SNCMEHTY Gip.
JroT MHEOP NPHRATC 0603HaAYaTh cnMBofoM A Bean-
iy

A =(—1)+2A,, (VIIL. 7)

HANMBAIOT AA2e0pauteckum COROARERUEM BNEMEBTA Qi
Croitcrea onpepenurtenedd. [lpusenem O3 nokasa-
fedliTRA OCHOBHBIE CBOMCFRA ONpeAeiHTe1eH,
I. Iipn 3amene cTpox cTroalLaMH BeNHYHHA onpejie-
ANTeAH HE H3IMCHACTCH?

2y 44z ... & Gy Gy ... Amy
a3 diz ... o = Gz 82z . . Oz

#m1 Oz .. aun ®p @an ... Qun
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nian, B 60Ace KOMNAKTHOR 3aNACH,
detlla;xll = detll ag il (V1. 8)

3ameHa ¢TpOK cTOAGUAMH HA3HRBAGTCR TPUNCRORUPO-
earuen. Onpededntenb, B KOTOPOM NDH3BENEHA TaKas
3aMeHa, Ha3WBAT Tpancnotuposannvim. Taxkum obpa-
30M, MOXHO CKasaTb, YTO TPaHCNOHHpOBAaHHKN omnpede-
JuTeNb papeH HCXOAHOMY.

W3 crofictea | BHTeKkaer, YTo OnNpefeaAHTENb TpPAaHC-
NOHHPOPAHHOA MATPHIE PABEH ONPEACANTENIO HCXOAHON
MATPHIK: i

D(A)=D(A). (VIIL.9)

JeficTBHTEALHO, 3TH ONpEACANTENH OTAHUAKTCA TONBKO
saMeHOA cTpoK Ha cToafnbl, YTO He H3MeHsieT BeNHYHHH
onpefeaHrens.

2. Tlpn nepecTaHoBKe ABYX CTPOK HJIH ABYX CTO/MCLOB
H3MEHSETCA JHILL 3HAK ONpefesHTeN .

3. Onpepeantend ¢ ABYMS! OAHHAKOBHMH CTPOKaMH
HAH CcTOA6NAMH paBeH HyAW (3TO chAeiyeT H3 CEOR-
cTRa 2).

4. Onpepenutenp spasercs auHefinof  Qopmofi 1)
SMEMEHTOB KaKOA-HHOYAL CTPOKH HJIH  Kaxoro-anGo
croabua:

detﬂ au “ =
"
= z"': Apay, (Muueiinas dopma saemenToB i-A CTPOKH)
(VIIL. 10)
anGo
detla; =

B
= :2“1 Agay, (nunefinan ¢popma saementoB kro croabua),
(VIIL. 11)

npuuen xosdpdrunenramu A;, sunefrux Gopm (VIIL 10)
g (VIIL I1) sasngiores anreSpangeckne AONMOJHERHS
(VII1. 6) cOOTBeTCTBYIOIHX SAeMeHTOB.

1) Jlanefinofi GopMyNOfi mEepeMERHHX X), ¥s, ..., Xa HAIHBALTCA
Aieiilan opmoponNas (yHRUMR STHX NePeMeNAHX, T.e. BupaMeunHe

[=oam +as+ ... +apte
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5. Ecain sneMedTH oavodl cTpokd (mam croafna) ym-
HOXKHTH Ha aarefpanvecKHe ROMOAHEHHA SAEMEHTOD ApY-
rofi ¢cTpokk (cToa0uU3) H MOAYYEHHHIe NPOH3BefleHHA CMO-~
MHUTb, TO cymMa OyJer paBHa Hymo (3Ta cyMMa mpea-
crasasier coGoft onpefenuTeNh ¢ ABYMA OAHHAKOBHMH
CTPOKAMH HAH cTOA6HAMK; cM. cBOACTBO 3).

Cpofictea 4 u 5 MoXHO 06bEAWHHTE B BAAE LOOTHO-
iteHmni:

; Ay =detfanll- dips

(VIII. 12)
; Aty = detfag || - dpm.
U3 cpofictea 4 RenocpeACTREHHO BHTEKAT elie ABa
cpoficrpa (6 R 7):
6. Ecan Bce 9j1eMeNTH HEKOTOPOA cTPOKH (HAR cTonG-
1ta) cofiepXaT OGIMHA MHOXHTeNb, TO €M0 MOXKHO BHNe-
CTH 32 3HAK ONpeERe/INTeA:

1k In
aay, opa,, @, |=af| 9 LT G |-
anl mu& aml T Bk azm
{VIIIL. 13)

7. Ecu 3JeMeHTH HeKOoTopofi c¢Tpoku (Hau croabna)
apAsOTCa cyMMofi AByx (uam GoJbluero yHcAa) caarae-
MbX, TO ONpefe/HTe/b PaBEeH CyMMe onpejeaureded, B
KOTOPHX 3JIeMeHTaMH AaHHON cTpokH (Kamnoro crosnbua)
cnymaT COOTBETCTBYIOIIKE charaeMue, HaNpRMeED,

r ” 1 L
@iy oo0 Opp +a”¢ sen Gy, By a0 Byp oo O
’ ” ’
gy +oo Ggp Hagy oo Oy | |02 oo B2k von B | L
’
Uai Upp+ Gy Ann Oy +-+ Cok %
”
] 1 8

(VIIL. 14)

..........

8. 3nauenue onpeaennreas e HIMEHHTCR, €CIA K 3J&-~
mentam HexoTopofi cTpord (mauw croabua) npuGaprih




306 NPHAOKEHHSA

COOTBETCTRYIONHE 3JMEMEHTH ApYrof cTpoxm (crosbual,
NPeABAPHTENLHO YMHOXMHE HX HA OMHH M TOT Xe MHO-
KHTeNb.

3710 cBoficTBO BHTEKaer u3 choficte 7, 6 n 3.

9. INpoussesenneM ABYX onpefeinreiell OAHHAKOBOTO
nopaaka detlanll n detldill apaserca onpeaeantend
Toro ke nopaaka detllcill, saemenTn kKoTOpOro BLpa-
HawTcA GopMyAaMA

Cix= 2 Qb (VIIL. 15)

Cpapnenne 3rofi dpopuynu ¢ dpopmyaohr (VI1I.28) noka-
3wBaeT, YTO ONpeAcAMTENH NEPEeMHAOKANTCA TAK e, KaK
R cooreercreyoline marpund. ChaeacmatenbHo, Onpene-
JHTeAb MATPHIH-POH3BeACHHA COBIAjaeT ¢ NMPON3Befe-
HHEM onpeAeanTeNefl MaTPHI-COMROXHTEAEH.

H3 cpoficTpa 9 BHTERaeT, YTO ONpEACAHTENb OPTOTO-
HanabHOA MaTpHuu pamer 41, HeficteuteabHo, Aas Op-

TOFOHANbLHOR MaTpHnn A=A (cm. (VIL8)), Bcaea-
crere yero AA = E. CornacHo cKasaHROMY BHIlie
D(A)D(Ay=D(E)=1
{cm. (VIIL.6)). Ho B coorpercteus ¢ (VIIL9) D(A)=
= D{A), TaK YTO MOKHO HanHCaTh
(D=1,

D(A)==+ 1. {VIILL. 16)

CucreMH AuHEAHBIX Reolnopoxnux ypanHewnil. Pac-
CMOTPHM CHCTeMY n JHRefiHEX anre6panyecKHX ypaBHe-
HHA ¢ 1 HEH3BECTHHRMH X, X2, ..., Xn!

anxy +apx, + ... Fax, =by,
Xy + apxs + ... F X, =02,

A%t Gua¥e+ -+ GpuXy =1,

DTy cHCTeMy MOXHO 3alMHCcath B BHRE OXHMOIO BHpA-
JeHHR

OTKYynA

;lauxk=b; =12 ..., 5. (VILI17)

Buauo, uro ko3ppnuHeHTH NPH HeH3BecTHHX obpa-
Sy1OT KBAaJpPaTHYIO MATPRIlYy, aHaJOTHYHYY MaTpHUe
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(VIIL. 1). DonycruM, uto onpefieaureib 3rofl MaTpHuUH
(Mu GyleM ero HA3HBaTh ONpelenHTeeM CHCTEMH) OT-

JHYEH OT HYJAHA
Gy &4z .- &yn

(VIIL. 18)

........

Ymuoxnu nepsoe w3 ypasHeHufi (VIIL 17) ma Aym—
anre6panyeckoe J[ONOJHEHHE 3JIeMEHTa im, BTOpOE
ypaptienne — Aa Agm, ..., n-¢ ypaBHeHHe —HA Anm H
CNOXKHM BMecCTe NOJyuHBIIHecs Bhpamxenus. B peayab-
TaTe NOAYYHM

n n n

2 Aim z: Gigte =2, Ambs.

i=1 =1 =1
floMenseM NOPAAOK CYMMHPOBAHHA B NeBol 4acTd pa-

NCHCTRA,
n f

E] Xy Z.l Apay = ‘g Aimby.

"
Coraacuo sropodi us ¢opuya (VIIL 12) E. Ay ==

e=detll @y 10, = DOy, rAe D —onpeperutens cucre-
M. ChielopaTedbHO, NOAYUEHHOE COOTHOHICHHE MOKHO
IIpGIlC’I‘&BHTb B BHAE

(1 n
Y X Dby = 2, Arby.
A=) =

[pocymmHpoBaB clteBa No K, NOJAYYHM DpoH3BeleHHe
xmi?. CpaBHenue cyMumbl, crositefi cnpasa, ¢ (opmysoit
(V1. 11} nospoasier caenaTh BLHBOR, WIG 3Ta CyMMa
npeacTasaner cobofi onpeleaurels, KOTOPHH NONydYaeTca
us onpepeantens (VI 18) samenol 3jneMeHTOB m-ro
croabua cBoGOARLIMA yxenaMu cxcremn (VIIL 17). O6o~
aUHe TOT ONpefefnTesb cuMBoIOM [N™), MOMHO HA-
HicaTh, 4TO

XD == D),
(NN R
¥ Dk}
x = -—-5 i

(aumens 71 AA & OCYMMECTRICHA AR TOr0, Yrofin HAACKS
,- w aannol Sapuyae i dopmyae (VIIL {7} 9fo3ua-
amiea onsoit 8 tofl e Gykeof}.
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Mu nprman x reopeme Kpamepa, KOTOpasa riacur:
ecau onpedeaureab cucremer orauues OT KYAR, TO oHa
umeer o0Ho onpedesennoe Peuierue, npuuwem smauenue
feuseecTnozo x, paswo dpobu, SHamerareaem xoropoi
REARETCR onpedeaurers cucremum D, a wucsruresrenm —
onpedenurenrs D), Rorysarowuics us D samenoid sae-
MERTOO k-20 cTOABYG c606OINRBINY YACHAMU CUCTeMbI:

n
A
e ‘El w9y o

D = =5

X

------------

a e s - (VIIL 19)

............

Pemenne cacremu ypasrenn# (VIIL. 17) moxno che-
SaTh OY€Hb HATASIAHBIM, BOCno/Ib30BaBmINCh corenyommy
NpeacTasaennem. Heussecrnue X1, X9, ..., Xn MOMKHO
PACCMATPHBATL KaK KOMOOHEHTH HEKoTOporo Bsekropa x
B npoctpanctse n m3mepenmfi, a CBOGOAHKE wWieHH
b1, by, ..., b,—kak KOMIOHEHTH 3aJlaHHOrO BexTOpa b,
Toraa cucremy (VIIL 17) moxno CHMBOJIHYECKH TNpex-
CTaBHTb B BHAE COOTHOIIEHHS

Ax=h, (VIIL. 20)

rie A -—wuarpnya, CocTabaenHas W3  Kosdpunuen
Ypaeaenui (VIIL. 17): ity

an ay ... Cin
A= ay) Oy ... [ 7YY
@n) GOpy Opn

Ileﬁc‘rnmenbno, PacCKpHB COOTHOWeHKe {VII.20) no
$opuyae (VI1, 12), nonyqum n YPaBHeHRf: L

Zan=b (=12 . n

COBRARZIOWIHX ¢ CHCTOMOR (VIiL 17).
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Chenosarenbro, safauy maxompenns HEHSBECTHBIX X;
MOXKHO cQOpMY/IHPOBAT caeRyOWHM obpasom: Aanu
mMarpuua A u Bexrop b s NPOCTPaHCTBE n H3MepeHu#;
Tpedyercs HafiTH Takof BEKTOp X, KOTOpH#, 6yAydH yMHO-
e Ha marpauy A, npeoGpasyercs B sananus BeKTOp b.

Ymuoxum ypasuenne (VIIL 20) wa wmarpumy A-'.
Torpa cnea noayunress mekommi BEKTOp X (cM. cop-
myay (VIL.37)) u Mu npuzem x cooTHOUeHMHIO

x=A". (VIIL. 21)

Taxkum olpasom, nas Haxoxmenns peleHHi CHCTeMM
ypaesteHuit (VIII. 17) uyxuo NOCTYNHTh CAefylomum o6-
Pa3oM: HaRTH MaTpuuy, o6paTHYyIO MaTpHOe CHCTeMH, H
HOACTABHTL 3JACMEHTH STOA MaTpHUH B Gopmyan

Xy = ;: alb, (VIIL. 22)

{cm. dopmyan (VIL 11) u (VIL 13)).

Conocrasus popmy.an (VIIL19) u (VIII.22), um
NPHXOAHM K BHBOAY, 4TO 3JMeMeHTH 06patnof MATPHILK
OlIPEACNSIOTCS BHPaMKEHHIMH

dy = (VIIL 23)

Ykamem eme oamy ¢opmy sammcn paccmoTpensmx
HaMu cooTHowenui. [Ipeacrasup pexTops X W b B BHAE
MATPHI C n CTPOKAMH H TONBKO OAHHM CTOJGLOM, CH-
cremy ypasrenufi (VIIL 17) moxno sanmcars B Buge

Gy dg ... Gy E l by
. gore-oenngoh e =-1 | L2y
an1 ¥pg ... 8zn X by

HJH, KPATKO,
’ Aw, - Xin, 1y = Bia, 1) (V1I1. 25)
(cp. ¢ (VII. 35)). :

Cocremu aunefinmx oaHOPOAHBIX ypasrenufl. Cuctema
yponueruit (VIIL. 17), y xoropoft sce cBo6oanbie yienu b;
PABIU Hy/I0, HasuBaeTcd opHoposHoll. Takum obpason,
ONMOPOSHAA CHCTEMA HMeeT BHA

aux, Fapx, 4+ ... + Q1zx, =0,
Gaft F 8%+ ..+t =0, (yj1, 26)

.........

Gpi¥i + ¥yt oo+ Bpaxa =0
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(Mm pacemaTpuBaeM TOJNBKO CHCTEMH, Y KOTOPHX THCIO
ypaBHeHHA paBHO YHCJY HEH3BECTHHIX).

Ecau onpejenurens STOA cCHCTEMbl OTJIMYEH OT HYJIS,
TO cornacHo Teopeme Kpamepa cucreMa HMeeT OAHO
ONpeAeAcHHOe DellleHHe, KOTOPOS B JAaHHOM chydae Gy-
AeT HYJNeBHIM;

; Apd,

Mp=—tp— =0 (k=1,2, ..., n)

{cm. (VIIL 19)).

Caenosatenbio, I8 Toro 4ro6H ORHOpOAHAR CH-
CTeMa ypaBHeHHA HMeJla HeHy/eBOe pelleHwe, Heo6xo-
AnMO, uTo6H ee onpeaesanTe b GHJI paBeH HYJa0. MoOXHO
AOKa3aTth, UT0 3T0 YCJAOBHE ABJAAETCA He TOALKO Heo6xo0-
ARMEIM, HO H AOCTATOYHEIM,

Yro6m nMeTh BO3MOXKHOCTD paccKazaTh O XapakTepe
pewennsi cucremu (VIIL 26), HyXHO RNOSHAKOMHTBCH
¢ MOHATHeM paHra MaTpuuu. Ecan uncao crpox m we
PABHO 4HCAY cTOAGLOB 11 MATPHIH, OJA Hee HeAb3dA CO-
crapute onpedeaurens (VII. 4). Onmnako, Buuyepxnpas
H3 MaTpHUH HEeKOTOpHe CTPOKH H CTONOLH, MOMKHO H3
OCTABLIHXCA CTPOK H CTOAGHOB COCTABHTbL Onpele/uTeb.
Iloayuennne TakuM ¢nocoGoM ONpeAeNHTENH HA3LBAa-
10TCcA gxo0suumu 8 cocrae marpuysi. Hawpucuinfi Bo3-
MOXHHA NOPAAOK STHX ONpeleuTeNleil paBeH MHHHMAJb-
HOMY H3 YHCeA m H n, ONpelefIOWHX pa3Mep MaTpHUH,
a HanMeHbIOHR NOPAAOK ITHX ONpeneanTench paBeH eIu-
HHlle, NPHYEM ONpeXe/NHTeNH NEePBOro NOPARKAa CyTh s/e-
MEHTH MATPHUM.

IlpeanonoxHM, ¥To BCe ONpefenntenn nopaika [,
BXCAAINE B COCTaB MATPHIH, paBHH HyAlo. Jlerko cool-
pasHTh, 4TO TOrAa W Bce onpejenurenu nopsiaka (/4 1)
TaKXe paBHH HyJI0 (370 BHTeKkaeT W3 cBOWCTBa 4 onpe-
Beanrenei). CaenoBaTeNIbHO, €CAH BCE ONPEASTHTENN He-
KOTOpOro Nopsaka [, BXOAAIME B COCTaB MaTPHUb, PaB-
HH HYJAKO, TO H Bce onpefenHTesH 6ojlee BHCOKOTO NO-
PAIAKA TaKiKe paBHH HYJIO.

Hampricwind nopaxox OTARYHOrO OT HyAA ONpefchn-
Tess, BXOAANIEro B COCTaB MATPHUH, Ha3HBAaeTCA ee pan-
2om. TakuM o6pasom, ToT aKT, Y70 paHr MaTpPHUH pa-
BeH r, 03RaYaeT, 4To CpeiH onpefesurenci NOPAAKa f,
BXORALLHX B COCTAB MATPHIH, KMeeTcA X0TA Ol 0AHH OT-
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NUUHHG OT HYAA; OnpefeanTeaN XKe foace BHCOKOr® no-
pfaAka Bce papHH HYJO.

[MonsiTne paHra NPHMEHHMO, pasyMeercd, H K Kpaf-
paTHofi maTtpuue. Tak, Hanpumep, npH coGJIONEHHH YyCaO-
pusi (VIIL. 18) 'paur MaTpHub, COCTaBJeHHOH M3 K03(-
dhuiHenToB HeoAHOPONHON cucTemnl ypasHenn# (VIIL 17),
paBeH n.

Ing Toro urobm oauopoanas chcrema (VIIL. 26)
HMeJa HeHyJepoe pelllenHe, TpeOyeTcs paBeHCTBO HYJIO
ce onpefeantens. UHLIMH c/OBaMH, HeoOXOAHMO, 4TOGH
paHr MaTpHUM, COCTABJICHHOH H3 KO3((QHUWEHTOB CHCTe-
ME, 66 Menblue n. [lycTs paHr MaTpPHIBL CHCTEMH pa-
seR r (1 <<r=<n). B atoM cayyae cyllecTyer n—r7r
AHHeliR0 HE3ABHCHMHX pelenuit

2@,y (=12 ..., n—r).

HauGonce o0mnM penteHHeM GyAyT sHaueHHS HeH3BecT-
HEIX, Onpedensemule BEPaXKEHUSMH

=2 c X0 (=12 ...n), (VIL27)
3

rae Cq — NPOH3BOJbHEE NOCTOAHHKE,

B uacTHOM cJayuae, KOrja paHr MaTpHibH CHCTEMH
r=n—1, uMeercA TOALKO OHRO JAHHeAHO-HesaBUCHMOeE
peiienne. MOXHO AOKa3aTh, YTO 3TAM peenneM GYAYT
3HAYEeHHN HEH3BCCTHHX

X, = CA.H) Xo = OA”, e X == CAM, (VIII. 28)

riie Ay — anrefpanueckoe JAONOJAHEHHE 3JeMEeHTa ax
1 onpeaeantene cucTeMu D, ¢ — NpOU3BONLHAA NOCTOAH-
nas; %k pubupaercs TaK, YyTOOH XOTH OM OAHO H3 Agi
(i=1.2 ..., n) 6810 OTIHYHO OT HyAd. 3Havenusd Aw,
tionyyaoinecs MpH pasHoM pubope &, 0OTBEYAIOWEM YKa-
JaHHOMY YCJOBHIO, OTJIAYAIOTCS RPYT OT ApYra Ha oOwui
MICIKHTeNb, KOTOpHA MoXeT GHTb BKAOYEH B MOCTOARH-
nyro ¢. Takum oGpasom, or pHfopa k BHA pelleHns
(VII1.28) He 3aBRCHT.

Myctb HeKoTopas COBOKYNHOCTH 3HAYEHMA X = i
yaonnersopser cucreMe (VIIIL 26). Jlerko sameruts, uto
anauenus Xx;=Ag; (A — NPOA3BOALHAS TOCTOSHHAAN)
TRKKE YAOBJETBOPAIOT CHCTEMe. DTHM OO6BACHAeTcA Ha-
Anune mHOMHTENs ¢ B Gopmyaax (VIIL 28). s cxasan-
noro cnenyer, uro cucremoii (VIIL. 26) ogno3sauHo onpe-
RCAMIOTCA TONBKO OTHOIUGHHA x;/Xp, CAMH e 3Have-




402 NPUACKEHUR

HHA X; OMpefleNAIOTCA € TOUHOCTHIC A0 NPOHSBOABHOTO
MHOMKUTENA.

3anaue 0 pellleHHH CHCTeMW OLHOPOMHHX ypapHeHHE
MOXKHO AaTh CHEAYIOUWYIO IeOMETPHUECKYI0 HHTepnpera-
unio. CoBOKYMHOCTD BeawuHH {xi, xg, ..., Xa) Oymem
PAcCMATPHRATL KaK n-BeKTOP X, AHAJOTHYHO COBOKYN-
HOCTb BeNHYHH (Gn, iz, ..., Gis) OYAeM paccMaTpHBATh
KaK n-BeKTOp a&; (Takux BekTopoB Oyaer n). Torma cH-
cremy (VIII. 26) moxuHO npeacTaBHTh B BHIE

ax=0 ({(i=1,2 ..., n

(cM. dopuyay (VI 41)), a camy samawy chopmyanpo-
BATh TAK: B NPOCTPAHCTBE n M3MEpPEHWHA 3aj4dHH 72 BeK-
Topop a;. TpeGyercs HafiTh TakoRt BekTop X, KOTOpH#
6na G mepneHAWKYJAPeH KO BCeM BEKTOpaM a,.

OueBHAHO, UTO YMHOMKEHHE BEKTOPAa X Ha CKaAAD ¢
He HapywaeT er0 OpPTOrOHAJLHOCTH K BekTopam a;. llo-
STOMY HEH3BECTHHE X|, X2, ..., X ONPEACNAIOTCA CHCTe-
Moii (VIIL. 26) ¢ TOYHOCTBIO AO NPOHIRONBLHOrC MHOMKH-
TeAR ¢, TAK ITO 3HAYCHAE OAHOTO H3 HEH3IBECTHHX MOXHO
BHOpaTh MPOR3IBOALHO (HANMpPHMep, NPHEATL X, = 1); TO-
TAa 3HaeHHA OCTANAbHWX HEH3PECTHHX ONPENEAATCH OA-
HO3HAYHO (OHH GYAYT BHpaXeHH ueped x,).

1X. KsaapaThunste dopmut

Keadparusnoti ¢opmod f or nepemeHHBIX Xy, X3, ...
«4-y Xp Ha3HPAETCA OAHOPOIHHA MHOrOYJEH BTOPOR cTe-
IeHH OT 3THX mepeMeHHHK. Takoft MHOFOW/IEH MOMXHO 3a-
NHCATh B BHAE

f= ‘.;_l QipXypXy, (1X. 1)
r'Xe
Ay = Ay (1X.2)

CYTb MOCTOAHHBLIC BeJHYHHH, KOTOpHieé MOryT OHTb KaK
BelUeCTRCHHLIMH, TAK U KOMAJeKkcHHMH. Ecan ace xoad-
OGuUHEHTH G BelIECTBEHAH, TO KBagpatnuhas dopma
HasuHBaerca sewjecTdennod. Ecan Xe xord 6W OAMH H3
KO9GPUUHEHTOR ABASETCS KOMIIEKCHEIM, TO KBaApaTud-
Hafl GOpMA RA3BIBACTCA KOMMACKCHOU.

BemecrpenHan kBapaTnyHan ¢opMa Ha3HPaeTcH No-
NOMUTEABHO onpefefeHHoli (OTpHUATENBRO oONpeAeaeH-
HOF), ecau AAf MOOGHWX BelUeCTBEHHMX SHaweRul mepe-
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MEeHRHX X1, X2, ..., Xa, H€ PAPHHX OAHOBPEMEHHO HYJNIO,
sta QopMa HMeer NOJOKHTe/MbHHE (OTpHHATENBHHE)
JHAYCHHA.

B naapHefilneM Mul OyAeM paccMaTpHBATL TOALKO Be-
IIeCTBCEHNEE KBAAPATHYHHE (POpMEL

CuMMeTpHYHAA MaTpHL2

@1y 1z ... dip
I
. [ 921 a:z. i 'z'n \ (1X.3)
€n1 dpg ... Gan

cocraBienHas W3 kosdduuuentos MHorousema (1X.1),
naswpaerca marpuyed xeadparudnod gopmsi. OueBHAHO,
yT0 KBaZpaTHYHaA (OpMa BNOJHE ONpeiensiercs cBoeH
MaTpHneh.
Onpeaeantegap
D(A)=detlayl, (IX. 4)

cocTaBjeHHER N3 KoadpHuHEHTOB KRaapaTHUHON dopmu,
Ha3HBaeTcA ¢e aucxpmuuanrom.

KpagpariHunyio (GopMy MOXHO NpPeiACTABHT: B BHAE
[Ipon3BeAeHAA TPEX MaTpHIL:

@y 13 -.. Oin I
Oy ... & X3 5
F=lxxy ... [ % 02 2P )7 | =XAX,
apy @p2 ... Gpn xn

(IX. 5)

rae X — MaTpBIA ¢ oANHM CTOAGUOM, X — TpaHcNoHspo-
panHaa ¢ Hed matpuna. leficTeuTentno, npoHspeneHHe
MAaTPHUW ¢ OARHM cToAbllOM HA KBAZPATHYIO MATpHLY
npexcraBaser co60ff MaTpHLy ¢ OKHHM cToAOmOM (CM.
(V11. 32)), sneMeRATH KOTOpPOfi B paccMaTpHBIacMOM HaMH
¢ryvyae paBHH

};a,,,x, (=12 ..., n.
IIponspeneHne ke MATPHUH ¢ OAHAM CTONOLOM Ha MarT-

puny ¢ opHoft cTpokofi ecth npocTo GyRKIHA (CM.
(VI11.33)). B panHoM caydae 370 — PYHKOHA

@ Xy ); Qi

Buaywo, 4r0e nochefuee BHPAaXKEHHe TOXAECTBEHHO
¢ nupaxennem (1X. 1},
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KpazpaTtaunaa ¢popMa puaa
Fean= 2 W%, (IX. 6)

He cofepXaulad YJeHOB ¢ NPOH3BEACHHAMK pa3JHYHRX
MepeMeHHEX, HA3WBAETCA xanonuveckod. Takaa ¢opma
HMEET AHArQHAJLHYIO MaTpPHUY H NOITOMY Ha3HBaeTcs
TAaKKe AHaroHaabHod keaaparuuxofi ¢opmoli. OgesnaHo,
YTO ecaH Bce Ay Gosbme (MmeHbiuie) Hyas, popma (IX.6)
GyAer MNONOXKHTENLHO oONpefeneHHOd (OTPHULATENLHO
OnpefeseHHOR).

Beakas ksazpaThusas (opma npH noMomH Heocoben-
HOro suuefinoro npeoGpasopanus ') nepeMeMHEX MOMXKeT
OHThL NpHBejeHa K AMAroHaabHOMY PHAy. [lepefigem of
NEPpEMEHHHX X|, X3, ..., Xx K HOBHM NepeMEHHHM
Y, 42 ..., Yn, CBASEHHWM ¢ DpPEKHHMH NEepeMeHHLIMH,
€ NOMOIULIO JHHEAHKNX COOTHOIWEHHH

%= 3 buys. (1X.7)

PaccMaTpiBan cOBOKYNHOCTb BEAHYHH X; H COBOKYNHOCTD
BeJIHYHH 4 KaK MATPHOH C OAHHM CTOAGLOM, dopmyay
(IX. 7) MoxHO 3anKcaTb B BHIe

X=BY, (1X. 8)

rae B — wmarpuna JnHefiROro npeoGpasopaHus, SjeMeH-
TaMH KOTOpPOH SIBJAIOTCA KOIQOULHEHTE by,

[Moxcrapus 3HaueHus x;, ONpefessieMble COOTHOLIe-
uusivu (IX.7), B popmyny (IX. 1), mafinem Bupaxenue
KBa/IpaTHYHON (GOPMHB B HOBHIX MepeMeHHbIX:

= 2a ); buy: ; BemlYm = ay:ym ;; bibem =

[
=X Cimtiymr  (1X.9)
rie T

Cim == i):'.k Qb sby - {IX. 10)

Jlerko y6eanThest B TOM, 9TO U3 YCJAOBHA G4 = Qg BRI~
TeKALT Cim == Comt.

1
)} HeocoBeammm waompaerca Takoe nunefuce ipeaGpazopa-

woe B (& - uarpuns), onpeacistesns
E A KOTQROrY OTANY =
Ly e i €H OT HYAR

iX. KBAAPATHUYHBE <$OPMB 405

3annmem Bupaxenne (IX.10) caeaylomum o6pasom:
Cim = 2 bus 2 Giabam = 2, buy Z. 811bem
[ [ [}

(MBI 3aMeHHIH 31eMEHTH MaTpHUHN B COOTBETCTBYIOLLHMH
sJeMeHTaMH TpaHCNOHHpOBaHHONK MaTpruu B; cm. ¢op-

uyay (VIL.7)). Cornaciio (VIL. 28) E @isbym TPEACTaB-

aser cobolt (AB)im — 37eMeHT MaTpHILH, nosyualonieficn
B pesy/bTaTe NepeMHOMennsi MaTpui B u A. Amnano-

ruano Y, by (AB),, npercrapaser cobofi (BAB), — 3ne-
[

MEHT MaTpHIB, noJydaloilefics B pesy/ibTaTe NEpeMHO-
wenua marpuy (AB) u B. CrenosatenpHo, MaTphua C,
sneMenTH Kortopoii onpeaeasiorcs ¢dopuyaohi (I1X.10),
MOXeT OhTh NpelcTanie¢ia B BHIE

C = BAB. (IX.11)

B cooreerctenn ¢ (VIIL 15) onpeneaurear D(C)
matpunn C pabeH

D(C)=D(B)D(A)D(B).

IMockoabky MaTpuun 8 n B oT/HvAIOTCA 3aMeHOR <TOAC-
OB CTPOKAMA, 2 ONpENe/NTe]b NpH TaKOA 3aMeHe He
usmensiercs (cm. (VIIL8)), To D(B) = D(B) n moxuo

BanucaTth
D(C)=D(A)[D(BP. (IX.12)

TaxaM o6pasoM, NpH JHHeAHOM npeoOpasoBaHuH nepe-
MeHHHX JHCKDHMHHAHT KBaJpaTHUHOH (QOPMH YMHO-
AaeTcsd HA KBajpar onpejeiauTtens npeobpasoBaHua of
HOBHIX NepeMeHHHX K NepBoHaualbHBIM.

Ecau npeobpasoBanne B oprorona/buo (310 O3Ha-
yaer, 4To KO9((DuLUHEHTH by YAOBJETBOPSIOT YCAOBHAM
(VIL.40) u (VII. 41)), To TpaHCNOHHPOBAHHAA MAaTpHUU2
cosnanaer ¢ ob6parno: B=B-1 (cm. (VIL 8)). TlosTomy
B chayuae OPTOTOHaAbHOrO mpeobpasoBaHnsd (opMyna
(IX. 11) BHMJISAHT CJACAYIOUHM 06pa3oM:

C=B'AB. (1X. 13)

Marpuua C, onpelenseMas COOTHOMeHHEM (1X. 13),
npeacrapasier coG6ok MaTpHUY KBaapaTHuHOH (opMH
B HOBHIX NepeMeHHHX yx. [lonHTaeMcA HaHTH Takoe
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OpTOroHafbHOe npeoGpasoBamHe B, uto6u MaTpH
Ouaa AnaroBanbHofl, T. €. HMeNa BHA e

AL O ... 0
(TR

C=A=|? %0} (1X. 14)
0 0 ... 2,

Torpa xpazpaTHyHasi (OpMa B HOBHX NEPEMEHHHX Ya
GyAer uMeTh KaHoHuueckn@t BuA (cM. dopmyay (IX.6)).

YmHoxuM ofe uactu dopmyam (IX. 13} ua B. Ilo-
cKOMbKY BB—!'=E a ymHOXeHHe Ha eAHHHYHYIO MaT-
PHLRY HE H3MeHseT BTOporo comuoXuTenn {cm. (VIL. 36))
Mbl NPpHAEM K COOTHOLIEHHIO ’

BC = AB
HaH

; OimComs = ?.-:" Gmbmx G, 2=1,2, ..., n). (IX.15)

B cooteercTeun ¢ (IX.14) 3/eMEHTH Cmx MO

; ryT OwTh
NpeACTaBACHW B BHAE Cmp = AmOms. l'long':'aaua 3TO 3HA-
YeHHe cms B Gopmyay (1X. 15), noayuum

§ blm;"momk=== ; QimDins (ir k=1,2 ... n)-

B cymMme, croameft cnena, 6yer OTAHYHO OT HyJAs AWlib
charaeMoe ¢ m =k, Kotopoe paeHo b;A.. Takum opa-
30M, Mb MPHXOAHM K YPaBHERHIO

byhy = § Gmbmy (G, B=1,2, ..., n). (IX.16)

[Mocnegnee bhipaieHHe MOMXKHO PACCMaTPUBATh Kak
COBOKYHNHOCTb 12 YpaBHEHHA ¢ n? HeH3PeCTHHMH by DT
YPapHEHHS MOJKHO MOAPA3UENHTb HA n rpynn (oTJAHYaO-
WHXCA 3HAYEHHAMH Banlexca k). Kaxpaa ua arux rpynn
COCTOMT M3 7 YpaBHeHHH, OTIHYAIODIHXCH 3HAYEHHAMH
aHxexca i [MepeHecs p (IX.16) Bce wieHW B OOHY CTO-
POHY, k-10 rpynny ypasHeHHR MOXCHO NpeACTABHMTEL B BHAE

@n—2A)byp+ apby +...4+ apb =0,
anbyy +@n—A)bu+t ...+ @b =0,

b+ Gpbu ... (@G —A) b - 0
(I1X.17)
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Iias Toro uro6w cuctema ypaenenuit (1X. 17) nMena
OTAHYHHE OT HYAA peileHHs, €¢ OnpelefHTeNb AOJKeH
6uTh papen #yaio (cM. TIpnaoiKenne VIil):

an — A a1z ! din
an  ap—i... Om |__g (IX. 18)
G dnsz pp —h

(MH ONYCTHAK MHAEKC NPH A, MOCKOJIbKY aHaJNOTHYHHE
yCJIOBHA TOJAYYAlOTCH APH JoGoM k). [locnelHee BBIpA-
Jenue npeacTasaserT cofofi anrebpanueckoe ypasHenune
n-ft cTeleny OTHOCHTENbHO Hen3pecThofi A. Ero Ha3HBaioT
XapAKTEPHCTHYECKHM ypaBHeHHeM MaTpRUH A

Ypasuenue (IX. 18) mmeer n KOpHef: Xy, A2, ..., An,
KOTOpHE MPeACTaBAAIOT COGOH SMeMEHTH HCKOMOW Ana-
ronansioii Matpuun (1X. 14). Toacrasass noouepeaHo
ynauenusi Ax B cucremy (IX.17) 4 pemas 3Ty CHCTEMY
OTHOCHTE/IbHO HEeH3BECTHHIX bix, HAHAEM 3JeMEHTH MaT
pHI NEpexofa OT MepeMeBHHX Y B KOTOPHX KBalpa-
THuUHas (OpMA HMeeT AHArOHANLHBHA BHA, K MpPEXHHUM
nepemennnim x; (cM. (IX.7)). [Mepexon or fepeMmen-
HLIX X; K IepeMEHHEM Y, MOKET GHTD OCYMECTBJIEH C HO-
Momblo obpathofi matpaum B-!. Tak kak Ho yc/aoBHIO
D(B)+ 0 (npeoGpasopanue B HeocoBenHoe), T0 obpat-
Mafi MaTpHLa CYIIECTBYeT; ee 3JeMeHTH MOXHO BLIUHC-
autb no dopmyae (VIII 23).

Kopnu ypashenus (1X.18) (7. e. BeNHUHHH As) Oy-
RYT BellecTBEHHHMH. DTO CPasy CAeAyeT H3 COOTHOLIE-
waii (1X.16), ecau yuecTb BelleCTBERHOCTb BEARUHH dig
W b Takum oGpasom, matphna (IX.14) Oyzer peme-
¢TheHHOM.

PaccMOTpAM  AHaroHaJbHYlo KBaAPaTHUHYIO dopmy

BHAA
EF (IX. 19)

Arta popMa NONOKHTEALHO omnpelecHHAA. Ee matprueff
OyneT elHHHYMAA MATPHIA

A=E=|8,l (1X. 20)

IlpuMenHM X NepeMEeHHHM X; NPOH3BOJLHOE OPTOro-
nasibHoe npeo6GpasoBanke B U NOCMOTPHM, kako#t Bun Gy-
AeT BMeTh B HOBHIX NEepeMeHHHX KBaJpaTHuHas (opMa
(1X.19). Coraacuo (IX.13) maTpHua C xBajapaTH4HOR
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$OpMEl B HOBBIX MepeMEeHHHX ONpelenseTcs BHpPaXKeHHeM

C=8'EB=B 'B=E

{cM. dopmyan (VIL.36) u (VI 38)). CaemopatensHo,
KBadpaTHuHag ¢opma (IX.19) B HOBHX nepeMenynx

HMEET BHA
f= ; 4.

Takum o6pasom, BcAKoe OpTOroHaNbHOE NpeobpasoBaHue
nepeMeHHBX OCTaBndeT (e3 H3IMEeHEHHM KBAaApATHYHYIO
qmpsay Buida (1X 19).

ACCMOTPHM BelIeCTBERHYI0 KBaApaTHuH
Py y p yio dopmy

f= k.z:',. a,.2.z,, (IX. 21)

Tie 21,2z, ..., 2y — KOMNAEKCHHE Beawuuns'). Tlpea-
CTaBHM 2m B BHAE Xy + iYym, COOTBETCTBEHHO 2, — B BHAE
x, —iy,. Torna

f= g:m Apm (X — iYp) (X + £Ym) =k.Zm Cem (XeXm + Yatim)+
+i L e (v — Xmts) =Fi + ifs. (1X. 22)

IlponsBeseM B cymme, onpeleasiomedi MHHMYIO 4acTh fy
NONYYeHHOrO HAaMH BBIPAXKeHHs, BIANMHYIO 3aMeHy He-
MEIX HHASKCOB & H m:

fﬂ = k.zm Qpen (xkym — Xulft) = gk L2 (xmyk — XelYm) =
=— ;m e (Xplm — Xmtis) = — [

(MBI BOCROAB30BANKCh TEM, HTO Ams == dsm; cM. {[X.2)).
Coornowenye f, = —f; BO3MOXHO TOAbKO B TOM cayuae
ecan f, = 0. Takum ofpa3oM, ME J0Kasand, 4TO KBEI,!I.:
patuutas dopma (1X.21) npan moGwx KOMIAeKCHHX 2

1) HanoMunm, uTo Be
: WCCTBEHAON HA3LPAeTCR KBagpaTHUHAA
$opMa ¢ BetlecTBeHHBIMH KOIQDUIACHTAME @xm. tbopmap(lx 21)
::.ng;rcn HacTHHM CyYaem TaK Haabinaewmod (GopMp IpMura, ¥y Ko-
poll KosduunenTL, _sooﬁme TOBOPA, HOMNJEKCHBIC W YNLORA2TBO-
PAKT. YCAOBHW aikmam.
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yMeeT pemectBennue 3nauenus. Cornacuwo (IX. 22) 3a-
nuileM ee B BHAE

f=2 awnritn+ X Gumistin=lo(n) + o), (IX.23)

rae

fo )= kZm Otmbibm

(HanoMHAM, YTO KBaZpaTHUHAf GOpMa MOAHOCTBHIO Onpe-
nenserca cpoeil MaTpHued, 0T o6c3HaueHHA NepeMeHHbIX
OHA He 3aBHCHT).

OpHOBPEMENHOE TNPHBEAEHUE ABYX KBAAPATHMHBIX
dopm k anaroHanbHomy Buay. [TycTb uMmeioTcs ABe KBaA-

paTHsHKe (GOPMBI:
fi= ‘Ek B XXy, (IX. 24)

fo= ;Z}. bipX Xy (1X. 25)

[lokaxem, uTO ecJH OAHA M3 HHX, cKaxem, fi MOJOXH-
TesIbHO ONpeNesieHnas, ToO MOXHO HafiTH Takoe JuHedHOe
npeo6pasoBaHHe NEepeMeHHBIX, KOTOpOe MNPHBOAHT obe
(popMu K [HaroHaJbHOMY BHAY. OcyluecTBHM HCKOMOE
npeobpaszopaHHe B HECKOJbBKO 3TanoB. Cuayasa ¢ no-
MOIbIO OPTOTOHAJLHOIO npeobpa3oBaHus F nepefifeM
K nepeMeHHHIM v;, B KOTOpHX (opma (IX.24) npumer
AHarcHaNbHHA BHA

f;=zt:p‘t”f

(takoe npeoGpasoBanve NOAPOSHO PacCMOTPEHO BhHIE).
Tenepn nepefileM OT NepeMeHHHX U; K NEPeMEHHMM

= Vi
(nergo y6eAUTHCA B TOM, YTO NpH XOTS Gbl ONHOM W 7= 1
310 Npeofpa30BaHKe HEOPTOTOHALHO). [Mockonbry ¢op-
Ma f; MOAOKHTEAbLHO ONpejlesienHas, Bce Koo hUILHEHTH
i MOJCKHTENbHH, TaK 4YTO NepeMenHble & 6ynyT Beule-
CIneiiMiE, B 3THX nepeMeHHBIX

f|=2u%s

siaunt, matpuueit f, 6yaser E.
Hakoxrel, nepefiicM ¢ NOMOIbIO OPTOrOHAIBHOTG ApeE-
o6pasopanua G OT NepeMeHHbIX #; K TAKHM TepeMeH-
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HHM ¥, uTo6H dopuma f, cTana auaronaabnofi. Popma fi
NpY 3TOM OCTaHeTcH JAHaroHaAbHOll, uBo, kak GHJO
NOKa3aHo BHIle, KpaapaTthuHas ¢opma ¢ Marpuued E
(cM. (IX.20)) He nameHseTcA OPH AOGOM OPTOTOHANMb*
HOM npeolpa3oBanuu. CHefOBATEAbRO, B NEPEMEHHHX
kpagpaTHyHbe dopmu (IX.24) n (1X.25) Gyayr anaro-

HANbHEHMHA:
h=24 hL=Zn (1X. 26)

Besa nocneposatTeflbHOCT: NpeofpasopaHuit  MOXKeET
LT NpeRCcTaBAeHa cXeMmofi:

{npeoSpazopanne F) (% ‘\!m) {npeoSpasopanne G)
x,>v, - >y,
Z T o Tl E T =3 E uf-> Z o (IX.27)
i & ] ] ]
'21 bipt Xy > ‘Ek bl > ‘z; bttty > Z‘ P

Yro6H ycTaHOBHTH cNocob HaxoXAeHHs koddPpruueH-
T0B A; oOOpasyeM BCMOMOraTeJbHY0 KPaZpaTHUYHYIO
GHopmy

f=F—A= izk (b — Aa) 5%, = 2 (Ae —2) %%
’ (IX. 28)

KO3()PHUHCHTH KOTOPOR colepikar napamerp A. Juckpu-
MHHaHT 3TOH ¢opME B NepeMeHHEX ¥; HMEST BHA

det| by — Aanll, (IX. 29)

a B nepeMeHHHX gy
detf (Ay — A)Spall=(As — A} (A — ) . .. (A, — A). (1X. 30)
Ofoanayns npeobpasobause HeNnOCPEACTBEHHOTO ae-
pexosa OT nepeMeHHHX X; K HepemeHBnM y; Gyxnod B
{310 Dpecbpasopanne, Boolille ropopa, He GyfeT opTOrO-

HaAbLHHM), HaNHUleM AR MATPHUMW KBaapaTuuHoOH ¢op-
M (IX.28) B nepeMenHLX y; BHpaXeHHe

C = BAB,

rae vepes A o6osnavena mMarpuua dpopuu (IX.28) 8 ne-
peMeHBbx x; (cm. popmyay (IX. 11})). Cornacuo (1X.12)

D{(C)=D(A{DB,
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rae D(C) ects onpeneantens (IX.30), D(A)— onpene-
aurens (1X.29), D(B)— oTaHuHHA OT HYJAs ONPeAe/H-
Tenh MaTpHun npeoGpasosanus B, xoropHfi He coaep-
wut napamerpa A (D(B)=0, Tak xak npeoGpasosa-
nue B neocolennoe).

Hrak,

(M — A (g — A) . ... (hy — &) = det ) by — Aol (D (B)F.

TMoacTaHoBKa BMeCTO A Jlo6oro u3 sHaveHn#t A, obpa-
Waer B HyAb JAeBYIO 4acTh YPABHEHHs, a Cle0BaTeNIbRO,
H muoXMTenb detllbs — Aawell. Taxum oSpaszom, Bean-
YHHH Ax CYTb KOPHH YpasHeHHs

byy—Aa biz—Aae ... bip — Adia
by — Man  bys— Aass ... ban — Aase =0. (IX.31)

-------------------

bar — My bpz—Adns ... bnn— Aan

Hrak, 3apaua npuseieHns kpaapartHunex ¢opm (I1X. 24)
n (IX.25) kx AnaroHaJALHOMY BRAY CBOAHTCA K HaxoMpe-
nio xopredt ypasrennn (IX.31).

PaccMoTpHM HapsiAy ¢ kBampaThuHofi popmofi oT ne-

peMeHHBX X;
f = :Zg DipXi Xy, (lx. 32)

AHAJOCHYNYIO KBAADAaTHUHYIO (OPMY OT MePeMeRHBIX X;
= Z; Qg iy Xy, (1X. 33)
“

rfie % — NPOH3BOAHAA NepeMeHHOR Xx; mo KakoMy-aH60
napamerpy f. HaaoBem i i-A CKOPOCTDIO.
INMpu aunefinom npeofpazopaHyy

=2, CimYm (1X. 34)

OF NepeMEHHWX X; K HOBHIM MepeMeHHHM Y CKOPOCTR
WCIHTHBAIT TaKoe Xe npeoGpasoBanue

x.l - § elmém- (IX- 35)

Bupaanm dopmn (1X.32) u (1X.33) B HoBMX mepe-
m‘.lmug. Ins 3TOrO NOACT2BHM B GOPMYJH (IX.32) n
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{IX. 33) supamenua (IX.34) n (IX. 35):
f=‘§ BppXiXy = igau ; CimYm ; Coprlfs =

= mZ , Yms ‘?:Laucmcu = n;.": BmilYmlyts
rae

bot = 12'& A imCat- (I1X. 36)

AHanorauno
r ) - -
F= gaux:xk'—" Z Tpp E Cim¥m z Cptly =
i [ m
=2 Umis Zlaucsmcu = Y, bpifmbis
m, [ (" m !

rae bms nMeeT Te Ke 3HavenHa (IX. 36), uro u B npegn-
AyuleM cayuae.

Taknm obpasoM, npn BcAkoM JuHefiHOM npeo6paso-
BAHHH OT NepeMeHHHX X; K HOBMM NepeMeHHHM Y KO-
s¢rprutenTn KBaApaTHYHOA PoOpME oT ckopocTedt £; npe-
ofpasylorca TOUHO TakHM o06pas3oM, Kak Ko3(pPHAUHEHTH
ananornyyofl xpaapaTHuHol dopmu or x,.. Ha atom ocho-
paHuu cxemy (IX.27) MONKHO PHAOH3MEHHTb CACAYIOLIHM
obpaszomM:

(npeoBpasosanme F) (D 4/ ); (npeoGpasveanue G)

X, >, - 4>,
121 a %k, > E‘ Bo7 - > a—» Y g7 (1X.37)
. [ I
2 busix > ), bpom, > > Bogug > Y, Mg
o ik it 7

[lpeanonaraerca, uTo KpagpaTHUHAA dopMa 2. d;a%i%s
MOAOKHTEAbHC ONpefeseHHas.

X. Tensopm

1. Onpeaeacnne tensopa. Urobu npuiiTu K nonatHio
TEH30pa, PacCMOTPHM NOJAPHIAUHIO AHHICTPONHOrO AH-
3JeKTpHKa.

B nsorponnom ausnaektpuke noaspusopannocts P npo-
MOPUHOHANbHA HANPAMEHHOCTH 3MeKTPHueckoro noAs E:

P =xB. (X. l)

e el T— e —_ _———
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rae % — AMOJEKTPHUECKAs BOCMpANMYHBOCTH, CoraacHo
(X. 1) Bextopr P n E xonjauHeapHH,

B aHu30TpONHOM AHINEKTPHKE MOAAPHUIYEMOCTH MO
pasHeIM HanpaBieHHAM pasauuHa. BeaexcTBue STOTO Ha-
npapiende Bekropa P, BooGwe rosops, He COBNamaer
¢ nanpapsaenueM BekTopa E. Kak nokasmBaerT OnmHT, B
n1060M AHH3OTPOTIHOM JAHIJNCKTPHKE HMelOTCA TPH B3a-
HMHO NepneHANKYJASAPHHWX HANpPaBJEeHHUH TAKHX, YTO APH
copnanenun Happaejenus E ¢ oAHAM H3 Hux Bektop P
OKa3HPAeTCs  KOJ/IHHEApHHM
¢ E. 3tan HanpaBfieHHs Ha-
suBawTca  2aaeubiMu.  Ha-
NpapEM  ©CH - KOOpAHHAT
PAOJDL TJ1aBHHLIX HanpabJeHHA
ansnektpuka  {puc. X.1).
MMponssonbEo HanpapaeHAHHA
pekTop E MOXHO PassoXKHTB
na cocragasiomue E., E, n
E: (nmocieRHAsi COCTAaBAANI-
uias  mepreHAHKYy/dspHa K
naockocTH. pucyHka). Cocras-
amoman B, codxacT KONJAHHeapHYI0 ¢ HeAl MOAAPHU3OBAH-
Hocth P, = x,E,, rie % — BOCIPpHAMUYNHBOCTL B HANPaB-
JCHAH OCH X. AHaJIOTHYHO Ape APYTHE COCTABAAIOWHE CO-
ananyr P, = »,E, u P; = %:E; Herpyano saMeTuTs, 410
[pH PA3JINYHLIX N0 BENRIHHE Ky, ¥y H Kz PESYJIbTHPYIOULHH
pextop P = P+ P, + P. Gyaer nekoanuneapes ¢ E.

PaccMOTpHM aHH3OTPONHbLIA AHSJNEKTPHK, KOTOPHIK Mbl
Oy/ieM CcuMTaTh OAHOPOJAHOM HeorpaHHYEHHOH cpejioi.
CpsiXkeM ¢ HUM JNeKapTOBY CHCTeMY KOOPAMHAT, OCH KOTO-
pofi OpHEHTUPOBARM COBEPIICHHO NPOH3BOJILHO H HE CO-
#NaAaI0T HA C OAHMM H3 TJaBHWX HanpaBaeHHH AH3JeEK-
tpnxa. Toraa npu none E., HanpaB/jeHHOM 1O OCH X, OT-
AHUUEME OT AYAA GyAyT He TOXbKO P., HO Takke Py
1 P, npuuem

P,=x,E, Py=n,E, Py=un,E, (X.2)

e Mo, Hgx H Hzx — KO3(PPUIHEHTH NPONOPUHOHANTLHOCTA
MeKAY Ex W cOOTBETCTBYIONMMA KoMmmnonedTamu P.

Aunanernuwo noas E, m E; BH30OBYT NOJAPH30BAH-
HOCTH!

Po=u, B, Py==w,Ey P.=m%yE,
Py=uE, P= "yzE:v Py= %yoby.

(X.3)
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B cayuae noas E, we copnajaiomero Ay ¢ ofinoilt us
KOOpAHHATHHIX Ocefl, oAHOBpeMeHHO GyAyT CymecTBOBaTh
E., E; u E;, Tax uTo BO3HHKHYT BCe P;, ompezenseMbe
¢opmynamu (X.2) u (X.3). O6beAHHHB COOTBETCIBYIO-
HiHe COCTaBJAIOLIHE REKTOpa P, noany4ynam

P,= %:xEy 4+ ”xyEy + %,.E;,
Py=1y:Ex + %y, Ey + %uEo, X. 4
P, = ,.E, + "zyEy + % E,.

INepefinsn oT GyKBeHHHX HEAEKCOB K UHQPOBHIM, 3a-
numem ypastenus (X. 4) B KOMN2KTHOM BHAE

P= Zk: By (=1, 2, 3. (X.5)

H3 ckasanHoro BHlille BWTEKAET, 9TO A XapaKTepH-
CTHKK AHH30TPONHHON0 AHIAEKTPHUKAa HeOGXOAUMO 3aMaTh
HACBATL BEMHYHH K (B CnyHuae H30TPONHOTO JAH3JIEKTPHEA
AOCTATOUHO GHA0 OAHON BEIHUHHE X).

IMepefizeM oT npexHell cHCTeMH KOOpAHHAT X, X2, X3
(cacremn K) k Hosofi cucreme x|, x;, x; (cucreme K’),
OCH KOTOpOf Takrike He COBNARAIOT ¢ [MABHHMH Hanpap-
AeHUAMH OHJMeKTpHKa. BHACHUM, kak mnpeo6pasyioTcs
BEIHYNHH %, ApH TakoM nepexode. B HOBOA cuncreme
KOOPAHHAT ypapHeRHs, cBasupalomue P, u £}, anano-

ruasH ypasHesusM (X. 5):
P = ‘Y_, LI X. 8

3nech %;, — AEBAT: BENHYHA, XapAKTEPHIYIOIMHX HH-
SMCKTPHK B HOBOHA cHCTeMe KOOpAHHAT.

Coraacio ¢opmynam (VI.37) u (VI.38) kommoHen-
TH BexTopa P npy nepexoje or cicreMu K K cucreme K
npeobpasylorcA BO Popuyne

P= ; o, Py X.7)

& KOMNOHeHTH perropa E npu nepexoge or cacremu K’
k cacTeme K npeobpasyiores no gpopuyse

E = ;; L o (X.8)

{HamomuuMm, 9TO @, ==¢je, €CTb KOCHHYC yria Memay

A WITPHXORAWHOA H A-A HeIITPUXOBAHMOA OCAMH KOOp-
AUHaT.)
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3amennm B (X.7) P; uepes En cOracHO cooTHOWIE-
o (X.5). B pesyabrate noayunM

pPi= z‘-‘v a,P,= ; G § "xmBmEI’Em L

Tenepb noactapuM ciofa En #s dopuyan (X.8):
P = I.Zm & %m ; %ymEr = ; E, :;. & Cam*im:

ConocTasUp NOAYYEHHOE BHpalKeRHe ¢ BHpaXKeHHeM
{X. 6), noayunm
Ky = ‘Em O Fem*tm: (X.9)

CopokynHocTh AepATH Beauunn T, npeobpasyio-
wmxcd ApH Mepexoje OT CHCTeMH koopaunat K x cu-

creme K’ no ¢opuyne
Th=2 &0l im (X. 10)
Lm
HASLIBAGTCH TEN3OPOM 6TOpO20 panz@ (KW TCH3OPOM
BTOpPOTC ROpSAKaA, WAH, HaKOHel, TEH3OPOM BTOpOf Ba-

JIEHTHOCTH) . )
O6pathoe npeobpasoBaHne (oT CHCTEMH K’ x cH-

creMe K) ocymecrsaderca no dopuyne
Ty= 12 L ALY X. 11
.

Tensop 3anucHBalOT OAHWM H3 CACAYIOMHUX TPeX CHO-
colion:

Tu Tz Tu
T=T=|Tn Tn Tu ) (X.12)

Tyy Tea Ta
Beanunnb Tip RAa3BRAOT KoMROKENTamu Tenaopa. Kom-
nonenTH Ty, Toz H Ty HASHIBAIOTCH JUASORAALRUMUL.
Takam o0pasom, cBOACTBA aHH3OTPOMHOrO AHSAEK-
TPHKa ONMUCHEBAIOTCA TEH3OPOM AuaNieKTpuuecKofl BOCHPH-

HMYHBOCTH
w1 ¥z ¥qy
() =1 %21 Y2 % |

Hap Maz  ¥as

(X.13)

OcofHil uHTepeC NpeACTaBAALT CAydYal, KOrAa OCH
NOOPAHHAT COBNAfAIT ¢ [JAaBEEMW HalpaBieHHAMA
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RnsjaekTpHka. Ilpu arom

’ CJHOBHH COCT '

X My ABARIONIAS

{ MOPOKAACT TOJILKO i-10 COCTABAAIOMYIO MO/ ekt
e pH30BaH-

P‘ 1 %“E‘ (i — l’ 2r 3).

Conocragaenne ¢ (X. 5)
+0) MPHBOAHT K BHPBOMY, 4 :
:h;j:TpHB&eMOH Caydae OTAHYHN oT Hyas TC};J.'IBI;F(? ;Hgac-
bHEe KOMNOHEHTH TeH30pa, TAK 4YTO TEH3O: s
TPHUECKOA BOCNIPHHMYHBOCTH HMeeT BHA PERIS

% 0 0
("u)=(° x2 0) (X. 19)

0 0

(MH OCTaBHAR nNpH OTAHYH
HX OT HyAS KOMMOH

'lr{znaopa TO/ILKG OLHK HHAEKC, TAK KakK y nuamﬂaae:::x

mﬁlr‘loneufr 064 HHAGKC2 OIHHAKODBH). i
Haﬂbslisop, Y KOTODOro OTMIHYHLI OT HYJMA TOABKO AHATG
i ma;q:““xgzmomg{m ), HasuBaercs npusedennotm
Btaam noayqﬂ;:ﬁc :z;m::;ga ANaroHaAbHEX KOMIOHEHT,

M cnyuai

HOLMI BRALEHUAMU TEH30pa TSNS AE

OTMeTHM, YTO Y :

H30TPOMHOro AHSJEKT
HKa BCe
:ﬂi‘;g:le 3HaAYEeHHUA Teﬂaopa ,ILHSJTEKT]JH‘IECI(E;P"I BDCHPH:I::E
iy OAHHAKOBH: %) =1 =93 =1, 3T0 3HaYeHKe
s .:gflux COCTABJIAIUNAX TEH30pPA H NpeACTABASET
oo m,a, eKTPHYECKYI0O BOCIPHHMYHBOCTS, paccMaTph-
= gmel; u};ypce obmeR ¢usnku. B kauecTBe raBHHX
Bd 1]‘3“ i :::Tg;);ﬂom OHINEKTPHKA MOryT OHITh
HMH
e O NEepPNeHARKYNAPHHE Hanpap-
npy]:::cn;g?;l;am?::( TEH30DH He TONbKO BTOPOro, RO H
0 , Hanpumep, TeH3opoM
T

ggnra HashiBaeTCsd COBOKYNHOCThL 27 ae.lmﬂrm T‘peT;el;o

PasyIOUHACA NPH Nepexofe or oaHof CHcTeM 2 Kool
AWHAT K Apyrofi no gopmyae IR

= m,zp, s a‘mukﬂalsrmps‘ (X. 15)

AHanOryyHo OnpemeNsIOTCs TEH30DH ApYrHX panros. T
332]3 r-TO paira HMeer 3" xomnonent, Jierko BH,IleTl; :'Il:;
KTOp €cTh TEH30D NepBOro panra (o HMeeT 3'—3 KoM-

1) 3ametnm, 910 3TO
BOAMON
HHX XOOPAHHATHELX OCAX, HO MWL DPM CTeUHALHO DHGPaR-

X. TEH30PH a7

NOHEHTH), 8 CKaJsp — TEH30p HYJIeBOro paHra (om nmeer

30 — | KOMIIOHEHTY).
[MoHsTHe TEH30pa JerKo pPACHPOCTPaHHTL HA MNPO-

CTPAHCTBO n H3MepeHud. TeusopoM r-ro pasra B TaKOM
npocTpaHcTee (n-TEH3OPOM r-TO panra) HasmBaercs cO-
BOKYTIHOCTb 1" BennunH Tie __p (Bcero r WHAEKCOB), mpe-
ofpasyouipxcst 1o Qopmyae, ornuvapomedica or ¢op-
myas (X. 15) suumb TeM, 4TO HeMbie HHACSKCH npoferanor
NpH CyMMHMpPOBAHHW HE TPH, @ n 3HAYCHHH.

[lpusenem elle HECKOJbKO MPHMEPOB TEH3OPOB BTO-
poro paura. BosbMem JBa BEKTOpa a H b u obpasyem H3
HX KOMIOHEHT MPOH3BeAEeHHA BHAA

H;g = agbg. (X. lﬁ)

Jlerko yGeauTbCA B TOM, 4TO STH NPOH3BEASHUA npeot-
pasyiorca no gopmyae (X. 10), 1. e. obGaapaior cBO#i-
CTBAMH KOMMOHEHT TeH30pa BTOpPOTO paHra.

Teusop s
i
(6ik)=(o 1 0) (X. 17)
0 0 1

HasmBaeTcA edunuynvis Teraopos. CoraacHo topmyae
npeo6paszosanns (V1.39) ero cocrasasiomue B HOBO#H

cHcTeMe KOOPAHHAT papHbl
! p— — p——
4= Eﬁ“ﬁ“&mﬁ:m T ; @, 0y =0y,

(M BOCHOJIB30BANHCH CBOHCTBOM KO03(DDHUHEHTOB ik,
pupaxxaeMum (opmyaoi (X. 39)). Takum oGpa3oM, KOM-
[IOHeHTH eAWHHYHOrO TEH30pa OJIHHAKOBH BO BCEX CHCTE-
max koopauxar. TeHsop, o6nazalonHe TAKHUM CBOH-
CTBOM, HA3KLIBAIOTCS UNBAPUAHTHOIMU.

2. Tensopuan anarefpa. PaccMOTpHM OCHOBHHIE omne-

palHH ¢ TEH30PAMH.
Cymmofi Tensopos T W G, HA3HBaeTCSd TEH30D

¢ KOMNOHERTAMH
T =T+ G- (X. 18)

B coorsercreuu ¢ (X.18) moGoli TeR30p MOXKHO NpEA-
CTABHTH B BHJE CYMMH ABYX (HAH 6Gonee) TEH3OPOS.
[pouasenenuem Tensopa Tip HA ckaNAP & HAsHIBAETCA

reHzop Gy ¢ KOMNOHCHTAMH
le = ol 4. (X. 19)

14 H. B. Cameaved, T. t
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ITponssenennem Teusopoe T u Gy Ha3HRAeTCA TeH-
80p uersepToro paura Iy, ¢ koMnoHenramn

Wipirm = TGy, (X. 20)

Amnanoruuno onpenensiercs NpOH3BENEHHE TeH30POR HHHIX
PAHroB, B uacTHOCTH, Bume (oM. (X.16)) 6ruo paccmor-
PEHO NpOM3BENCHHE TEH30DOR NEPBOT0 PAHra, T. e. Bek-
TopoB. M3 onpenencnus (X.20) ClIelyeT, 4TO paHr TeH-
S0pa-NPOH3BENCHHs paBeH CyMMe paHroB TeH30pPOB-Co-
MHOXHTeNeH (MOTYT NepeMHOKATHCS M TEH30PH HEeONH-
HAKOBHX PAHroB). "
CsepruBanHem Tensopa HasmBaercs cAeAyiomas ene-
Palliis: /iBa MHIEKCa NPH KOMIOHEHTAX TEH30pa noJa-
T'3I0TCST OAHHAKOBLIMH ¥ O HAM OCYIIECTBASETCS CyMMH-
poranue. Ilosyuusinasics B peaynsrare Takod ONepauHu
BEJIIHYHEA HasbiBaercs ceepriol rexsopa. OueBHANO, uTO
CBEDTHRAHHE NMOHHMACT PART TEH30PA HA ABE eXHHHILHL
Onepauus csepTHBaHHS Moer NPHMEHATBCA K TEH30-
PaM panra He Huxe BToporo!). B cayuae TEH30pa BTO-
poro paHra ceepTka npefictaBaser cobol TEH30p HyJie-
BOrO paHra, T. e. ckansp. TOT cKaNsSP HASLIBAETCA Ce-
dox (unu wnypon) Ten30pa (cp. CO CNEROM MATPHIUM;
cTp.386). Ou pasen cymMe AMArOHANLHLIX KOMITOHEHT:

Sp(Ty) = ; ik (X.21)

Cxazsip He namensieTcn NpR Npeo6pasoBAHHA KOOPAHHAT.
CrnenoBateanno, caen TeH30pa npefcraBaser colboli uH-
baprant. Hanpumep, cren rensopa (X. 16) ectv me uro
HHOE, KaK CKaJqgpHCe NpOH3BelleHue BEKTOpOB & H b, ko-
Eggoe. KaK Mbl 3SHa€M, HHBADHAHTHO OTHOCHTEJILHO npe-
430BaHusl KoOpAHHAT (CM. TeKcr, S IHH
Gopmyaoii (VI.28)). ( R o e
B ¢usnuecknx npmnoxennnx o6muno NpHMeHAeTeA
YMHOXKEHHE TeH30DOB B COYCTAHHH ¢ MOCHEAYICIHM CBep-
THBAHHEM NOJYYMBITErocid BBHIDAaXeHHs, Peayanrar sTux
ONEP2NHA HASHBACTCS CAEAAPHOIM npoussedertien TeH-
sopoe?), TunuuBlM HPRMEPoM MONXeT CAYKHTL TOJNLKO

1 Ate
) B Ciynae TRN30pa, PAnr KOTOPOro r EHule BFOPOTO, CREPTE-
:f};g: MOHO II){JGESEQ}.LI:‘TB HECKONILKEME cnocofadn (Mo paswmm
apaM RHZeKcoB). B pesyavrtate GYNyT moayuaThes ; -
B0pHW pasra r — 2. i 4 Yalto Gs
2Y M.
) Huorna nocaensee npousnenenne HA3HBANT BHYTPEHHMM, B

TO BpeMst Xak Bupamenwe (L 20) npasupaor BeJ
e (X 20 BREMY
HEEM Tenz0poB, : i
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uTO ynOMWHaBIleecs CKajAfspHOe MpON3BefeHHe BEKTOPOB
(TeH3OpoB HepBOTO paMra): TeH3op a@:by CBEPTHBAETCH
no nape WHAEKCOB { H k, B HTOTe MOJNYU2eTCA BHpaXKeHHe

Z akbk.

B coOTBETCTBHH CO CKA3AHHHM, CKANAPHEM MNPOH3BE-
petineM Tensopa T, Ba BeKTOp 4, HA3HBaeTcA BekTop b;

¢ KOMODOHeHTaAMH
by = 2, Tt (X. 22)
&

Y6eauMca B TOM, YTO ORpeleNeHHAA TAKHM cnocoboM co-
BOKYTHOCTb BeNHdHH b; AeficTBHTEALHO 06pasyeT BeKTOp.
[las 3Toro HafileM 3aKOH MpeoGpa3opaHHd BEAHYHH by

QuepngHo, 4TO
a4 T
by = ¥ T%.

14
[ToAcTasuM B BOCAeqHee COOTHOWeHHe Bwpawenus T,
M @, 4Yepe3 HelITPHXOBAHHHE KOMNOHEHTH:

b= ; A ; ;m L T ;“ks ==
= ;: Qyt ;s Tt ; i ®ps.

CornacHo ceofictey (V1. 40) Zk: CmOse == Bpns.  CrieKOBE-

TeAbHO,
b: = ; LT ngs Tlmasbm = Z atl § Tlmam = Z‘ ailbl‘

Moayuennsifi HaMH Pe3yALTAT O3HAYaeT, WTO BeJH-
yHuH b; npeofpasyloTcd N0 3aKOHY NpeoGpascBaHAA
KOMIOHEHT BeKTopa. Takum oOpasoM, onpefensieMue BH-
paxennem (X.22) sesuuniin b; ReficTBHTENbHO 00pasyioT
BEKTOD.

AMaNOTHYHO MOXKHO yOeAUThCA B CHPABEAJHBOCTH

CAeAYIOWErO YTBSPKACHAA: €C/IH BHpalKeHne Za: Xiny,

06pasoBaHHOe COBOKYMHOCTBIO 9-TH BeAxuHR X H KOM-
NOHeRTaMN HeKOTOPOro BEKTOpa @i npeicrapiser cobod
KOMIIGHEHTH APYroro BeKTOpa by, TO BeJMHYHHH Xip CYTH
KOMMOHEHTH HekoToporo TeHsopa. C nojpobuoit cHrya-
unelt MH cTONKHYAUCH B Hauaje 3toro INpuaoxenus. Co-
ROKYNHOCTb AEBATH BEAHYHH %z, B3ATAA C KOMNOHEHTaMH

14*




420 MPHNOKEHHA
pextopa Er B coveranwn (X.5), nana KoMHOHeHTH
BekTopa P;. Ha 5TOM OCHOBaNHH MH NMOKa3anW, yTo Be-
JHYHHH %z TIpeoGpasylorcs IO 3aKORY npeobpasoBaHHs
KOMNOHEHT TEH30pa, T. €. UTO RUINEKTPHIECKas BOCHPH-
HMYHBOCTb ABASETCA TEH30DOM.

B pesyapTate cKajspHOro yMHOXEHHS BEKTOpa a HMa
TeH3op T MH noayuunw Hopuili BekTop b:

b="Ta. (X.23)

ITosToMy TeHzop T MOXHO paccMATpHPaTh KaK JHHeANHIE
ONEPATOP, OCYIMECTRAAOIAN npeolpasoBaHde OAHOTO
BexTopa B ApPYrof.

Haiinem npouape/ienne eZHRMYHOTO TEHSOpA Ba Bek-
Top a;. Cornacwo popmyne (X.22)

b= Zkl 800y = a,.

Taxkam o6pazom, NpH yMHOXKeHHH Ha eAHMHYHHI TeH3op
BEeKTOD He H3IMEeHAeTCd,

3. CRMMETPHYNEIE M AHTHCHMMETPHYHBIE TEHIOPH.
Tensop Six, KOMHOHEHTH KOTOPOrO YAOBAETBOPHIOT
YCAGBHIO

S = Sy, (X.29)

HASHIBAETCA CUMMETDULHOIM. OTMQTHM, UYTO paccCMOTpeH-
HHfi BHINE TEH30D AMINEKTPHYCCKOR BOCHPHEMYHBOCTA
ABAAETCA CHMMETPHUYHLIM.

Tensop Ay, KOMROHEHTH KOTOPOFO YAOBNETBOPAKT

YCAOBHIO
Ay = — Ay, (X. 25)

Ha3HBAETCA ANTUCUMMETDUKHLLM.

CeoficTBo CHMMETpHH HJH AHTHCHMMETDHH ABJAAETCA
CBOACTBOM CaMOFO TeH30pa, ITO CAeAyeT H3 Toro akTa,
YTO OHO coXpaMsieTcsl NpH JAKGHX npeolpa3oBaHyIX KO-
OopARHAT. ﬂJIH AOKasaTeJbCTBA MNpPHBeAeM cCAexyrlnue
BHKJIAAKH;

S o= a, o == = 4
i ,.Zm 1S i ;‘“tm“ktsmt_,Zm“glutmsxm'—"sat

(cnayana MB DPOH3BENH B3AHMHYIO 3aMeHy HEMbiX HH-
JexcoB [ M m, a 3aTeM 3aMEHHJH S,y PaBHEM eMy Sin).
Mul noxasanu, 4TO TEH30p, CHMMETPHUHLIA B HeKOTOpOh
cucreme K, Gymer cuMmeTpuuHniM B Jiofolt apyrofi cu-
creme K’ '

Araaoruduio
Y 2 pol —
= Izmaﬂakm‘ﬂlm'";f 8 Ay =
=— ) a0, A, =—A
£, i m Rt
(nocne B3aRMHOH NEpecTaHOBKH HEMBIX HHISKCOB MH 33-

MeHIIH Am: paBasiM emy —Ain). M Jlokasany, 9T0 TeH-
aop, anrucammerpuubpi B K, Oyner aHTHCHMMETPHYHEIM
ne K.

Moboft rersop Tix MOXKHO NPEACTABHTS B BHAC CYMME
CUMMCTPHYHOTG H aHTHCHMMeTpuuHOro Tteusopos. Hefi-
CTBHTENLHO, NpeacraeuM T B BHAE

Toe+Tee o Tee—Tot
Ty= 2 + 2 ]

fpaBomMepHOCTL TAaKOA 3amucH OYCPHAHA. Buecre ¢ TeM,
neppoe cflaraeMoe He H3MEHAETCH MPH MEpPeCTaHOBKE HA-
gexcos i ¥ k, T. € ofnajaer cBOACTBAMH KOMIIOHEHT
CHMMETPHYHOrO TEH30pa; BTOPOE e cflaraeMoe NpH ne-
PCCTAHOBKE HHAEKCOB MEHFET 3HAK, T. €. 06/Iafaer cBOA-
¢TBAMH KOMIOHEHT ABTHCHMMETPHYHOIO TEH30pa.

Taknm 006pas3oM, Bcerla MOXKHO CUMTATH, HTO

Tm = S{g + Aik! (x' 26)
rae . Y Tee — T
S:t=_‘%ﬁ" A”‘;'__EE_QA' (X.27)

[lousaTHs CHMMETPHH W AHTHCHMMETPHH NpUMEHHMH
W K TeHsopam Gojee BHCOKOro paHra. Tak, HanpHMep,
{1« HA3LBAETCS CHMMETPHUHBIM (aHTHCHMMETPHUHLIM)
OTHOCHTEJILHO HHAEKCOB ( W k£ (wan i v [, wan k& n l),
CCJIM TIPU NEPecTAHOBKE 3THX HWH/EKCOB KOMMOMEHTH TeH-
40pa He H3MEHAIOTCS (COOTBETCTBEHHO H3MEHSIOT 3HaK
ia obpatunit). Ecau KOMNOHEHTH TeH30pa He H3Me-
WoTcA (AN B3MEHSIOT 3HaK Ha ofpaTHufi) mpH mepe-
¢TaHoBKe J0608 maphH MHAEKCOB, TO TEH30p Ha3mBaeTcA
ABCOAOTHO CUMMETPUUHEM (COOTBETCTBEHHO (OCOAIOTHO
GNTUCUMMETPURKOIM) .

Boegennaa B [lpuaoxennn VI cosokynuocts 27 Be-
JIKUKH e OOpasyerT abcoNIOTHO aHTHCHMMETPHYHBIA TEH-
aop Tperbero panra. HanoMuuM, 9TO BENHHUHHB Eirs:
|) paBHB HyJAl0, eciu MOGHE ABa HHACKCA HMEIOT OAH-
makoBbie 3HaueHHs; 2) paBHn -}-1, ecau BCe HHACKCH
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pazhHuHE ¥ o0pa3yloT UWKAHYECKYIO TEpPecTAHOBKY INO-
cnziosareqassocth I, 2, 3; 3) pasaw —I1, ecan BCe HH-
HexcH pasiHuiH K 00pa3yioT OHKAWYECKYio nepeera-
uoBKy mocaenosatenvhoect 3, 2, 1. s 27 komnoHeHT
aroro Temsopa 21 papHa HyMO, TPH paBHH +1 B TpH
pagupl —1. [Iyrem HECNGKHHX, HO TPOMO3AKHX BLIUMC-
AeHul MOMHO NOKE3aTh, 4TO

8;k£= Z ur‘mukpalsemps=e’lkl' (X'28)

m. P 3

T. €. 4TO TEH30p €;x HHBADHAHTEH.

4. Heramibie Ten3opu W ncesaeTenzopbl. Buidcunm,
KaK NpecGpasylorTcs KOMMOHEHTH TeH30pa NpH HHBEPCHU
goopAuHaTEEX oceli. Kosdpuuuenrn npeocbpasosanns
HMSIOT B 3TOM cayyae SHAYCHHUA

Gy = — dug

{cu. (VI.42)). Ilostomy d¢opmysa npeo6pasoBaHH#A
KOMITOHeHT TeH3opa r-ro panra Ty, _ 1 (Bcero r HHEeK-
€oB) NpH HEREPCHH MMeeT BHI

T:k...£= Z (_6313)(—6&9) (_615)Tmp.‘.s=

M Povear &

=(-—l)”m pz séimékp I 613Tmp...s=(_l)rftk el
Takum 06pasoM, KOMNOREHTH TEH3Cpa r-TO paura') nps
nHeepcHu npeolpaaylorea no GpopMyae

T;k‘..:=(_l)rru...r

Cornacio (X.28) peanuuMbl e, PR J0GOM npeob-
P239BaiiR¥ KOOPAHHAT (4 CAENOBATENbHO, H MPH HHBep-
CHH) OCTAIOTCA HHBAPHAHTHEIMA, T. € 3HAKA He H3Me-
uaior. KomnoHeHTH e HCTHHHOrC TeH3Opa TPeTbero
pasra AOMXHE NPH HHBEpCHH H3IMEHHTL 3HAK Ha o6paT-
Huiéi, [loaTOMY COBOKYMHOCTL BeAMSHH g, OOpa3yer He
HCTHHENA TEH30p, 2 nceadorensop.

[NpeezorensopoM r-ro paHra Has3unBaeTcs COBOKYN-
HOCTH 37 KGHMOOHEHT P .. (. KOTOpHe NPH NOBOPOTAX
CHCTEMH KOOPAMHAT BeZYT ceff K2K KOMOOHEHTH o6ul4-
HOr® TCH20pa3, 4 MPH WHEBEPCHH npeobpasylorca no ¢op-

Myae
P;k... f =(_i)r+lplk“.£'

1) Hmewrca B PHAY TEH3IOPH B OPOCTpaHCTBe TpexX B3Mepedh.
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IIpuRegeM npHMepH MCCBAOTEH3OPOB PA3HHIX PARNOA.
C nceBAGCKAJNAPAMH M ACEBACBEKTOPAMH M NMO3HAKOMH-
auck 8 [Mpunoxenwn VI. Buile Guil pacCMOTpEH MCeB-
NMOTEH30p TPeThero panra £y COBOKYTHOCTD BEJHYHH Pig.
o6pa3oBaHHHX H3 NPOH3BE/lCHHA KOMNOHEHT HCTHHHOIO
BEKTOpA @; U HCEBEOBEKTOPA Pe! P = a;pg, npelcran-
asier cofofl ncesAoTeRsop Broporo paura. JleficTeuTens-
HO, ApH HHBEDCHH BENHYHEL @; MEHSIOT 3HaK, 2 BOAHYH-
Hbl Pp OCTRIOTCH HEM3MEHHBIMH. Crnenosaresibie, P, NpH
utipepcHr OyNeT MeHATh 3HaK. B TO Xe Bpews, MLl 3HaeM,
YTO KOMROHEeHTH HCTHHHOMO TEHI0pa BTOPOTC paHra mpH
WHREPCUM 3HAKA He HIMEHAIOT. 3HauuT, Py ecth NCeRaO-
TEH30D.

Jlerko cooGpasnuTb, UTO pe3yAbTATOM CBEPTHBARHA
lceBROTER30pa OYAeT TaKKe MCeBIOTEH3OP (UeTHOCTD
HAH HeYeTHOCTb paHFa TeH3Opa BPH CBEPTHBAHMH He H3-
MeHsleTcR, a GOPMYJaE npeobpascBagus KOMIIOHEHT HC-
XOJHOTO TEH30Pa H CBEPTKH OTAHUYAIOTCA HA MHOMHTE/b
{(—1)2). HanpHmep, npu CBEPTHBAHHK MCEBAOTEH3IOPA
Py bl MOAYSHM CK2MApHCE NPOH3BEAEHHE WCTHHHOrC
BeKTopa M TCEBAC3EKTOpa, T. €. MCeBAOCKaNap.

[Tpousseente mceBoTeH3opa MoGoro paura Pre. .t
na HCTHHHBA TeH3op Jao6oro paHra Tmp . s MpeAcTaB-
Jaser cofbofl neeadoTeH3Op

Hlb...Imp...x=Ptk...lep...s‘
Nas NPOBEPKA ITONQ YTBEPMKACHHA COCTABHM Taﬁnnuy:
Paur 3HaK OpE KHESDCHI
Piw o YeTHBI HAMEHACTCH
yerTHbf HaMeHseTCs
HeueTHRR He HIMEeHAfeTca
HeueTHH R HE ASMLHAGTCH
Rt HeTHBIA He HaMeHfAeTCH
HeueTHHIRA HIHMCHRETCA
qeTREHR ¢ HIMEHALTCH
AeYeTHH I HIMEHACTCR
e tmp...s 9eTHEA A3MEeHACTCA
HeYeTHHA He HiueHfercs
EeveTHHA He M3MEeHAETCH
YeTiuil HIMeHAeTCA
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AHaNOTHUHO MOXHO YGemuThCH B TOM, uTO npoH3Be-
Ac¢Hue ABYX WCeBIOTEHZ0pOB MOOLIX PAaHrop Npeacran-
AdeT co60fk HCTHRHKA TeRaop.

5. CeolicTBa CHMMETPHYHOrG TEH3cpa BTOPOro padra.
Y CHMMeTPHYUHOrO TEH30pa BTOPOTO PaRra H3 MAEBSTH
KOMIOHENT HE3aBHCHMBIMH ABAA-
IOTCA  TOJNBKO weeth (812 = 83,
Sis = Sa1, 823 = S3s).

Cummerpuunnifi TeHsOp BTOpO-
¢ paHia NONyCcKaeT BaMHYIO Teo-
METPHUECKYIO HHTEPApPETALHIO.
[Ipexcie wem nepeiith k ee pac-
CMOTPERUIO, OTMETHM, 4YTO BeKTOp
4 MOXHO NpPEeACTABHTE He TOJAbKO
HanpaB/JeHHM OTPe3KOM, HO W
HNOCKOCTEIO, ypaBhieHHe KOTOpOf
HMeeT BHA

Pue. X.2 ar=1, (X. 29)

Tle ¢ -—pajuyc-BeKTOp ToYkHM mnjockocTa (phe. X.2).
TTockoauky '

aAr=ara =1, 10 ra=]/a.

Caepopatenpno, ypabuenne (X.29) onpeaeaser nsoc-
KOCTb, NEepreHAHKyIsIPHYIO K BEKTOPY a4 M OTCTOSILYIO OT
Hayala KOOpAMHAT Ha paccrosHHe 1/a. Bupaxenue
(X.29) moxHO TakXKe NMpeACTaBHTL B BHAE @7 = |, OT-
KyAa r = l/a,. Takum o6pasom, Ha npsamol, npoxoas-
ef Yepes HavaNo0 KOOPAHHAT W WMEIOmel HanpaBJ/eHHe n
(cm. pue. X.2), naockocts (X.29) orcekaer orpesox
BNHHH
1
e (X. 30)
Tenepr o6paTHMCA Kk cHMMeTpHuNOMY TeHsopy S. Co-
NOCTaBHK eMy MOBEPXHOCTb, ONpPEeASNSIEMYI0 YPABHEHHEM

TS =1. (X.31)

OueBHAHO, YTO 3Ta NOBEPXHOCTb lie 3aBHCUT OT BHGOpa
CHCTEMH KOOpAHHAT, B KOTOpOfI OnpeseaTcd KOMNO-
HEeHTH Tensopa S W papmyca-Bextopa r. XapakTep mo-
BEPXHOCTH 3aBHCHT TOJAbKO OT CBOMCTB TeHsopa S,
BubepeM npoH3BONBHYIO CHCTEMY KOOPRMHAT X), X2, X3
H BUPaA3HM JeBYI0 4acrh ypasHennud (X.31) uepes kom-
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noenTh ¢ H S B 31ofi cucreMe, Coraacno (X.22)

(8r), = ; AITE 7%

VMHOKHB CKAAAPHO T HA BEKTOP ST, nOAyYHM

Z‘ x;(Sr); = g Xy g SipXe = § Sinxixs.

Caenopareabno, ypapenne (X.31) nmeer Bug
2 Sy, =1. (X. 32)
ik

B passepHyTOM BHIe 3TO ypaBHEHHE BHTAAJHT CReAylO-
UM o6pazoM (HANOMHHM, UTO Six == Sii):

S %3+ Spih + Ser3 + 25,,%,%, + 28,y%,%, + 2331"9&;(1?;;

Ypapuenue (X.33) ecTh ypaBHeHHe TOBEPXHOCTH BTO-
poro nopsijika, HEHTP KOTOpO# noMemaercs B Hayale Ko-
opauHaT. B NpUJOXKeHHsX TEH3OPHOTO HCUMCIeHH: K {u-
SHYECKHM 3afiauaM [AHaroHajblibie KOMNOHeHTH S; Ohl-
palor Gospume Hyas (370 HampHMep, HUMeeT MeCTo AAA

PENHIRH %;). B arom caysae nosepxuocts (X.33) mpea-
cTapAgeT cobei SAMHNCONA. DTOT SAAHNCOHA H ABAIETCA
reoMerpHyeckuM o6Gpa3oM CHMMETPHUYHOrO TeH30pa BTO-
poro pasra (pasyMeercs B APOCTPaHCTBE Tpex H3Mepe-
HHA), MOAOOHO TOMY Kak Hﬁllp&B.‘T&H[ﬂiﬁi OTPE30K HIAR
nnockocth (X.29) nalor reomerpuueckHi o6pas TeH3Opa
NepPOro paKra, T. €. BEKTOPA.

Haifigem paccTosBue OT UeHIP2 SANHNCOHAA OO TO-
qeK, JeXampx Ha ero nosepxHoctH. [las sroro mpose-
ACM H3 UEeATpa 3JJHNCOMAA NPOH3BOJLHYIO MNpAMYIO
(puc. X.3), koTopyio HpHMEM 3a ocb x). Toraa paccros-
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HHE p OT UEHTP2 SJIHICOHZA A0 TOYkH P 6ymer panno
3HAUEHHI0 Xy OPH Xy = X3 =0. [osoxus B ypabHenuw
(X.33) x = %3 =0, nomyuns, yro S, ¥2=1, otkyaa

1

xlﬂp=—-—-

Sll

(cp. ¢ (X.30)). Takum o6pasom, paccrosinye p ecTs pe-
JAHY¥HA, oOpaTHas KOPHIO KBAADATHOMY 43 KOMNOHERTH
TEH30pa Syj, BHYHCACHHON NMPH YC/IOBHH, 4TO HANpaBJje-
HHE, BIOJL KOTOPOIO OTCUMTHBAETCS p, HPHHATO 34
0Chb X).

. Ilpn npeoGpasosanusix KoopAHHAT H3MEHMOTCA KO3Y-
¢dunnents S;, B ypapHenun (X. 33), onnakxo cam 3anmn-
COHR OT BHGOpa CHCTEMH! KOOPAHMMAT He 3asicuT. Ecym
HANPABHTE OCH KCOPAHHAT BAOML MOJAYOCEH SJAMMNCOHAA,
ypabHeHHe 3JANRNCOHAA, T. e. ypapueRue (X.33), kak
H3BECTHO, YNPOl2eTcs H NPHHUMALT BHA

S % + Spaf 4 Sput =1,

3To O3HauaerT, 4TO NPH YKA3aHHOM BEIGODE KOOpAHHAT-
HHX Ocedl HeAHArOHa/lbHHE KOMIOHEHTH TeH3opa obGpa-
maiprea B Hyab. CjeaoBaresbHO, riaBHbe OCH TeHsopa
COBNajaiT ¢ NOJYOCAMH TEH3ODHOrO SJIHICOHAA.

_Ec:m KOOpAHHATHBIE OCH HANPaBHTH BHOJIb TABHEIX
ocel TeH3opa (T. e. BAOAbL mOJyoceli TEH3ODHOrO SJLIHN-
COMJA), TEH30p NPHHHMAET AHATOHAJbLHEIA BHJ

M0 0
(Sm) — ( 0 A 0 ). (X 34)
6 0

Ay

Mu Bsens obGosnauenns: Sy = A, Soa=MA3, Ss3=As.
Beanunuu Ay, Ag, Aa CyTh 24G8HOIE 3HQUeHUR Texnsopa.

B cayuae, korna A = Ag = Az =, TEH3OPHEIHA 3JIUN-
COHA npespaniaercd B cdepy. B gacrHocTH, exuHHuHOMY
TEH30PY &ix COOTBETCTBYeT cepa eNHHHUHOrO pajHyca.

YMHOXHM HEKOTOPHH BEKTOp a Ha TeHsop (X.34).
B pesyanrate noayuutcst pexrop b, coctaBasiollie KOTO-
poro ompenessiiotess no ¢opmyae (X.22). Komnoresru
TeHsopa (X.34) MOXHO NMPEACTABATH B BHAE Sip = Asis.
CaienoBarensio,

b= ; lgéuﬂk == },. (X. 35)
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[lycTs BeKTOp & Hanpaejed BAOAL Neppoft TAapHON OCH
tensopa. Toraa a,=a, a;=as=10 (B39p TeH3op B
puze (X.34), M OpeAMONONHUAH, UTO OCH KOOPRHHAT
Hampap/eHH NO TIaBHEIM ocsiM TeHszopa). Coraacho ¢op-
Myne (X.35) koMnoHewrn Bekvopa b 6yAyr paBHH
b = Ma,, b:=>5;=10. 310 03RAYAET, YTO HanpapIeHHe
BeKTOpa D COBMAajaeT ¢ HampaBjeHHeM BEKTOpa a, Mo-
Ayab Xe BekTopa b B A pa3 Goabille 4eM MOAYAb Bek-
topa a. To Xe CNpaBel HBO H AR ABYX APYrHX IMapHHX
ocei. Takum 00pasoM, ecqH BEKTOp 4 HanpapJ/eH no ol-
sicl M3 TNABHHX C0celi TEH30pa, TO CNPABEIAHBO CASAYIO-

nize paBeHCTBOI
Sa = Aa, (X.36)

rAe A — COOTBEeTCTBYlOUlee TAaBHOe 3HaYeHRe TeH3Opa.

Mu npHIAYM K cJelyomeMy pesyAbTaTy: APH YMHO-
AEHHH BEKTOPAa, HMECIOUWEND HanpapieHHe OAHOA H3 FAAB-
HhX ocefi, Ha TeH3Op HampaBJeHHe BeKTOpa He H3Me-
HAETCA, BEJHYHHA JKe BEKTOpa YBEJHUKBAercd B YHCAO
pa3s, paBHOE COOTBETCTBYIOUIEMY TJABHOMY 3HAYeHHIO
TEH30pa.

Pagsenctno (X.36) cnpaBeaiiBo B AWGOH cAcTeMe
KOOPAHHAT, MHllb 6K BeKTOp & GHA HanpasieH No 0AROA
W3 FAABHHIX ocell TeH30pa. ITHM OOCTOATEABCTBOM MOMKHO
BOCIONB30BATLCA AJNS HAXOMACHHA rIABHHX 3HAUCHHH H
rAaBHWX ocell TeHsopa. Ilns 3TOro KyXHO BapbHpOBATH
HanpaB/enRe BeKTOpa a, MoKa BekTop Sa He cosnajer
ne Hanpapaenuio ¢ a. CooTBeTcTBYWUlee HampanJeHHe
RAcCT FJIABHYIO OCb TEH30pa, a OTHOUlEHAe Sa K a — COOT-
BETCTBYIOIIeE r1aphoe 3HaueHHe. AHAJIHTHIECKH 3TO BH:
rARANT cAelyloulum ofpasoM. 3annulieM paBeHCTBO
(X.36) B xoMnoHeHTax (MH MNOKa ellle He NPHBEAN TeH-
30D K rA4BHBM OCAM, TaK uTo, BooGule roBOps, BCE Sik
OTJHYHH OT ByAs):

Sua + Siz8z + Stz = Ady,
Sty + Sntts + Sgats = Adg,
Sa1ay -+ Sapas + Sasty = Ady.
[1pusenda nofodHuHeE 9AeHH, NOJYYNM
Sn—a+ S +  Sem =0,
Suay +(Su—A)a+  Ssay =0, (X.37)
Suy +  Swatz  +{(Sp—Ma=0
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Mu npHAH K OAHOPOAROM CHCTEMe TpeX ypapHeRuR
C HEH3BECTHHMYH 4, di, Gy — KOMNOHEHTAMH HCKOMOTO
BekTopa a. dns Toro uroGH STa CHCTEMa uMeNa HeHyJe-
Boe pelleHHe, TpefyeTcsi PaBeHCTBO HYJIO ee ONpefesi-
Tena (cM. [lpunoxenune VIII; Teker, caeayompuit 3a dop-
mynofi (VI 26)). Taxum o6pa3zoM, HOJKHO BBIIOS-
HATBCA YCAOBKE

Su—34  Spp Sis
Sz Sop — 2 Soa =10. (X_ 38)
Sa Ssz Sz — A

Koprr 370ro kyGH4ecKoro OTHOCHTENLHO A YypaBHeHHs
MPEACT2BAAIOT COOOA riaBHHeE 3HAYeHHS TeH30pa: A,
Az, Ay TloacraBuB OfMH M3 STHX KOpHell B CHCTeMYy
(X.37), mu cMmoxem HaliTu OTHOWeHHA as/a@, W as/a,
KOTOpHI€ OTpeAensT HanpaB/JcHHe BEXTOpa &, YAOBJET-
BopsAomiero ypashenuo (X.36), T. e. cOOTBeTCTBYIONIYIO
raasnyio ock Tensopa. [lpomenas sty onepauuio aas
BCeX Tpex A; HaWleMm Hanpapiendsi BceX rJaBHBIX Oced,

Mel npeanonaraiu, 4TO BCe KOPHH Ay, Ay H Ag pas-
Hule. B cayuae, xorna ypapuenue (X.38) mmeer KpaTHue
KOpHH, HeoOX0AHMO Hekoropoe yrounesne. Ilpu aByX
KpaTHbiX KOpHAX (Ae==Aa==A, A 5=A) TEHIOpHHA 35J-
JHncoun Oyner >/AHNCOHAOM Bpamenus. OAHO3HAUHO
Gyner onpeieneHa TOJLKO OZHA TJ4BHAs OCb TEH30Pa,
COBMAJaloN[as) C OChI0 CHMMETPHH sanHnconga. B kaue-
CTBe OBYX IPYriX IAaBHBIX OCeHl MONKHO B3ATH ABe MIO-
Onle B3aMMHO NEPNEHAHKYJNADHHE OCH, NepHeHLHKYJAD-
Hble K OCH CHMMeTpuH sanunconia. Ecau sece Tpu KopHs
ypaenenus (X.38) opunakosul (A =A; = Ay =1), TeH-
30pHBEI JJHNCOHA BHIPOXKJAaeTcH B cepy U B Kauecrse
TJI@BHBIX OCeH MOMKHO B3ATH JNIOOHE TPH B3aUMHO nep-
NMeHAUKYNSPHEIE GCH.

PaccmoTpiM cBoficTBa CHMMETPHUHOrO TEHIOPA KaK
oncparopa. CoraacHo (X.36) sosmeiicteue S Ha Bek-
TOp &, HaNpasAeBHHH BAOJb OAHON M3 [NABHHX ocel
TCH30pa, BH3HIBAET JHLWbL HIMEHEHHWEe IJHHE BeKTOpa
B A pas. BosnelicteHe S8 Ha NPOH3BO/ILHO OPHEHTHPOBAH-
HEIR BPEKTOP BHISHIBAET, BOOGIIE rOBOPS, HAMEHEHHE Kak
AJHHE, TaK W HanpaBAcHHA 3TOrO BeKTOpa (CM., HaMpH-
Mep, puc. X, 1}.

6. CpoficTea aHTHCHMMETPHYHOIO TEH3OPA BTOPOTO
panra. O6patumca Tenepb K aHTHCHMMETPHYHOMY TeH-
30py pToporo paura. Ycaosue (X.25) aas AHaroHadb-

SRR ee——
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NoIX KOMMOHEHT uMeer BML Au==—Ay 3T0 BO3MOXHO
anme npa Ay =0. CrnejopaTensHo, AHATOHAIbHHE KOM-
MOHeHTH AHTHCHMMETPHYHOTO TeH30pa paBHw Hyaio. Ha
OCTaNbHEX UIECTH KOMAOHEHT HE3ABHCHMBIMH SBJMIOTCA
ronbke TpH. TakuM o6pasoM, aHTHCHMMETPHYHNA TeH3OP
WTOPOro PaHra ONpeResnderTcd, Kak M BEKTOp, TpeMs Be-
JHYHHAMH:
Ap=— A =ay

Ap=—Ap=a,
Ay=—Azg=a,

(X. 39)

Bocnosb30BaBIkCh 3THMH 0603HaYeHHAMY, MOJKHO 3ani-

¢aTb AHTHCHMMETPHYRBIA TEH30p CJAeRYOUl¥M 06pa3oM:
L

1] dy — Gz
(Apy= ( — 0 a )

s — 0

(X. 40)

KommnonenTn TeHzopa (X.40) MoXKHO NpelcTaBHTD
B pHAe
Ajp = ; Cipt = €118 F oy + e, (X, 41)

rie £ — aGCOMIOTHO AHTHCHMMETPHIHWA NCEeBAOTEHIOP
(cM. Texer, npeamectsylomuii dopmyne (X.28)). Heh-
CTBUTeNbHO, onpeleideMble 310/ GopMyaoi KOMNOHEHTH
Ay paBHH HYJAI0, TaK KaK ey NPH JO60M [ paBHO HYZIO.
Hanee

A =21:0 + Eimtt + 1258 =0-a + 0 -+ 1 - a3 =05,

Ay ==e138; + eyt + 1305 =0 -0 +(—1)- &+ 0 -&=
=—
nT. N
Buie 6uac NOKa3aHo, YT0 NPH TEpPEeMHOMKEHEH HC-
THIIHOTO TEH30pa W TCEBAOTeH30pa MHOJydaeTcs NCeBAO-
rensop. TlpoHsBeneHue Xe ABYX NCEBAOTEH30DOB fpen-
cTapasieT co60fi HCTHHEHRA TeH3op. ToT daxT, YTo BeaH-
unHN @;, OYAYuYH YMHOXMEHHHIMH Ha TNCEBAOTEH30P Eirt
(cM. Popmyay (X.41)), naroT KOMNOHEHTH HCTHHROTO
TeN30pa BTOPOrO panra, yKaawBaeT Ha TO, YTO 3TH Be-
JIIHHE 064aA20T CBORCTBAMH RNCEBAOTEH30pA MEPBOTO
panra, T. e. NCeBLOBEKTOPA.
Urak, PCAKOMY aHTHCHMMETPHYHOMY TEH30pY BTODOTrO
paura Moxer GhTh COTIOCTABJEH MCEBROBEKTOP ¢ KOMNG-
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HEeHTaMH ¢,, onpexennemumMu dopmysamu (X.39). U ua-
060pot, BCAKOMY NCEBAOBEKTOPY @; MOXeT OnITh MOCTaB-
JieH B COOTBETCTBHE HCTHHHWA AHTHCHMMETPHYHHI TeH-
30p BTOPOrC PaMra, KOMAOHEHTH KOTOPOTO BLIPAXKAIOTCR
Yepes KOMMOHeHTH MceBioBekTopa no dopmyae (X.41).

[lpumenum oneparop A (A — aHTHCHMMETPHIHLIA
TEH30p) Kk Hekoropomy Bektopy b. Corsacuo (X.22) u
(X.41) mMbl nOAy4YHM BEKTOp € C KOMIOHEHTaMH:

€y = ; Ay = kZI €ntbraty.

Conocrapns  noayueHHoe BupaxkeHue ¢ opMyaof
(V1.33), npuxoaum K BHBOAY, YTO ¢ MOXKHO MPEACTABHTD
B BHAE BEKTOPHOTO npoussefeHna ') BekTopoB b U a:

¢ = Ab=[ba].

Bexrop ¢ nepneHAHKyJAfpeH KaK K HCXOAHOMY BeK-
TOpY b, TaK M K NCEBAOBEKTOPY A&, COOTBETCTBYIOIIEMY
Tenaopy A. Taxum o6pasom, BosaefHicTBHe TeH3opa A BH-
3HBaeT NOBOPOT BeKTOpa Ha yroa n/2. Kpome Toro, po-
oflle roBops, H3MeHAeTCA AJNHHAE BEKTOpa.

X!1. Hekorophie cBepeHNs M3 BEKTOPHOTO aHAJAM3A

Fpanuenr. PaccmoTpum ckansipHoe nose, T. e. 06-
NM3CcTb NPOCTPAKCTBA, KaXAOA TOUKe KOTOpPOA COOTBeT-
CTBYET oNpefie/ieHHOoe 3HaYeHHe CKaJfipa ¢;

P=9P)=q)=9¢(x), x; x3),

rAe ¢ — pajuyc-BEKTOD, & X;, Xy, X3 — AEKAPTOBH KOOp-
AHHATH TOYKHM P.
BceM Toukam noeepxdocTH, onpedensemMoi ypabHe-

Huem
(XL 1)

COOTBETCTRYET OAHMHAaKOBOe 3HaueHHe ¢. [loBepxHocTb
Buaa (XI.1) HasupaeTcd H0BEPXROCTHIO YPO3HA CKa-
Aasapa ¢. INosepXHOCTh YPOBHS MOMKHO NPOBECTH Yepes
A0y TOuky nons, '

@ {x,, %3 Xg)= const,

') HanoMunm, 4To BeKTOpHOEe Npou3BeAeHHe MPeAcTaBAsieT colof
NOJAPUNA BEKTOP TOABKO B TOM CAyHde, ecH OdMH H3 COMHOJKHTE-
Jefi apasercs nceppobenTopon. OTCIONa Taxke MOXHO GWAC 3AKMN-
YHTb, YTO & eCTb He MCTHHHLIR BEKTOD, 2 MCEBAOBEKTOP.

1
1
N
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Tpr cMelleHHH U3 TOUKH P Ha OTPe3oK dr pyHxuus ¢
noNyvaeT npHpalieHue

89
dl]) = Z Eg dx,.

[MocnenHee BHpaMKeHHe He 3aBUCHT OT BEHIOOpa KOOPAH-
HaT X;, T. € npeacTapaser coboi uusapuant. CoBokyn-
yocTs Beanuuu dx; obpasyer sexrtop dr. Ilostromy (cM.
rexer, caenyomuit 3a dopmynohi (VI.28)) moxHO yT-
BEDPIKAATE, YTO BEJHYHHE Op/0x; CyTh NPOEKURH HEKOTO-
pOro BEKTOpa Ha OCH X; OTOT BEKTOp HasHB2IOT 2pa-
Juenros cKanspa ¢ u 0003HaualoT cHMBoOJoM grad¢.
Hrak,

gradg= Z—gf:e; (X1.2)
i

HAH, B OOHYIHHMX 0003HANCHUSX,
dp ap a9
gradtpma-i + Fg‘j +Ek

Onpenenenne (XI.2) nerko pacnpt}CTpaHH:l‘b Ha mpo-
CTpaHcTBO 1 uaMepenuii. B nocienneM cayuae YHCAO ¢aa-
raemuix B dhopmyae (XI.2) Gyaer paBHO He TpeM, a Ai.

oxaxeM, YTO KOMINOHEHTH Trpajuenra mpeoGpa-
ayworca no gopMynam (VI 37). Basas ase cHCTeMH KOOp-
annat K n K’, Moxso Ranucath

oo 99 ’
= — — X,. Xl 3
dp Zax; dx, Z,:Efd‘ (X1.3)
Butpasum dx, wepea dx,mo ¢popmyne (V1. 38} u noacra-
naM oTH Bupaxenns B (XI. 3):

Z‘%;%‘ dx, = Z ;:E dx;.

HzMeHHM B JieBOH YacTH NOPANOK CYMMHPOBAHHA MO HH-
nexcam i u k:

;dxigak‘%z—= Z-{%"’de‘;.

Muaekch i 0 k ABAAIOTCR HeMEMH. Kak yXe oTrMevanoch,
neMoft MHAeKC MOXHO ofo3HauuTe J0Gof OyKBOA.
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Mosromy cymm
@ clieBa He HIMEHHTCA, eCIH I
€
HHAEKCH { u k. B urore noayynm : A

Z{ dx:;au%=z%dx;.

U3 noayuyenHoro mamu cootHoweHus cneayer

29 - .

0x’ - a‘k 6 . *

] & s
;{:?mcoaﬂa,nae'r ¢ (VI.37). Takum o6paszoMm, mm mnoxa-
,unlﬂa:rw'? BEJIHYHHE O@/0x; npH Npeo6pasoBaHuaX KOOD-
2 BEAYT ce6A KaK KOMMOHEHTH BeKTOpA. '

o o 1 P H . i

paTDde}'iﬂb‘“?H BBEJ BEKTOPHEH nu(pdepennnansinl one-
p (oneparop nabaa) wuam oneparop I amunrsrona
L3

KOIOQL\.H llijIClaB. ie ‘06
I5eT ¢ OH BeKTO C COCTaBAAL iMH
[/ Ky /r_g’ ['/ <. p ‘JU-U 1

PR R T
v=iZ +jgy-+kE=Ze;—£;-. (XI. 4)
i

Saaen; o ceGe Bektop V cMsicna ke umeer. On nprHoGpe-
= CMBIC/, GYlyuH NpHMeHeH K cKanspHol uan BEKTOp-

i QyHKuuH. TaK, npu CHMBOAHUYECKOM yMHOXKeHHH V
Ha @ nosy4aercs rpagueHT :

o
V¢=ZC;E::—.
i

I(ljlgflx:‘onmenwo, Vo == grad 9. Cornacio (XI. 3) mpupa-
i€ @ MOXeT GHTb NPeACTaBACHO B BUe CKAJSAPHOrO
ipou3BelienHs BexTopos grad ¢ u dr:

dp =grad ¢ - dr = (Vg) dr. (XI. 5)

[pn NEPEMRIICHAN 11O NOBEPXHOCTH YpPOBHA @ OCTaercs
HeusMeHHOH (dg =0). Orciona B cOOTBETCTRBUY C (X1.5)
ir:}'rexaen uTo BeKTop Vo B Kaxaol Touxe moss Hanp.a‘;-
]JD{,‘ITI?C;{::'IHB-?{}:}!:‘:;:{AH K TOBEPXHOCTH ypoBHs. Haiinem cko-
pou d(p/di 60;1123 @ BI!}(EJIII:K_HEKOTOPOI‘O HanpasJedns [,
e ACHO (X1. 5) npupamenue ¢ na orpeske
parso (Vo)dl = (Vo) dl, rae (V@) — npoekuna rpa-

(Vop), dt
= (Vg);. Takum obpa el
PasoM, NMPOCKUUA FPAAHEHTa HA HEKO-

) dp
AHEeHTa Ha Hanpameuﬂe L, nDSTOM)’ —_—=
dl
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TOpoe HATpaBieHHe HLAeT CKOPOCT: H3IMEHeHMs ¢yHKUHH
P JAHHOM HanpaB/eHHH,

Ormerum, 4ro BekTop V@ CymecTByeT B Ka)K/A0H TOUKe
ckansphoro noas ¢. ClenoBarenbHo, rpajiuent cbpasyer
BEKTOpHOE ToJie, T. €. 061acTh NPOCTPAHCTBA, KaMAOH
TOUKEe KOTOPOR COOTRETCTBYeT OnpelejieHHOe 3Ha4YCHHe
BeKkTopa Veo.

Juseprenuus. Iycts waM AaHo nose sextopa 2. Ilo-
TOKOM BeKTOpa 4 uepe3 NOBePXHOCTh [ Ha3HBaercs BH-
paxeHue

¢¢=§a,,df=§adi. (XI. 6)

rie a,— NpOeKlHs BEeKTOpa a Ha MOJOMHTEJIbHYI HOp-
Majgb k niomanke df, df — BekTop sJeMeHTapHOR mnJo-
UIA[IKM, €70 MOAY/b paBeH BeJHUYHHE NAOWAAKH df, a Ha-
fipaBJeHHe COBNAjAdaeT ¢ HanpaBieHHeM NOJOKHTeJIbHOR
Hopmanu k naowaake. Hanpasienne NOJIOXKHTEJALHOA
HOPMAaJIH ONpEeeJisieTcsi B 3aBHCHMOCTH OT 0GCTOATENLCTB.
Tak, sanpumep, MpH BHYHC/ACHHH NMOTOKA Yepe3 3aMKHY-
TYI0O MOBEPXHOCTb MOJOMHTENBLHOA CYHTAGTCH BHELIHAA
HOpMalib.

Hassauue «noTok» OO6ycJOB/N€HO TeM, 4TO B cjay4yae
nosisi BeKTopa cKopocTH xKuakocTh uuterpan (XI.6) naer
MOTOK JKHUAKOCTH uepe3 NOBEPXHOCTD f, T. & 00beM XHI-
KOCTH, nporexaoiieli uepe3 [ B €JHHHIlY BpEMEHH.

OkpyXHuM TOuky P noas 3aMKHyTOH NOBEpPXHOCTHIO f.
BuuncauM noToK (M, uepes 3Ty nosepxHocth. OTHolIe-
uue @, k V Gyner xapakTepH3oBaTb CBOACTBA NOJA B
OKpecTHOCTH Toukd P, ycpeaHeHHne no oGmbeMmy V, aa-
kaouennoMmy sHyTpH . HUem MeHblue JHHeAHHE pasMephl
obbema, TeM Gauke Oyler cpeXHAR XAPAKTEPHCTHKA K
HCTHEHOA XapaKTepHCTHKe MoJiA B Touke P. Cranapuyio
BENHYHHY

diva=lim 3¢ =lim - §a,df  (XL.7)
V>0 Va0

Ha3WBAWT Ousepeenytied (MAH PacXoXKACHHEM) BeEKTOp-

"oro nons B Touke P.

Onpenenenne (XI.7) apasercsa camuim ofuuM, Ke aa-
BHCALLEM OT BHOOpa koopAnHaTHOR cucrembl. Hafinem
BHpaXKeHHe A7 AHBEpreHIUH 4epe3 NpOeKiHH & Ha OCH
NeKapToBON CHCTeMH KOOpAWHaT. BosbMeEM B OKPECTHO-
cTH ToukH P ofbeM B BHAE NPAMOYrOJAbLHONO Napafnaede-

16 M. B. Capcaves, T. |
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MHNIEAA ¢ TPARAMH, NEPNEHANKYISAPHHEMH K KOOpAHHAT-
HEM ocaM (puc. XI. 1). Hafizem norox BEKTOpa a uepea
rpadn I u 2, nepneHyukyaspHne K ocH x. Bremnsis HOp-
Manb K rpann | coBnajaer mo HANPaBJEHHIO ¢ OCHIO X.
MostoMy nas atoit rpa-
HH @, =@, (HHEAcKc |
YKa3nBaeT, 9TO 3Hade-
HHe g, Oeperca B TOY-
ke, JeXame#i Ha rpa-
Hy [). BrewHssa wHop-
Majb K rpaHu 2 nportn-
BONOAOXKHA Ji0 Hampap-
NeHHI0 och x. Tloatomy
AT HEee ;= —@ys
(nHaexc 2 ykasubaer,
Pac. XI1.1 uTo sHavyeHHe g, Geper-

CA B TOUKe, Neallledl Ha
rpapu 2). Cymmapanft notox 9epes rpauu [ u 2 pabpeH

D, = S ay, df, — S ax2df2=§ (@ —an)df, (XI. 8)
n @)
rae df =df) =df; {(cm. prc. X1 1), ax v @ Gepytea
Ans TOYEK rpane#t I u 2 ¢ oaMHakoBHMU y W z. HnTe-
rpaj, CTOAINHA cupasa, Gepercs DO NOBEPXHOCTH f noGolk
H3 rpanefi I n 2.
Pasnoxum a. B psa B okpecTHoCTH Toukn P:
da

a=aup+ (5), 60— x0)+ (52), 0~ un)+
+(52),e—2) e (X1.9

3aech Xp, Yp, Zp — KOOPJAHHATH TOYKH P, G.p — 3Hade-
HHe ax B Touke P, (da./0x)p u T. 1. — 3HAYERUS npoUa-
BOAHHX B TOUKe P, ey — BenHuHHa GOJiee BHICOKOTrO nQ-
PALKA MaJOCTH, 4eM PpasHoCTH (x—uxp), (y— yp),
(zc— 2p), T. €. BeJIHUMHA, yOHBaKOUWIas OLlcTpee, uem JiH-
HEHHHEe pasMeph napazzefenunena.

Ilonoxus B Bupaxennn (XL 9) x= x,, uafizem 3ma-
UeHHS Gx B TOYKAX TPaHH I, T. €. ay; NOJNOKHB X = X,
HONyYHM 3HAYEHHS Gxp. BHuTA 9TH 3HaveHus npyr w3
Apyra, NOJYMAM JAJIsi NPOTHBOMEKAIMHX NJAOWAAOK df
H df; (3HAYeHHN y ¥ z ANA HHX OJIHHAKOBhI)

== day
45 ax2=( ox )p (xl—x2)+e:p

A
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FA€ CNATH-TAKH €, — BelnuHHa, y6npaiomans OHcTpee,

gyeMm JUHelHne pasMepH oGbema.
[lopcrapns Hafiierhoe HaMH 3HauyeHRAe B (QOpMyay
(X1. 8), noayunm

©,= (%), (=) §at + ot~

- %’I;"-)P(xl—-xg)f-{—s.e;df.

Ya puc. XL 1 Brauo, uto npoussenenue (1 — x2)f Aaer
obvenm napannenenunena V. Tlosromy

aax ”

‘D"=( dx )PV—-l-sx,
rae 8:—- BeJiHYKHHA Oodee BHICOKOrO NOPSAAKA MANOCTH,
yem V. AHanorn4dne BHpAXKEeHHR NMOAYYAITCA H Aas No-
TOKCB 4Yé€pe3 naph I‘paﬂeﬁ, nepheHARKYAAPHEX K OCAM

g Haz
6“, aaz

o, =(Z2) Ve o, =(32), v+

Cnoxup sMecre @, ©; 1 O NOAYIHM NOAHHHA NO-
TOK BEKTOpa A Yepe3 MOBEPXHOCTh MNAapajjejcnunena.
Pasgeans cordacHo onpepaedenuio (XL 7) sror morTox
Ha V u cRenas npeieabnund nepexon') V—0, npuaem
K popmyae

‘ day day, daz
dwa==w+7y—+75; (X1. 10)

{3a HeHAROGHOCTbIO Mbi ONYCTHJH WHAEKC P npu npous-
BOAHBIX),
Hafizennoe namu oipamenune (XI. 10) aasa ausepren-
UHA MOXHO 3aNUcaTh B BHAE
1 da,
diva = ‘ Fral {X1.11)

B takoh cdopme NORATHe KHBEpPreRUHH MOXer OHTH pac-
NPOCTPAHEHO Ha BEKTOPHHE MO B MPOCTPAHCTBE £ M3-
umepernft. Onpenenenne (X1.7) Tamke MOXHO pacnpo-

') Tlpn npefenndoM nepexofe senHunun e/V obpamawtcd
B RYJb.

15*
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CTPAHHTL Ha NPOCTPAHCTRO n HaMmepeHHA. B atom caywae
oA >JAeMeHTOM ofbeMa ciefyer NOHHMaTh JV*=—=
= dxidxedxy ... dx, Hurerpan ayxno GpaTh mo rumep-
NOBEPXHOCTH DAa3MEpPHOCTH n— k. DaeMeRT runepno-
BEPXHOCTH, NEPNEHAHKYNASPHLIE K OCH X, Oyler pabeH
df*=dx\dx, ... dxpdxey1 ... dxa B npocrpancrse ne-
TEHPEX N3MepeNHH CHIePNCBEPXHOCTLI0 Oyler 0SBkl
TpexMepHufi ofbeM.

Bupaxenne (XL 11) wmoXHo paccmaTpuBath Kax
CYMMY nponsBenenufi peanuik V; == 3/0%; u a;, T. e. KaK
cKanapHoe nponabedehue BekTopop V ¢ a. Flostomy aun-
BEPreHUMIO MOIKHO NPEeACTABHTL B BHAE

div a = Va. (XI, 12)

Beanunra Va cyulecTsyer B Kamaofi TOUKe BEKTGPHOroQ
nona a. CneaopaTeAbHO, AMBepTeHUHA 06pa3yeT cKaasp-
HOe NoJie, ONpefeseHHoe B TOH Ke
YaCTH NPOCTPAHCTBZ, YTO K NoJe

BEKTOpa a.
BosbMeM B nofie pekvopa a Ko-
Heynnlfi ofbeM V, orpannueHnni
nmopepxHocthio | (puc. XI, 2). Pa-
306beM 3TOT 00BEeM Ha 3jeMeH-
tapine obbemu AV. Corsnaco
Puc. X1.2 (X1.7) nas mnotoka A®, uepes
ROBEPXHOCTL TAKOTo ofbeMa MOX-
HO Hanncath AQ, = diva-AV = Va-AV. Cnoxum »71H
BHpAaKeHua AR BceX 3J¢MeHTapHHx o6bemos. Tlpu
CYMMHpOBaHRH AM, NMOTOKH uepe3 Fpamy, pasiaesisioniHe
Jpa coceAHHx o0beMa, B3aHMHO YHHUYTOMXaTcA (AaA
CMEXHHX OObeMOB NOTOKH OTRHYAIOTCH 3HAKAMH, TaK
KaK BHelIHHe HOPMaJH N H N’ HMET NPOTHRONOJIONK-
Hble HanpapaeHna). HekoMneHCNPOBaHHHIMH OCTARHYTCA
TOABKO TNOTOKH Yepe3 YYacTKW BHellldiell nobepXHocTH f,
T4K YTO B CYMMe NONYIHTCA NOTOK BEKFOpa a uYepes 3Ty
nosepxnocte. Cymma cnpasa B npepene (npn AV—0)
NpeBpaTHTCA B HHTerpan no ecemy obnemy. [Npuéaa-
AeHHOe PaBeHCTBO B Npelene nepefiller B cTporoe papen-

¢T80. B HTOre noayunm

@a,.df=§ VadV. (XL 13)
!

[Nonyuennoe HaMB COOTHOLIEAHEe HOCHT HA3BAMHE TEO-
pemn Octporpaackoro— aycca: norox eexropa ueped
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SAMKRYTYIO NOBEPXROCTG DAGEH URTE2PALY OT dusepeesi-
guu no obvemy, 0PARULCHHOMY 3TOH NOBEPLHOCTHIO.

Potop. Llupkyasuueii Bekropa a no KOHTYpPY I' ma-
3HIBAETCH BRIpaXenHe

Ca=§adt=§a,dl. (XI. 14)
T T

Hanpumep, B moJe KOHCEPBATHBHHX CHJ WHPKYJALUS
pextropa F pasua pa6ore cuai Ha samkmytom nytH T

BoabmeM B oxpecrHocTH Toukn P kontyp T, sexawmui
B NJOCKOCTH, npoxopsiueii wepes P. Hailigem uupKyJas-
nuio C, no stomy kouTypy. OrHomenne C; K NOBEPXHO-
¢TH f, oxBaTHBaeMoll KOHTYpOM, OYAeT XapaKTepH30BATh
¢BOMiCTBAa NOA% B OKPECTHOCTH TOMKH P, ycpeiHeHHbe O
nosepxuocty f. Yem Menblie ANHeAHbIe pasMepH NMOBEPX-
HOCTH, TeMm Ojinxke Gyfer cCpeAHsis XapaKTEpPHCTHKA K HC-
THHHON XxapakTepHcTHke noas B Touke P. B mpenexe,
NpH CTATHBAHHH KOHTYpa K TOuKe P, CPeliHsA XapaKTepH-
CTHKa npepparturTcAd B HCTHHHYW0. Taxkum o0pasoM, CBOH-
CTBa BEKTOPHOTO NOJsA B HeKOTOPOH TOuke P MOXHO OXa-
PaKTepH30BaTh BeJHUHHON

tim €o — lim + & g ar. (XL 15)
=0 f >0 f T

Beauunna (XI.15) saBHCHT He TOJABKO OT CBOACTB
noAst B Touke P, Ho H OT OPHEHTALHH MAOCKOCTH, B KOTO-
pofi aemur xontyp. OpHeuraumio 310l
NAOCKOCTH B TPOCTPAHCTBE MOXKHO 3a-

AATh HOPMAJAbID K MJIOCKOCTH, CBs3aR-

HOMi ¢ Hampab/ieHHeM o0XxoAa MO KOHTY-

py I' npH UHTerpHpOBAHWH TMPABHJIOM

npasoro pHHta (pue. XI1.3) [Has pas-

HBIX HanpasJenu# n Benuunna (XI. 15)

Gyner uMeTh B oAHOA M ToH Xe Touke P

pa3Hce 3HaueRHe, NpHYEM, KaK Jerko Puc. XL.3
Cco06pa3ATh, NPOTHRONONOXKHEM  Ha- :
NpaBjieHUAM 0 COOTBETCTBYIOT 3HAYEHHS BeJAYHHH
(XL 15), oranuawiiuecs Toabko 3HaxoM. CaefosaTenb-
HO, BeJMuHHA, onpeaenseMasi gopmyaoit (XI. 15), semer
cefsi KaK MPOEKLHA HEKOTOPOro BEKTOpa Ha HanpaaJje-
HiHe HOpMAaJH K KoHTYpy I'. DTOT BEKTOp HASHBAKT pPo-
ropos (MAH euxpem) BEKTOPHOTO MOAA B TOUKE H
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0603HaualoT cHMposoM rof a. Taknm oﬁpaaom,

(rota), — nm%_ lim — @a, dl. (XL 16)
0 >0 f
@opryna (XI.18) nmaer camoe ofLiee onpesenchue
poTopa, He 3aBHCsilllee 0T BHOODA KOOPAHHATHOW CHCTe-
My, Hafizem Bupaxenue AAs
poOTOpa uepes NPGEeKUMH BEXTO-
pa 4 Ha OCH JeKapToBOH CHCTe-
M koopAHHaT. Hauuem ¢ onpe-
Ac/ieHHR  JNIPOCKLHN  BexTopa
rot a #a ocb x. Jlan aroro posb-
’ MeM B OKPeCTHOCTH Toukd &P
’21 koHryp [, aexawul B naocko-
s CTH, OEpNeHANKYNLDHOR K OCH
x {pwuc. Xl.4). Hanpasscuue
Puc. X1. 4 ofxofla RO KOHTYpPY BmbepeM
TaK, 4rofn OHO ©O0PasnbLBan0
¢ HanpaBleHUEM OCH X IIPaBOBHHTOBYID chcremy. Terna
HanpABJEHHA N H OCK X coBRALYT W Bupamedne (X1. 16)
pact (rota),. Jaa puibpauHOroe HaMH KOHTypa

o dt=Gadt—=§(a,dy +a.d2)
I i I r

Y

(ans Bcex 3neMeHTOB KONTYpa dx =0).
3Hauenun gy ANA TOYCK KOHTYPa MOJKHO NpeACTaBHTD

B BuzAe ')
ay = yp‘F(%E;‘) '(y"'yp)-'F(%) {z—2zp)t+ e, =
—consi-!—(ay) +( ) z-t 8y,

rae const BrJAKO4aer B cefq TPH CnaraeMex, He 3apHcA-
KX OF § N 2, ey— BeAKYHHA Gosdee BLICOKOTO NOPAAKA
MaJcecTH, uYem Jndefilme PA3MepH KOHTYpPA. Chnenosa-
TENAbHO,

@a dy =

zdy+ @ e, dy.

33

1) CMulcn BeAHYHH B STOM BHIPAKEHHM AHANOTHYEH CMuECAY Be-
aAmaan 8 Gopuyae (X1.9); caaraemoe ¢ {£— %) OTCYTCTBYET, TAK
KAaK AJA BCeX TOUEK KOHTYpa X = Xp.
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Jierko <¢o0o6pa3iTh, UTO @dy=0 ToyHo TaK XKe
paBeH HY/0 HHTErpaJt @ydy '/2@d(yg) Ha puc. XI.4

HETPYAHO 3aKJAKYHTHL, YTO @zdy= —f, rae f— nao-
mwans koHTyps. Taknm ofpasom

@a i -_(a“") Fe (XL 17)

rjae 8 — penuunda Gojee BLICOKOTC MOpAAXa MAJOCTH,

uem n.r!omanb koHtypa f.
[lponesas aHAJOTHYHLIC BHKNAAKKE ARA az, NPUAEM

K BHpaMeHHIo

(?az dz = const @ dz +

0“’ (g)ydz+(§) aaz) (i)zdz—l—@szdz

HuTterpaas @dz H @zdz='/2@d(zz) paBHH HYJMO,
@ya‘z=f. MMosToMy
@azdz= aaz) f+e. {XI. 18)

Bupaxerrs (XL 17) u (X1.18) B cymme pawor
@a,dl. Pazfentis B COOTBETCTBHH ¢ ONpeneseHHeM

(XI. 16) 3Ty cyMMy Ha | W OCYUIeCTBHB MpEACAbHWA ne-
pexoa '), noaydnm
aa da,,

ey JEE
(rota), = 3y 3

PaccMOTpeD UMPKYAALHIO RAS KOHTYPOB, OpHERTHDO-
BAHHHIX HOPpMAaAL D N0 OCAM ¥ M Z, MOXHO NOAYYHTD
NHpaKeRUss AAS HPOCKUHA POTOPA HA 3TH OCH:

a, da, da, da,
(rota), =7 — 5. (otah=5r— 55

GopMysn LIR OPOcKUHA poTOopa HA KOOpAHHATHHE
OCH JIerKo 3anoMHWTL, NpHBSAR BO BHUMaHHE, YTO B

1) Mpa apefensHoM Oepexoie beawunss e'/f ofpamawacs B
HyAb.
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KeXnofi u3s MAX MBREKC npH rota W Gykew, cronmme
CNpaBa B 3HaMeHATeAAX, 06pa3ylOT HHKJIHYECKYIO nepe-
CTAHOBKY, OCYMICCTBAREMYIO 110 CXEME: X —- §f
LY-T'4
3uas RpoeKNNY, NETKO HAfTH caM BeKTop:

da, da, da, da,
rota =e, dy -5:‘:_)+e&“( dz | ox

% _ o,

+e\5; 3 )" (X1.19)

C yuerom Toro, uro, Hanpumep, 0a./0y MOXKHO npejcra-
BuTh B BHAe Vya: u 1. A, (V, =3/0y — npoexuns Bek-
Topa V Ha ocb y), sannwem dopmyay (XI. 19) caenyio-
mum obpasom:
e e; €
e o o
rota= CAl. iRy o {X1. 20)
ax gy az

Haxonen, cpasnerne ¢ dopmynok (VI.31) naer nam
ApaBo HAMUCATh, 9TO

rota = [Va]. (X1. 21)

Bocnonbzonasmuch dopmynamn (VI.29) u (VI.33)
A4 BEKTOPHOTrO NPOHM3BEAEHHSN, MOXKHO HANHCATD ANA PO-
TOPa H ero k- KOMNOHEHTH clhelylo-

A IHe BHPaXeHuns:

da
."_ ' [Va)= Z 3&!6_;:01-
r ‘?.IE Ly

4 / a

= [Vali= ) eams 5,2 (XI.22)

Pee. XI.5 = 5

Rty Benuuuna [Va] cywecreyer B Kax-
Aofi Touke BekTOpHOro noas a, Cue-
AOBaTEAbHO, pOTOp oOpasyer BeKTOpHOe nojae, onpefe-
JleHHOe B TOH e YacTH MPOCTPAHCTBA, p Kotopofl 3a-
JlaHo noJjie BeKTOopa a.

BosbMeM B mose BekTOpa a mPON3BOALHYIO ROBepX-
HOcTb [, orpanmvennylo konrypoM I’ (KoHTYp MoMer
Outh M0GHM, He 06AsaTensHO NJocknM). PasoGbem o1y
MOBEPXHOCTD Ha Manue snemenTh Af (pue. X1.5). Co-
raacso (XL 16) ans umpxyasuun AC, no rpasuue sge-
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MeRTa Af MOXHO HamHcath Bpaxeuue AC; = [Va].Af,
rae [Va],— npoexnua [Va] Ha HopMmanab K nawHoH Af,
CBA3AHHYI0 ¢ HanpapjeHHeM o6xoXa NPaBWIOM HPAaBOTO
BHHTA.

CuoXuM 3TH BhHpaxenus fAna ecex Af. Ilpn cymmupo-

paunn AC, uHTerpaau Sa; dl, B3ATHe BAOABL IPaHARH

pasgesa COCEAHHX RAOUIAAOK, B3IAHMHO YHHYTOXaTCH
(IlJIﬂ CMeXXHhX NJAOLAACK 3TH HHTErpaJn OTAHYAIOTCS
3HAKOM, TAK Kax OepyTcsi B pasHHX HaNpaBAEHHAX).
HekoMneRcHpOBAHHEIMH OCTAHYTCA TOJbKO HHTErpajH

Sa; dl pas ywactkoB, copnagalomux ¢ koutypom T,

orpaBKuHBalOWIuM f. ITH UATErpanan A3AyT B COBOKYR-
HOCTH UWHDKYAAUHIO a no komrypy I. CymMa cnpasa B
npegene (npu Af--0)} npespatHTca B HATErpan no no-
pepxnocTd. [IpHOAHIKeHAOE paBeHCTBO B NpeAeae nepefi-
BeT B cTporoe paBecTBo. B Htore moayuum

&§ ayar= S [Va). df. (XI. 23)
r

Hafinennoe HaMH coOTROLIeHHe HOCHT HASBaHRE TEO-
pemn CTOKca: {UPAYAAUURA 6eKTOPG & NO SAMKRYTOMY
xorrypy T' pasue nororxy sexropa |Va) 4epes nosepx-
HOCTL, HATARYTYIO HA KORTYP T.

[TosepxnocTh, No KoTOpoR Gepercd HHTErpan B npa-
poii ‘yactu ¢opmyan (X1 23), wmoxer Omutb JicGof,
BANKHO JHIEL, YTOOH OHAa ONMupadack cBoell rpaHnmed Ha
koutyp . Hanpasnerne HOpManu m HOMXHO 6HTh CO-
rMacopaHo ¢ HanpapieidHeM o6XxoAa KoHtypa I' npm
HRTErpHpPOBAKHM,

MpnMeneune oneparopa V K npousnexenuo Gynxuui,
Mpu cocrasnerna GOpMYA, B KoTopbie BXOAHT V, HYKAO
PYKOBOACTBOBATHCA KaK APaBAAAMEH BeKTOpHOR anrebpn,
TaK H MNpaBHaaMH AH¢epeRUAANBHOIO NCIHCAEHHSA,
INycts, nanpuMep, ¢ U P — ckajaspHue PYHKUHA TOYKA.

Toraza
Y (gb) =V, (o%) + Yo (o) (XL 24)

(wapexc npu V ykaswmpaer, Ha Kakylo H3 (yHkuHil ona
neferayer). CoMHOMXKHTENb, HA KOTOPHIH B AaHHOM Chde
raemoMm V He jaeficTByer, MOXHO BHBECTH H3-nOX 3naka V
(oneparop V peficTByer TOJILKO Ha BENHYHHE, CTOANIHE
sa num). Torza dopmyna (XI1.24) npumer caemyiomyui
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pun: V{gpy) = ¢Vup + ¢V 9. B nanncannom HamMp BH-
pajKeHWH, OUERMAHO, HeT HeoOXOAHMOCTH 8 HHAEKCAX NPH
¥, Tax 9T0 OKOoHYATE/NbHO

Vigp)=9oVd + Vo (X1. 25)

(enTaerca: «dy rpaaueNT NCH NAIOC HCH TPALHEHT du»).

{Ipumennm V Kk npousseienuio ga. B stoM cayvae
nMeercs ABe BO3MOMHOCTH — BeKTOpH V H qa MONHO
NepeMHOKHTE KaK CKanspHo, Tak ¥ BekTapHo. CooTBer-
CTBEHAHO NMOAYYHM

V(ga) =V, (pa) + V.(ga)=aVyp + ¢Va (XI. 26)
(«a rpaguent $n naioc GH NUBePreHIUA av),
IV, (pa)] = [V,, (ga)l 4 (¥, (pa)} =
=[(Vg), a] + ¢[Va]. (XL 27)

Tenepy npumetnm V K npoussexensdio [ab], nepemuo-
WHRB BEKTOpHW CHavaAa CKaJApHO: V[ab]—Va[ab]-|-
+ Vs{ab). OcyumecTsHM B Ka)AoM H3 cAaraeMHX UHAK-
nuyeckyio nepecrakosry (V1. 3):

V[ab) =b[V,a] + a{b¥;)]=Db[V,a] — a[V,b]

(B0 BTOpOM claraeMoM Mbl NOMeHSHH MecTaMd b u V¥,
qro6pl BexTOp b okasaaca 3a oneparopom Vs, KOTOpHIf
Ha Hero JeficTByer; NpH 5TOM Y BEKTOPHOTO NpOH3IBeAe-
HAA K3MeHHACA 3HaK). OnycTHB HeHYXHHe YiKe WHAEK-
CH, IpuieM kK dopmyae

v [ab} = b[Va] — a [Vb] (X1. 28)

(«62 porop a muKyc a porop 63»).

Yuuomnm [ab] wva V  pekropro: [V[abl]l=
==[V.[ab}] 4+ [V, [ab]]. Paseepuem kaxioe 3 charae-
MHX 10 ¢opmyae «6an MuEyc nab» (cm. (V1. 5)):
[V [ab]] = a(V,b)—Db(Vza)+ a(Veb)—b(Vea). Pac-
CTapHB MHOKHTENH TAK, YTOGl MOXHO O6bJ0 ONyCTHTDH
HEHCKCH NpH V, moayuyaM

[V[ab]] = (b¥}a — (a¥)b + 2 (Vb) — b(Va). (XI.29)

Bupaxenusz (a¥) u (bV) cyre ckaaspuue Rudde-
peauua.ubuue onepa'ropu Hanpamep,

@V)=a, 5 + 8, 5+ 2= Za, . {X1.30)
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OTH ONepaTOPH MOTYT NPHUMEHATHCA KaK K CKAJAPHHM,
TaX H K BeKTOpHRM ¢yRxkunsM. B npumeHeHMH K cKa-
aapy ¢ oneparop (XI.30) zaer

(aV)g = Za.—-g%=a(VqJ). (XI. 31)
i

IMpu aeficteun onepatopa (aV) na pexktop b nmoayusaercs
BHpaXeHHBe

(av)b = Za, Z a; ax (Z e,bk)
- Ze,z:a,—é;*— (XL. 32)
P’ 7 L

[Mpumenrm oneparop (X1.30) k npomssedenxio cka-
aapHoft GyHKUUN ¢ H BeKTOpHON PyHKUMM b:

(av){gd) = (aV,) (gb) + (a¥,) (¢b) =
=bd(@Vip+¢a¥)b=>0b{a . Vo)t o(aV)b. (XI.33)

Moaesno 3HaThL 3HaueHHe Bupaxenun (aV)r, rae r—
pannyc-BeKTOp, 2 — HEKOTOpWA MNpPON3BOABHHA BexTOp.
Moacrasus & (XI1.32) r BMecTe b u npuHAB BO BHAMA-
HUe, 4TO OXi/0%i = §ip, MONYUNM

(av)r = );, &4 ;‘, a0y = );, eoa, = 8. (XI.34)

@opuyan (XI.25)— (XL 29) mun noayuanu Jaerko.
Caoxnee 06CTOHT AeNo ¢ HAXOMAEHHEM rpajdHeHTa CKa-
ApHOrO npou3pefileHla ABYX BexTopoB: ¥{(ab), Tak Kak
NescHO, YTO HAaf0 NOHWMAThL HOA, HaupHMep, BHpaXe-
uum.‘é"g(ab} Ero Hesnw3s Tpakropath kak (V.a)b, n6o
onepanun nepemuoxenns a ¢ b n npumenenus Vo ne ne-
pecTaBEME. JTO 3aTPYAHCHHEe MOXKHO OCGOfTH, BOCMOJDL-
J0BABUIHCL BCNIOMOTATEALHHMH COOTHOWEHAAMH, BHTE-
KaowAMA B3 GOPMyAH <«Gam M Jc nab»: [a[Vb]]=
= Vs (ab)—b{(V,a) = V,(ab)— (aV)b, oTkyaa

v, (ab)= [a [¥b}) + (a¥} b. (X1. 35)

3anucas takum Xe cnocoboM [b[Va]], npugem x coor~
HOTIEHHIO

v.(ab)=[b[va]] + (bV)a. (X1.36)
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IloacranoBka cooTtnHomenadt (XI.35) m (X1.36) s dop-
Myay
V (ab) = ¥, (ab) + V, (ab)

NPpHBOAKT K CJelylOleMy BHIPaXeHHI0O AAS TpajgHeHTa
CKanApHOTO NMPOH3BeleHHsI BEKTOpoB a 1 b:

V(ab)=[a [Vb]} + [b[Va]l + (a¥) b + (bV)a. (XI.37)

MMosropHoe mpumeunende onepasopa V. B pesyantare
BO3AeHCTBUHA onepaTopa V HA CKaAspHKe HAH BEKTOPHHE
(YRKUHH TOAYYAIOTCA HOBHE BEKTOpHBIe Ju00 cKansapHHe
¢YHKIAH, K KOTODHM B CBOIC oYepelb MoKeT GHTL nmpH-
MeHeH oneparop V.

T'pagrent ¢yBkunn @ ecTh BekTop., CheJoBaTesbHO,
K HeMy MOryT OLTb NpHMeHeHH GNepauHu H ARHBEpTeH-
HHH, W poTopa. BounciauM mueepreHuHio rpagnenta, Co-
raacuo dopmynam (X1.2) u (X1.11)

V)= Vig =} 5= (Veh =Y, 5 or =
¢ i

e m —1
L Z‘: o Ag.
Takum oGpasom,
V(Vg)=Ag, (XI. 38)
rie A —oneparop Jlannaca:

# L, »

Hs npeaelaniplX HAMH BHKAAAOK BRHTEKaeT, UToO
V=A (X1. 40)

Oanako HYXKRO HMeTh B BHAY, YTO TaKOe COOTHOUICHRE
MEeXAY oneparopaMd V H A HMeeT MecTo TOABKO B Ae-
KapTOBHX KoopauHaTax. B Apyrux cucTemax KoopAuHart,
HAmIpHMep B LHAWHApHYECKOR HAH chepHYecKoR, cOOTHO-
werue (XI.40) He BunmoaHAerTcA. Camum o6uwEM onpe-
AeJieHHeM onepaTopz A, CpaBelIHBRM B JI060HA cCHCTeMe
KOODAHHAT, ABAACTCA ONpeleNensde, BHITeKalolilee M3 CO-
oTHomenna (X1 38), xoTopoe MOXKO sanmkcarb B BHAE

Ap=divgradg. (X1. 41)
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Hafigem rot grad ¢. Cornacso (XI. 22)
d (9
¥, Vol= ), emgr () e (X14D)

Lok

TMockoabRy 0% /0x0x, — 0%@/dx,0x;, nNocAesHee BHpa-
¥eHHe papHO BYAW0, TAK MTO

rotgrade =0. (X1. 43)

DTOr0 W CJeA0BANO OXHAATh, Tak kak [V, Vo] =[VV]q,
a BeKTOpHOe MPOR3BeflcHNe BEKTOpA Ha caMoro ceOs pap-
HO HYJIO.

Bruncans Aupeprennmio poropa. CoraacHo ¢opmy-
aam (XL 1) u (XI.22)

¢ dap Edi 9 &n

b [V“1=Z ax ( Srmn g )—- Z Ermn ax, 0%, °
& L NP o koo

Tak Kak 02a,/0%x0%m = PQnf0xmOx;, NOCAEAHEE BHPA-

XKenue pasio Hyalo. CleaoBaTelbdo,

divrota=0. (XI. 44)

K atoMy pesyasTaTy MoXhe GHao npufiTa cpasy, npH-
HB BO BHYMAaHME, NTO CMellaRHOe NPOH3BEAEHHEe BEKTO-
pos (kaxosuM apaserca V[Va]) pasuo oGbemy napai-
NenenuneAa, MOCTPOCHHOIO HA MEPeMHOXKAEMBIX BEKTO-
pax. TlosToMy NpH cOBnajieHHy ABYX COMHOMHTENCH H3
TPeX Takoe NPOU3BEHEeHHEe PABHO HYJIO,

Iias puuncxenun rotrota Gydem ncxofuth w3 ¢op-
mya (XI.22):

[VIVa]ll= Z &ip1 —5% ( Z €tmn 30%) €.

Lkl

[MponseefeM HHKIHYECKYIO NEPECTAHOBKY HHAEKCOB TMPH
¢ Tak, 4To0nl HHAeKC k B oBOHX e OKasajicd Ha NOCAeA-
HeM MecTe W Bocnosbayemcs coornomenneMm (V1. 16),
B utore noay4uM

0’03 : .
[VIvali= ) e x, ox Y et =
LI, man &
a’
= Z e T?;; (B1;mB1s — B1401m) =
L, imn
#a Pan,
-2 3%, dx Otmin — 2 o%,0x_, dindim:
LhLmn LiLmn
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OcyuiecTsiM CYyMMHpOB2HHE NO HBjeKcaM m H n. B pe-
3yAbTaTe MOAYYCHHOE HiMH BHIpaXKCHHC NPHMET BHI

da, d%a,
ze‘ dx. @ —-ZQJ axt ’
N 1 9% il i

YTO MOXKHO MPEACTABHTL CNeAYiOUIHM 06pasom:
2 da ¢
Ze‘a_x,(z E'L)—Z_;i_x? (Z a,e,)=v(\7a) — Aa.
] ‘ U i !

Hrak, MBI NPpHILJH X QopMye

[V[Va]}=V(Va) — Aa (XI. 45)
HAW
rotrota =grad diva — Aa. (XI. 46)

Jlerko yGeAnThea B TOM, uTo cooTHowelHe (XI. 45)
MOXKHO NOAY4KTb, ecnn paspepuyts [V[Va}] no dop-
Myne «Bail Munyc uab», oGpamanck npH 3ToM ¢ ¥ Kak
¢ OGHYHHM BEKTODOM.

H3 (XI.46) shiTexaer, uTO

grad diva=rotrota | Aa. (XI. 47)

JupepreHuna sBaserca ckaaapoM. [lostomy HuKaKoh
OfepallH, KpoMe ONepalHd HaxOoXAeHHA FPafHeHTa,
K Hell NpHMeHHTh HEAb3SH.

Hexoropue dopMyam sextopuero anaamda. Hadaewm
AHMBEPreHNKIO ¥ POTOP PanMyca-BEKTOpPa F, a TaKXe rpa-
AHEHT Moayas r. [IpuHAB BO PHHMaMNHe, UTO r = (X «D)",
nonyunm coraacuo (XI.2)

or x r
vr =2e,-&7=i2e;7‘=7=e,, (XI.48)

rae e, — OpT pafHyca-BeKTOpa I,
B cooreercTeun ¢ (XI1. 11}

or, az,
Vl‘=;~5;:-=z—a-g-=3 (XI. 49)

(Mu Hcnoanzopaan TOT akr, uro r,=x;). B n-npo-
CTpaHCTBE VF =1n.
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Jlerko y6eAnTbCsl B TOM, YTO POTOP pajHyca-BeKTCpa

paBeH HyJMIO:
[¥r]=0. (X1.60)

s sTOro MOXKHO BOCNOAB30BaThesa (opmynoi (XI. 22),
3aMeHHB B Hefl 4, uepes X Toraa noayyum

dx
&
[Vel= E Bkt 35 1 Z 25100081
GE ! Lk

1o BHpaXeHHe PABHO HYNO, TAK KaK NpH ORWHAKOBHX
3HAYCHHAX MHAEKCOB i H & ofpaimnaetca B KyJabh MHOXH-
Tedb €igr, @ NpH pasfHYHHX 3HaYeHUAX — obpautaeTca
B HY/Ib MHOXKHTENb &4,

Cootomesine {XI.50) BHTeKaeT TakXe M3 TOro, 4ro
RUPKYAALHS BEKTOPA T NO AI060MY KOHTYPY PaBHa HYJIO.
Jlefictparennto, coraacio (XI. 14)

C, =(§rd1 =(§(xdx+ydy+ 2dz)=
=-;-®d{x2+yz+ 22),

[Mox 3HaxoM HHTETpasa CTOMT NOJHHKA Auddepenunad,
NOSTOMY HHTErpan paseH HYJIO.

Teneps HafifleM rpajuenT QYHENEK OT r, T. €. Vo(r).
UacTrasi npowssoaHas of @(r) no x, nmMeer BHA'),
dp[Oxr = Og/Or-Or[0xy = OgfOr - x:/r. CaefoBarentno,

dp r
V‘P(")=Z% = =5 Uap
& &

IMpuane Bo snuManpe dopuyay (XI 48), mMoxHO HamH-
CaTh

% W
=20, (XIS

Mycts umeeresi QYHKORA PACCTOAHHA MEXAY ABYMA
TOUKAMHU!

ql(lr-—r’l)=@(»\/2‘: (x.— %)’ )= (R)

R=a/), (x;— x‘:)"‘.

rne

1) Mu Hanucans dg/dr Buecto d@/fdr, ROCKOADKY MOMET Uy,
WILTLCA, 9T @, KPOME f, 32BHCHT eime, ckaXes, ot L.
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Onepanuio HaXoXAeHHA TPAAHEHTA MOKHO NPUMEHHTH
K 3Tofi GyMKuMH ABYMA CcROCO6AMH — MOMHO NpOM3-
BoauTL Aldppepenunpopaune ANGO Mo KOOPAHHATAM X,
an6o no koopaxHaTaM x;. Yrobu pasnruate 3TH ABA

rpajveHTa, B TIEPBOM cCJy4ae MW GyAeM N0Ab30BAaTLCH
obosnayeHneM V, a Bo pPTOpOM chyuae — ofoanaueHHeM
V‘. KomnonenTal rpaaienTa B 060HX CNY4asaX HMEIOT BAA

(Vo), = 0p/OR - OR/Ox,, (V'g), =0I9/OR - OR/0x;.

Ouepnano, uTo nNpoH3BOAHHEe OR/dx; W AR/dx; oran-
YaloTcA TOALKO 3HakoM, OTCIOAA 3aKJIUaEM, YTO
Vo= —Vq. (XI. 52)

Bruncanm porop opra e, =r/r. Ilpeacrasue r/r Kak
npoHsBefeHke @ =1/r Ha a=r, npHMeHUM GopMynry
(X1. 27). B peaynntate nmoayunm: [V r/r]=I[V(1/r), 7} +
+(1/r) [Vr]. Coraacho (X1.51) V(1/r)= —(l/r’)rfr
IlosTomy nepsoe caaraemoe paBHO HYyJI0. Bropoe caa-
raemMoe papho HyJaio B coorBercrBAH ¢ (XI. 50). Takum

oGpazom,
[V, rir}=[Ve,}=0. (XI. 53)

Tenepe nafinem porop ¢dynxuun @(r)e, rae ¢(r)—
npoussoarnas Pynkuns or 7. [lppMenunm cHoba popMyan
(X1.27) n (X1.51):

V. o(r)e, ] =[Vo(r). ¢+ @(r)[Ve,]=
= [(0g/dr}e,, e]+ @(r){Ve,]=0
(cw. (XI1.53)). Hrak,
v, ¢(r)e]=0. (X1.54)
[lycts nam paHa BekTopHas QyHxuowa a(E)=
= Za,(g) €, CKanspHOH BeaHuHBH f, KOTOpas B CBOWO

oqepem: ABAACTCH (QyHKUHeR KoopaWHAT Xy, E=E(x).
Hafinem potop W nuBeprenuuio stofi Gynxuun. Mo npa-

BHAAM AH[IJ(I)BPGHL[HPOB&HHH cAOMHOH (I)YHKH.HH
da, da, OF
ax‘ =l=0—E Et: . (XI 55)

Coraacno (XI.22)

[Va}= Z ’»mg-er E Eint ag ax
Y Y’
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Bennuuna da./0F ects k- KOMNOHeHTa BekTopa da/dk,
a 0t/0x; ectb -7 KOMNOHeHTa rpaauenta ¢ynkuuu E.
ClenoBaTenbHo,

Val= Y ewr(vek (35), & =[5 5

Lk I

(M Bocnoab3oBaance popmynoii (VI.29)). Hrak, ecan
a=al(f), rae f =§(x,, %, x3), 10

(va) =[vz, —% . (X1. 56)

Ias naxomaeHus gupepredHnn ¢pyHkunu a (g} Gyldem
nexoants A3 popmyan (XL 11). Yura (XI1. 55), I'IOJIY'-]HM

=T =X = L) =g v
(x1.57)

INoaoxne B dopmyaax (XL.56) n (XL.57) Et=r
(r — MolyAy panuyca-BeKTOpa), MOAYUHM, 4TO

va@)=[vr, S2]=[e., 3], (xL58)
Va(r)=32vr= (XI. 59)

{cm. (XI.48)).
Hokanem dopmyny

S [ValdV = § [nalaf = § [dt, 3], (XL 60)
Vv f f

rAc a — HeKOTOpaA BeKTOPHAS QYHKUHA, V — npoH3BOb-
huif o6BbeM, f — OrpaHHYHBAOLWAA €r0 NOBepXHOCTb, N —
DlCLIEAA HOPMaJab K 3/JeMeHTY noBepxHoctd df. Has
TOr0 YMHOMHM ckanapHo eekrop [Va] wa npodssons-
Hufi  pocroarHuf sekTop b, M3 dopmyan Viab]=
:=b[Va] —a[¥b] (cm. (XI.28)) caenyer, uto b[Va]=
ws V[abl4 a[Vb] =V [ab] ([VD]40, Tak Kak b=
= const). Temepp npoHHTerpHUpyeM NOMyueHHOe COOTHO-
HieliHe NO HeKOTOpOMY 06beMy V M NpHMeHUM K MpaBoR
uacTh Teopemy Octporpaickoro — Faycca:

{ bIvalav ={ v [ab] av = § [ab]nd}.
v v f
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BHOOAHHE B NOCNSAHEM HHTErpaie NHK/IHYECKYIO mne-
pecTaHOBKY MepeMHOXaemuix BekTopoB {cM. (VI.3)),

NOAYYHM S b ([Va]dV = @ b[naldf. BuHecem mnocrosn-
f

v
HHA BekTop b 3a 3Hak HHTerpana:

b S [ValdV =b § [na] df.
v F

IlonyyeHHoe COOTHOINEHHE AOC/IKHO BHIICJAHATECH [DPH
NpPOH3BONLHOM BHGOpe BekTopa b. TlosToMy Ha b MOXHO
cOKpaTHTh. B peayabTaTe MH npuldeM K (Qopmysae
(X1. 60).

Hurerpanbroe ompenencune oneparopa Y. Pacemor-
PHM MHTErpaJ 1o 3aMKRYTol NoBepXHocTH f:

§odt, (X1. 61)

rae ¢ — NPOH3BOAbHAA cKaaspHas Qyrkuud, df = ndf —
ajleMeHTapHuA BexkTOp nmaocwaaku df. BosbMem B Kaue-
CTEE NOBEPXHOCTH, NG KOTOPOHl BHMHMCASCTCA HETErpas,
NMOBEPXHOCTb GeCKOHEUHO MAaJjore NPAMOYIoiibHOMO na-
panienenunefa co cropoHamu dx, dy, dz. Torna uHre-
rpaa (XI.61) mMoKHO NPEACTABHTbL KAK CYMMY LIECTH HH-
TErpanos, Kax A H3 KOTOPHX BHYHCAAEICA NO OAHOH
u3 rpasedl napajjenenunefd. BBERY MaJOCTH TpaHeH
3HAYEeHHS ¢ B fpelefaX KAKAOH rpaHd MONHO CUATATH
nocToaHHEM. ChenosaTeNbRo,

Hodi=c.lolx+ax 4, D—olx 5, Ndyde+
4 e, lplx, y+dy, 2) —qlx, y, 20 dxdz 4
+ e [qlx, y, 2+ d2) —q(x, y, 2)]ldxrdy =
a a a
= (ex a—r +e, % - e,%) dxdydz =Vodl.
O1cioaa moaydaem, 410

Vo =lim - @ pdt. (X1. 62)

V=0
B coorsercteun ¢ ¢Qopmyaon (XI.62) onepavop V
MOXKHO ONpeleNnTL cledylomyM obpasom:

: 1
v_‘m—v-@dt. (XI. 63)
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BoszbMeM Hekovophifi ofbem V M pasobbeM e€ro Ha
anemcuTapiue ob6bemu AV. Cornacro gopmyne (XI. 62)
AAA KaXXA0ro o6beMa BLIMOAAAeTCS NpulneHHce pa-

penctee Vo AV =~ @q; daf.

Tenepb NpocyMMApyeM 3TO PAaBEHCTE0 NO BCEM dne-
menrapHuM ofbemaM. [lpa cyMMnpoBakHH npashe ua-
CTH, COOTBETCTBYIOIKE MOBEPXHOCTSIM pA3fe/ia COCEAHHX
06heMOB, B3aHMHO yHHuTOXaTcA. OCTaByTCs HEKOMMeH-
CHPOBAHHEIMH TO/BLKO WICHH, OTBedaloulHe BHelUBeR no-
sepxHoctu. [loatomy, nepefas x npeieny, NpA KOTOpOM
Bce AV —0, MR NpAgeM K COOTHOIEHHIO

SVq:dV= $oadt. (X1. 64)
v f

Coraacuo (XI.64) muterpasn OT cKanfpHod (PYHKUHH @
No 3aMKHYTOA NOBEPXHOCTH [ MOXHO npeobpas3oBaTh B
HATErpaJ Mo 3aKJAUYeHHOMY B HeH oObeMy, 3aMeHHB dJie-
menT nopepxHoctu df oneparopom VdV. Ilpu stom koM-
noHenTh df nperepneraioT npeobpasoBanue

i ]
dfy>dV . (X1. 65)

Pazymeercsa, 803MOXHO B o6paTHoe npeobpa3opaiie.
ABnanorHyHo OOCTOHT Aeno M ¢ HHTEFpanoM OT BeK-
toproti  Gynkuuu. [JleficTBHTeNbHO, COTAAcHO TeopeMe

Ocrporpaackoro — Taycca  (em. (X1 13)) S VadlV =
v

m@a df, uTo Takke cornacyetcs ¢ (XI.68).

i

Boo6ume npeobpasosanne (XI.65) aomycTMo Beeraa,
HeIABUCHMO OT KOHKPETHOrO BHAA BHpaXceHHH, CTOFUHX
noj ssaxom murerpajos. Ilpumepom Taxoro npeoGpa3so-
BAHHS MOMKeT cayXuTb cooTHowenne (XI.60).

Kpupoaunehnsie koopaunatel, Muoraa GuiBaer yao6Ho
ofipeAenaTh MOJOKEHHE TOUKH He AE€KAPTOBHMYH KOOPAH-
WATAMH X), X2, X3, @ TpeMA APYrHMH YUCAaMH ¢y, G2, ¢3
Gosice COOTBETCTRYIOIMIAMH XapaKTepy paccMaTpuBaeMod
AANAUH. DTH YHCNA HASHBAIOTCA KPHEOAUNEINLIME KOOP-
GURATAMY TOYKL.
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Hanoxne (ecan B Tom Bo3RHKaer HeoOX0EHMOCTD }
OrpaHHYCHNA Ha 00XacTh HSMEHEHHR KPHBOJAHHEHHBIX KO-
OpAHHAT, MOXKHO AOGHTBLCA D3aHMHO ORHO3HAYHOTO COOT-
BCTCTBHSA nepeMedHux x; W ¢ Torha q; = q;(xy, x, Xa),
Xi=xi(q1, 92, @z) (i = 1,2, 3).

[loBepxHOCTH, KOTOpHE ORHCHBaIOTCHA yYpaBHEHREM
Gi(xi, X2, ¥3) = const, HasmBawTCH KOOPOUHATHEIMY no-
aepxnocramu. Jlnenu nepecewenns asyx KOOpAHHATHHIX
NOBEPXHOCTEH HA3WBAOTCA KOOPOURATHOLME AUNUAME,
Boab KkoopAHHATHOM AUMHH H3MeHSeTCs TOABKO oliHa
KGOpPAHHATA, OCTANIBHUE ABE OCTAIOTCH HEUIMOHHB! MU,

Ipumepom kpuponsHefinmx KOOPAMHAT MOXCT C/Iy-
KKTh chepHueckas cHeTeMa: r, 9, ¢. B sToM cayuae ko-
OPAHHATHBIMN NOBEPXHOCTAMHU sBAIOTCS: 1) cheput, r =
= const, 2) noaykonyew, 9 == const, 3) MONYIJIOCKOCTH,
@ = const. KoopanHATHBIEe JAWHHM npeAcTaBARIOT cOGOM:
1) pamnycti — numnu r, 2) MepuauaHt — AHHUH 4, 3) na-
paJanenyu — NMHHAR @,

Ecan koopanHaTAMe nunan B KaXAOH TOYKe B3AHMHO
NEPNEHAUKYNAPHBI, KPHBONHEEAHbBIE KOODAHHATH Ha3bl-
BRIOTCA OpTOCOHAAbHEIMY. MH orpasnunmcs pacemoTtpe-
EHEM TOJIBKO OPTOTOHANbHHIX KoopanHaT. Cdeprueckue
H OHRAAHApHYECKHE KOOPAYHATH NPHBALJNEXAT K HX
THCJTY.

Beenem ans kaxaofi Toukn P oprh e, €, e; Ha-
NPAaBJACHALIC NO KACATENLHEIM K KOOPAUHATHHIM JAUHHAM
B IaHRONW TOYKE B CTOPOHY BO3PAaCTAaHHS COOTBETCTBYIO-
WX nepeMeHHEIX ¢;. B cmay optoromanbHOCTH Aas op-
TOB €; BHNONHAITCA COOTHOUICHHS

ee; =3, (X1. 66)

Onpeslent nponsBogKyio pannyca-pekTopa =
=r {41, g2, ¢») no Koopannate g;. OcranbHbe ABe KOOp-
AAHATH NpH AU GepeHIHPOPAKHA He H3MeHsotcA, Cie-
AOBATENLHO, NPH COOGWIEHNH KOOPAMHATE ¢ MpHpale-
HHA 84; KOHEW BeKTOpa I MepeMellaeTcss BAOAL KOODAH-
HaTHOR nuuun g, Tlostomy Bexrop dr/dg; HanpasJieH no
KacareJbHOH K KOODAMHATHOR JHHUH i, T. €. KOJJHHea-
pen ¢ €. OGo3aHauWep MOAYJbL BeKTOpa or/dq; cumBso-

oM Hi, moXHO HanncaTs, 4T

a .
7,;"— =He (i=1,2, 3), (X1. 67)
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Ipepcraeus £ B BHAE 2, %3¢, (€x — OPTH JekapTo-
BHIX KCOPAHHATHHIX ocefl), MoXHO HamHcaTh, 4TO

or dx . 5
= —£ e, = H‘eg (‘ T l, 2’ 3)'
ag, g dq, Tk

Bospeas 310 cooTHolIeHHe B KBAAPAT, MOAYUHM

Ix. \2
Hg-_—.zk:(a_::) ((=1,23. (XL.68)

Beanunuw H; nasmpawtes Kos@duguenramu JTame,
Hx snauenns MoxHo nafitn mo ¢opmyne (XI.68), ecan
H3pecTeH BHA dyHKUWA X, = xs(¢:). Hanpumep, B cuy-
uze chephyeckofl cHcTeMH KOOpPAHHAT X = r sin & cos @,
Xz =r sin #sin ¢, x3 = r cos ¢. Orciona

9% _ 0% _ o 9% _ 9% __ indsing,
Fq, = ar —sindcosg, oq . or ¢

0xs —-ailzcosﬂ
dg, ~ ar .

Tak uto coraacuo (XI, 68)
H? =(sin 6 cos g + (sin ® sin ¢ 4 (cos )’ = 1.

Tlponenas ananornunnie pukAaAKd aas H, u Ha, no-

JAYUYHM
4 H=1, Ho=r, H3=rsin0. (XI.GQ)

Hafizem xBagpat paccronnns ds Mexay AByMA TOY-
kamn. Corxacuo (XI. 67)

dr= 7%'7 dg,=) H&dg.  (X1.70)
i i

CnenosaTtennso,

ds*=|drP= ); Hrdg2. (XL 71)

Jlnn chepuveckolt chcTeMn KOOPAMHAT sta opMyaa
naer . 5 PN g
ds=dr® 4 r2d* 4- r’sin* & d¢®. (X1.72)

[lposenem uepezs wauaso m KOHeN BeKTOpa dr Koop-
AHNATHLIC NOBEPXHOCTH. B pesyxbTaTe NONYYHTCA GeCKo-
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HEYHO MaAKH Hapaanenenuned, pefpa KCTOPOro cOrAacHo
(X1.70) paeen

dhi=H,dg, (i=1,23). . (XI.73)

Fpann svoro napansesenuneia G6yAyr uMeTh NAQIIAADL

df1=H2H3dQ'2dQ3, df2=H8Hl dqadqlv
dfs= H,H,dq, dg,. S

O6bem e napannenenunena pasen
dV=H|H2H3dQ| dqa‘)dq;; (XE75)

Bumecto suuncaexus no dopmyaam (XI.68) xosddu-
uneHTH Jlame MOXHO HAXOANTL ¢ NOMOUIBLIO BHIPAXKeHU#
(XL 73). Tak, manpumep, B ciydae chepuueckux xkoop-
puanat (puc. XI.6) snemeurap-
HHH  napaAjenendnen  uMeer
pebpa dl, =dr, dl, == rd3,
dly =r sin 8dg, otkysa a3 Ko-
sppuuucrtos Jlame cpasy ne-
Ayyaloten sHavenur (XI. 69),

Puc. XI.6

B cayaae uuaumapmueckodi cueTemMm  Koopauuat
(puc. X1.7) pebpa siementapuoro napaafenenuiesa
paenu dly = dp, dly = pdy, dls = dz, otkyRa

Hl-_-—l, H2=P, H3=l (Xl?ﬁ

Hafinem prpakeHHe rpanuenta B KpHBOMHHEAHKX Ko~
opaunatax. Coraacio dopmyne (XI.5) npoexuus rpa-
RHEHTa QYHKUHW  Ha HanpapieHHe OpTa e; pasHa
oy /dli. Tpuuss Bo BuuManue (XI.73), noaywum, yro

% 1 ay
. = H, o "
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Cam Xe rpaguerT onpefensercs popMynol

50 N1 9 .
Vl!J—Z?:Te:—Z H, 3, v L)

ClefopaTeNbHO, B C(PepHUecKOl cHCTeMe KOOPAHHAT

__ & t 0% RIULTIDLC, &
v‘p—'@Te’-{-? o8 €o + rsind og ¢e: (X1.78)

a B UHAHHIPHYECKOI cHCcTeMe

7] 1 8 d
v¢=%ep F—a%eo +T:ez' (X1.79)

Ins onpenedeHHs HAWBEpreHUKH B KPHBONHWHEAHLIX
KOOpAAHATAX OGyAeM HCXOAMTL M3 onpegeaenna (XI1.7}),
COTR2CHO KOTOPOMY

. " i
Va=hm%<$)adt=hm?. (XL. 80)

V0 ¥ a0

B xauecTee V Bo3bMeM 00beM eckoHeuHo MaJoro napaJ-
Aenennnesa, 3agaouauero s cebe Touky P, Ana KoTo-
poli BHMHCAReTCH AnBeprennna. Paccyxiana Tax e, Kak
npH noayuenus dopmyan {XI. 11), nandiieM snpaxenne
AN% NOTOKa Yepe3 rpaHy, NeprHeHAUKYAAPHHE K OPTY e):

O, =a, Af, — a] Af] =
= (a,H,Hy) g, Mg, — (a,H,H )" Ag, Ag,

(cm. (XI.74)). 3mecy a, — npoeKUHs BEKTOPa A Ha Ha-
npaeaenne e,. OARMM IWITPHXOM NOMEYEHH 3HAUCHUA Be-
JHYHK, OTHOCAUIHECA K OAHOA H3 NPOTHROJNEMSLRAX APYT
EpYFy rpaHed, ABYMs IUTPHXaMH — JHAYEHHA, OTHOCHA-
wHeca K apyrofl rpaHu.

Pasnoxus a;HaHy B pAA B OKpecTROCTH TOYKH P,
noAy4YHM

@, = 28 5g, pgy Ay + &=
| d(a, Hy

= H,H,H, 39,

rae V —o6bem napaanesennnena {(cm. (XI.75)), e —
pefdudna Godee BHCOKOro TNOPsAKA MaNOCTH, YeM
AHanorvyno BHIYHCAAITCA TNOTOKA Hepe3 Jse Apyrue

Hs) V+e,
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napH rpaseit:
@, =" 3 (ayH3H ) v
e =T, " op ¢ T

W 1 8 (asHl M)
;= H\HHy 99 Ve

[Moacrapns © =@, + O+ @5 B (XL 80) u ocyme-
CTBHB NpeAeAbHEN Nepexon, NpHAeM K hopMyne

i 1 d (aHaH3) @ {asHyH ) @ (s H )
Va H\HsHy { aq, + (i1 + 8qs E

(X1. 81)

[lpuuss Bo paBManne (XI.69), noayuum Bupaxenne
Anf AHBepreHUHH B cdepHuYeCKHX KOOpAHHATAX:

an 1 & (r’a') 1 @ (sin Bay) i da
?a =7 T ar rsin & a0 rsin @ 6@0 :
(XI1.82)

B nuannapuueckux xoopaurarax
1 a(pa) 1 de da
Va—— P 1l b [P o
Eor 50 oh0 + 5 (XI. 83)

Cor.nacno (XI. 16) npoekuns potopa Ha nanpasicHue
OpPTae¢; ONpeAcysieTcA BHIp2KeHHEM

[Va), = lim — @ adi=lim=t,  (XI.84)

fe>o 1y feo fi '’

rie fi— naomajnka, NepneHAHKYAApHAS K e;, C, — uup-

2\ -.‘eﬂq;, RYASALNA BeKTOopa & NO KOHTYpY,
Vo OrpaHnYHpaOleMy 3Ty NACIALKY,
L e HYroln BHYHCIATL NPOEKUHIO
i Mﬂ}‘”% [Va] na opr e], Bosbmem f, B BH-

- 2 Be OecKOHeUHO MaJoro KpHBOJH-
P T B WellHOro NPAMOYroMbHHKA €O CTQ-
/ I poHamu Aly = H;Aq, n Aly =

/ / = H3Aqs. 1lapkynsnus a no koe-
Pac. XI1.8 1YpPY 3T0ro NpAMOYroAbHHKA Mo-

Mer Ourh RpeACTaBAEHa D DHEE

"eTHpex mmpmma&uﬂ Apa w9 HuX Gepyren
MO NPOTHBONONOXHEIM cropomam Al m Alf, apa — 1o
RPOTHBONONOXHHM cToponan Al u Af) (puc. XI.8),
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B ntore, yura (XI. 73), noayunm
C, = af Al ALY — aff AlY — & Ay =
= (e MY ~ ALY — (a] BIY — aj Alj) =
= (] — &}H5) Mg, — (af HY — &H}) gy, (XL.85)

Passioxus asHs ¥ asfHy B psl B OKpecTHOCTH TOuKH P,
ANS KOTOpO#l BHYMCAAETCA POTOP, MOXHO HaMHcaTh, UTO

r__ B(aafl
oy Hy — afy =250 Ag, 4 o,

5 ¥ a H
ayHy — aH, = gt;a J Ags + &.
Cneposarensho, supaxenne (XI.85) moxuo npeacra-
DHTE B BHAES

& {as . d(axl,
G '=—%§E;°_)A%A%—' —{:;%—)5435424'8”

1 d(asfls) _ d(a:Hly)
= H.H, { d9gs g }h RE

rne fi — naowaxs npamoyronpHnka (cM. (X1.74)), e—
neaAnyARa Gosice BHCOKOTO NOPAAKA MaROCTH, 4eM fi.
TMoncraegns uHafigennoe Hamn sHavenne C; B (XI. 84)
11 OCYL1ECTBMB NpelenbBHA nepexof, npalieM K dopMyne
-2 1 & (asfa) = 3 {azf>)
[va) = HayHy 993 33 §°

Ananoraunnie GopMyan noJayvawTca AAA JABYX APYTHX
npockuufi sexropa |Val. Bce Tpr popMynn MoxHO 06b-
CAHHHTHL B OLHY

Vo (o(aH)  O(gHIY .
(¥l = g { e — oL} €= 1,2, 3) (X1 86)

(unpekcw i, 2, [ o6pasyloT MHKJAHYECKYIO NEPECTaHOBKY
nocacgopateabnocta: 1, 2, 3). HakoHen, HaileMd BHpA-
senne Aas oneparopa Jlannaca B KPHBOJHHEAHBIX KOOp-
smnarax. Coraacuo (XI1.41) Ay = V (V)= div grad+.

Bocnoabsopasimnch popmynamu (X1.81) n (X1 77),
NONYUHM

1 [ HyfHy o
b=V (V§)= H\HH, {_GT H, E%) +

3 ¢ H.H, oy 2 ¢ HiH; 3 o
+ 35 (H30) o (T3} oen
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Noacrasue snauenus (XI.69), nonyunm supaxeHue aas
onepatopa Jlannaca B cpepHUeCKHX KOOpAUHATAX

1 2 d 1 4 o
A“’:?ﬁr_ rg_ég)_i_ r?sin? & %(slnﬂ%)-[—
L 9
+ s e (XL8Y

B UHIRHADHYECKHX KOOPAHHATAX

— L0 (a0%y, | b, &y

XIL. YernipexmepHute BERKTOPH U TEHIOPHI
B MCEBAOEBKAHIOBOM NPOCTPAHCTEE

B ITpunoxennax VI n X paccmarpreannch BeKTOpH
H TCH30pH B €BKAHAOCPOM MpoOCTpaHCTBe, B KOTOPOM Kpal-
paT paiuyCa-BeKTOpa ONpeAEAALTCA BHpAHeHHEM

2424 ... +x§=‘zl x2, (XI1. 1)

Ecau Bpecry Tenzop

(XIL. 2)

supaxenne (XIL 1} momHo npeacTapuTh B BHAC
)
t,kz-] FaXeXp. (XII. 3)

Tenaop gi: HASHBACTCH METPUYECKUM TERIOPOX.

YpapHeHnst crenHaNbHOR TeOpUM OTHOCHTENLHOCTH K
3/IEKTPOAHHAMEKY NPpHOGperaloT ocoBenrHo NpocTofi B Ha-
MMAAHHA XapaKTep, eclH HX NPeACTABHTb B BHAE COOT-
HOLIEHHR MeKAY BEKTOPAMH H TEH30PaMH B YeTHpEXMep-
HOM NPOCTPAHCTBE, METPHKA KOTOPOTO Onpeleasercs TeH-
30poM
[ o o 0
0 —1 60 0
0 o -1 o}
0 0 0 -1

ITo coobpaxkennsaM, KOTOpHE BHACHATCA B AajbHed-
weM, M O6yAeM nOAb30OBATHCA CACRYWOUIHMH OBO3Haue-

(") =(guw)= (XIL. 4)

X11. TEH30PH B TMCEBIOEBKJIHAOBOM MPOCTPAHCTBE 459

inamy. MAagexce npH KoMiooHeHTax 4-paiHyca-BEKTOpa
GyaeM NHcaTh He BPHu3Y, a Beepxy. Cumsos KpoHekepa

fyfeM 3anBCHBATH B Bike 8, T. €. OHH WHAEKC CTBHTbL
seepxy, a Apyro#i BHHay. HHASKCH TNpH KOMAOHEHTAX
MeTPHUECKOro TeH3opa NECATh B 3aBKCHMOCTH 0T 06CTOsR-
TEALCTB U0 BHU3Y, ANGO BBEDXY.

Fipu nanucamun ¢opmysi mb SyAeM PYKOBOACTBO-
HATHCA CACAYIOLIMMY NPABHAAMA:

. B kamaofi nape HeMuX RHZeKCOB (T. e HHACKCOB,
O KOTOPHM OCYINECTBAACTCS CYMMHPOBAHHE) OXMH HH-
JILKC CTABHTb BBEPXY, a APYrofl BHH3Y.

2. Ceo6oauste HHACKCH (T. €. HHAEKCH, N0 KOTOpHWM
¢YMMEpCBaNWE Me RPOMABOAHTCA) PacHONarath Tak,
arofR B 00eHX WACTAX PSBEHCTBA OHH SaHHMal® OJMHA-
KOROE NOJIONKEPHe — BBepXy JNG0o BEH2Y.

¥ xo3(pdunucHTOB NHHeHHOro npec6pasoBa’HHA KOM-
[HOHEHT BEKTOPCB H TEH30POB Mhbl TaKie ﬁ}fﬂ,e:‘\’} CTABHTDH

AHH MHAEKC BBEpXY, a Apyrofi a3y '). CuenopareianHo,
» oramuue o1 Qopmya npeoSpazoBaHua @, = 2“;,-_»%.

L
¢ LoTopuMK E nMean geqo o Ilpzpomenuax VI n X,
e OyAeM GicaTs aHajCorhyHue GopMyaH & pAje a’ =

E altta¥

W v )

HapomarM, YTG COrIacHO MPHHATOMY HAMH YCJOBHIO
B RCEX CAYHASK, KOTRA 3Hax %' orcyrcreyer, cymmupo-
anie Naxe NG NapHEM HIAEKCAM HE NPOMSBOAHTCI.

ITpocTpancTso, CBOHCTBA KOTOPOTO ONpeAenloTCs
renaopom  (Xil.4), wasuiBaerca rcegdoesKaudosoLM.
KoopautaTel, a2 TaK)Ke KOMAOHCHTH BEKTOPOB W TeHAO-
{On B 370M 4-MpoCTpaHCTBe Mbi GyAeM paz/iduaTh ¢ NO-
MONIBIO FPEYSCKHX HHAEKCOB |, v B T. A., KOTODBHIE MOI'"YT
NpUHUMaTL uerntpe 2nadenua: 0, 1, 2, 3. JlaTHHCKUMA
wujiekcamu i, k, ... (npoGerawmumu snauzenus 1, 2, 3)
Mg OyneM cHaBkaTh KOOPAHHATH H KOMIOHEHTH BEKTO-
pon B 06HYHOM TPEXMEPHOM NpocTpaHcTBe (B NPOCTPaH-
crbe ¢ eBkaAngosoli Merpuroii). HMmoraa mMm Oyaem wc-
1105h30BATL NAaTHHCKHE HHAGKCH NMPH KOMMOHEHTax 4-BeK-
topos M 4-TeH30poB, YTOOH BOAYEPKHYThH, YTO HMEOTCH
B BHAY HeHYJERHe 3HAUeHHS WHAEKCOD.

1y B nanbHefiieM MH YBHAHM, YTO ORNH HRAEKC BBepXY, &
Npyrof BH#3Y TNHUIYTCS TPH CMEIAHNLIX KOMIOHEHTax TeH3upos.
Opuako chesyer NoMENTs, 9T0 koa(dpuuenTH Jnneiinoro npeotpa-
WEANAS CBOICTBAMH KOMMOHEHT TeHsopa He obiapaoT.
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Onpesienus kBajapar pajnyca-BeKTOpa B paccMaTph-
BaeMOM 4-NpOCTPAHCTBE BHPaXeHHeM, AHAJOTHYHHM
(XII. 3}, u npunsip Bo BHuManue (XII. 4), noayuum

)

) Euvi'r =(F — (¢'f — (¢ — ()% (XIL5)

B v=0

B xauectee KOOpAMHATH X B TCOPHM OTHOCHTEJBHO-
CTH NPHHHMAaeTCA NpousBelieHHe BPeMEHH f Ha CKOPOCTH
CBETa B NyCTOTe, a4 B KAaYeCcTBEe OCTa/bHHX KOODAHHAT
x!— KOOpAHHATH P OGWYHOM TPEXMEpPHOM NMPOCTPAHCTBE,
Takum oGpasom,

O=ct, x'=x, 2*=y, »»P=2z  (XILS§)

Ilpunss s10 Bo BHHManHe, BHpaxenHo (XIL.5) MoxHO
NMPHAATL BHA,

3 3
o G = (I — B (P = 1% (XILT)

Popmyan npeoGpasoBanus Koopaunar. [Tpu nepexoge
K HOpyroH cHCTeMe KOODPAMHAT KOMMOHEHTH 4-paauyca-
BeKTOpa mpeolpasyloTcsi Mo JHHeAHOMY 3aKOHY

3
x'b== 3 ab?, (XIL. 8)

LB

O6patHoe npeobpasopale ocymecTBAATcA Mo Gopmyne

3
=3 abx’v, (XIL. 9)
V=0
rae ¥ — xo3pdpuuHenTHl 06paTHOTrO npeolpasosanus.
Benay wunBapHaHTHOCTR KBajpaTa 4-paauyca-Bek-
3

TOpa JACAKHO BHOOJHATLCA YCACBHE E GuvXhx® =
W, =0 .

3 I ! 3 -‘l
- ZO guvx”.  Tloacrapum ciona swavenns (XIL.8)

[T L]
g X'y x':

) 3

firie |15 i
l‘.g;ﬂ g"‘"x"x i §0 2.y DZ-O o, X Eo a X%,
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floMeHsieM wMecTamMH clpaea HeMbe ﬂn,neaxcu uH P

n TaxKe v B 0. B pesyanTate nonyuuM “Zv:-ogwxuxv=

3 3
. 'u.‘?’-o e p.éo Epo%-
(Tciofia BHTEKAIOT YCJOBHA, KOTOPRbiE NOMKHE YACR-
ACTHOPAT KOS(MOHUHEHTH AuHefiHOro mpeoOpasoBanHa
(XI1.8),
3

2 €otos =g,

¢ o=0

[lpuitiss BO BHAMAHHE, 4TO Jpg OTANUHH OT HYJA TOJbLKO
npu p=oc (cM. (XIL. 4}), 3To cooTHOWIEHHE MOKHO

YIPOCTHTE CJIEII)’IOMHM 06])330“:
3
Lot =tgy nv=0123. (I 10)

Hanpnmep, Aaa p=v == 0 no aT0#i popmyne noayiaercs,
o
(00 — (eb) — (RF — (R =1, (XIL. 1)

A p==1v=2
olal — ajo) — ofel — aja} =0. (X11. 12}

(TMeTRM, 4TO, B3AB B KauecTBe gpo Tensop (XI1.2),
M4 cMoram GOkl npusecth Gopmyay (XIL10) k suay

2 ata =8 . uTo copnanaer ¢ popmysoi (V1. 40).
i

(ueBngno, uTe RAA K03pPHUAEHTOB &) TaKMKe HMEOT

MeCT0 cooTHOWERNA, ananornunne (X1 10).

Tenepy uafizem ceAab Mexay Ko3(p@uureHTaMH nps-
Moro w o6pathoro npeoGpasopanuii. HanoMuuM, 4T B €8-
WJANMOBOM NPOCTPAHCTBE 3TA CBA3bL HMeeT BHA Cix = Gkl
{cp. popmyan (VI.37) u (V1. 38)).

[puMeHrM nocJenoBaTensHo npeoSpasopannd (XI1.9)
i (XI11.8). B peayabraTe nony4aum

3 3 3 3 3 L
. ;?;o Byt = pz-:o % 1?-::0 e onv Eow':u"'
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KounonenTy r# MOXHO npeAcTaBHTb Kak », dax’. Or-
L4
CI0AA caelyeT, uTo

3
2 @at=02 (u,v=0,1,23). (XIL13)

p=0

Jierko y0epuThca B TOM, HTO CHMCTéMa YpaBHEHHN
(XIl. 13) 6yner yaosaeTnopeHa, ecAH NOJAOXHTL
@=a) =—qf &l=—c & =ao (XILI14)
(¢, k=1, 2, 3).
Hedicrerrensio, nycth p=v=0. Toraa ypasresue
(XIL 13) pHraganT Tak:
3

=00
.,2;0“9"‘0 =1

HaH, ¢ ydetoM (XII. 14),
agoy —

uto coraacyercs ¢ (XII. 11).

INonoxum p=1, v=2 Torna ypasrenune (XII. 13)
HMeeT BHI

i

=1,

3

[]

!
p{;,u @lag=0
uad, ¢ yuerom (XII. 14),
3
— oo} + 2, afaf =0,

yro coraacyerca ¢ (XI. 12). Ananornuto MoxKkKo yGe-
AHTbCA B TOM, 4TO R ocranbhue 14 ypasHeHndl, cogepxa-
muxca B (XII. 13), yaoeaersopaiorca pewenuem (X11. 14),

3aMeTHM, 4TO €OBOKYNHOCTh cooTHowennd (XII. 14)
MOXKHO 3anHcaTh B BHAE OHOrO COOTHOLIEHHS

abg,, =Yg, (XIL 15)

HeficTBHTeNbHO, NpH p=v =0 HMeeM guu = gy, NO-
aToMy @) =a$; npR p==0, v=1i%=0, paBHO KaK M npu
p=i5=0, v=0, 6yaer gu,=——¢gw, BCACHCTBHE YCrO
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- —al n @ =—of; Hakowew, NpH p=iz*0, v=
k <= 0 06a MHOKUTENS (€pp H Gyv) PaBHn —1, Tax 910
fi} = af. B HTOre MH NPUILIH K COOTHOIEHHAM (XIIL, 14).
B TeopHH OTHOCHTE/ILHOCTH paccMaTpHBaloTCA OBLIYHO
raKkHe npeo6pasoBaHus, TPH KOTOPHIX I(OOP.&HHBT!;[ x*=y
: “ o
i 1 — 2 ocraiorcs memamennumu (¥ = u x”° = 13).
Ouepnano, uTo MaTpuna kosddunuentos npeoGpasosa-
WHf B STOM cJyuae BHIJSAAHT CAeAylomuM o0pasom:
aﬂ u? 0 0
1 1
[2]=] % @ 9 0 (XI11. 16)
v -
' 0 0 1 0
0! 0 01

Marpuua xosdduunenrop oGpaTHOro npeobpasona-
1t HMeeT aHAJOrHYHA BU.

OGosnauum Oykso# p napamerp, KOTOPHIM MOXHO
OXAPAKTEPH30BATh Pa3AHYHe MeXJy CHCTeMaMH K u K.
STHM napamerpoM MoKeT ObiTb, HanpHMep, yroJ noso-
pOTA OLHOM CHCTEMH OTHOCHTENbHO Apyro#. B Teopud
OTHOCHTENLHOCTH POJb HapaMeTpa p BLINOJHAET OTHOCH-
resbHas ckopocrs cicrem K m K', Ouesnano, 4TO B pe-
iyibTaTe NpelefbHOTO Nepexofa, NPH KOTOpOM p cTpe-
MitTes K Ryaio, o6e CHCTeMH COBIAAYT, Tak UTO MaTpHIA

(XI1. 16) npuwmer B1A ”

0
0
0
1

)
[5]p-0=10 o
0

Taxum obpazom,
lime)=limej==1, lim o) =limae}=0. (XIL 17)
perl) =0 p-»0 p+0
teriepe OTARUHEIX OT HyAa H eARHHUN KO3 PHIKHeH-
yi a¥ fe apasioTcs HesasucumbiMu. Hanucas coorrollle-
nue (X11.10) paa p = v == 0, MOAYYBM, 49TO

() — (el =1. (X1L. 18)
AfianOruYHOS COOTHOLICHHE HMEeT MecTo H AAA x03(d-

HienTon OGPATHOTO MPeoOpaz0BaHKA: (83F — (aby¥’ =
= |, otgyna ¢ yuerom (XII.14) moaywaerca ypabrenue

(ag)z = (u';")2= l. (X11.19)
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Teneps HannmeM ycaopue (XIL 10) ana p=0,v=1
afad — alal =0. (XII. 20)

W3 cpapHeHHA ygaaueuuﬁ (XIL. 18) u (XII. 19) cne-
myer, uto ()}’ =(a})?, 1. e. o} =+ a). Conocransenne
3Toro ycaoBHA ¢ ypasHenanem (XII 20) paer Apa poa-
MOXHHX BapHaHTa COOTHOWEHHA Mexay xo03¢duiileH-
TAMH:

1) e} =al, ecan ¢? =al, 2) a}= —a}, ecan ¢ = —a}.

Co cpoficTBoM ko3¢ HUHEHATOB, BLpaXKaeMEM (hopMy-
aofi (XI1. 17), coraacyerca nepeuifi Bapuart. Caexosa-
TENbHO, HYKHO MPHHATH, 4To oj=a), e?=aq). Beexs o6o-
3HayeHHd o)=al=qa, al=—al=qa,, MaTpHLY KO3)-
¢HUHeHTOB Npeo6pa30BaHHA MOMKHO NpeiCTaBHTbL B BHAE

Gy @ 0 0
_ e a 00
[#]=]5" o'\ 0]' (XII28
0 0 01

3Ta MaTPHUa COAEPHKHT TOALKO OAHH He3aBHCHMHEA KO-
apPHUHEHT (3HAYeHHe KOTOPOro onpeie’serTci KOHKper-
HBIM BHAOM 7Ipeo6pa3OBAHHA), MOCKOABKY @,=03 N
o, =a} cBA3aHu cooTHoweHueM (XII. 19)

@—a=1. (X11.22)

Coraacho (XII. 14) @ =al=4q, &=—a=—aq,.
CaexoBaTeqlbHO, MaTpHUa oO6paTHOrO npeoGpa3oBaHAA
EMeeT BHX

oy — O 00
- - a 0 0O
[a;‘]:[ S g 3 0]. (X1I. 23)
0 0 0 1
KonTpasapHanTHHe W KOBapHaHTHWe mexktopw. [loa-
cragoska B (XIL. 8) snauennh o¥ ua (XII. 21) npupoxur

K ¢opMynraM npeofpa3opaHHd KOMNBOHeHT 4-paxnyca-
BEKTOpA:

¥ =g + ax’, 1=+ ax!, =i, =,
(XI1.24)

COBOKYNHOCTL YeTnipeX BeJanuuH a’, al, a2, a3, npeob-
pasylouuxca npy Nepexoie OT OAHOM CHCTEMBI KOOpAH-
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NaT K Apyrol Mo TeM Xe MpaBHAaM, YTO U KOMINOREHTH
4-paanyca-nekTopa, T. e. Mo GopMyaam

3
ot = Z‘,o ata?, (X11.25)
A
MASHBAETCS HETHipEXMePROIM BeKTOPoM (4-8KTOPOM).
Kosbpnuuento of B (X11.25) nmeior Te Xe 3HaueHds,
yro u 8 (XIL 8).

KoMnoHeHTa a® COOTBETCTBYeT KOMMOHeHTe 4-panuy-
ca-Bekropa x° KOTOpas B TEOPKH OTHOCHTENLHOCTH NpH-
uumaerca pasuodt ¢t (cm. (XI11.6)). B cBa3n ¢ 3THM KOM-
noienta a® HaswBaercs spemennold. KoMnoHeuTH al, a2,
a® COOTBETCTBYIOT KOMMOHeHTaM x'=1x, 2=y, ¥*=2,
B CBA3A C YeM HOCAT Ha3BaHHe RPOCTPAHCTEEHKOLLX.

Moncranopka B {(XII.25) snauenun af m3 (XII.21)

NpHBOAKT K caeAylommM dopMyaM:

@' =+ a, o' —ad+op!, @'=al o'=2.
(XII. 26)

KpagpaT 4-BeKTOpPa ONpefedsieTcd MO AHANOTHH C
kBaapaToM 4-papuyca-sexropa {em. (XIL 5)):

T, Guutta =(@F — (@' — (@ — (@ (X11.20)

OTMeTHM, 4TO KBaApaT 4-BeKTOpa MOXKer GHTL KaK no-
JIOXHTEJbHEIM, TAK H OTPHIATE/NbHHM; B YaCTHOCTH, OH
MOJKET PaBHATHCA HYJMIO.

MMpu HanucaHHH BeKTOPHHX (OPMYA AAR NCEBAOEB-
KAWAOBA NPOCTPAHCTBA MH CTaNKHBaeMcs ¢ 6OABLINM He-
y/06CTBOM, BHI3BAHHBIM TeM, YTO KBaApaT 4-BekTOpa
onpeneasercs supaxenneM (X1I.27), xotopoe He MOMeT
uTh npeicTaBAeHo B KoMnakTHolt dopue Kax 2, (o).
Yro6u, yCTpaHHTL 3TO HeyaoGeTBo, BBOAAT ABAa BHAQ
4-pexTOpoB. Paz/iHualoT AX TeM, YTO Y BEKTOPOB OJHOrO
BUA8 RHAEKC THILYT BBEpXY, 4 Y BEKTOpOR ApYyroro
suna — Bun3y. [leppHe BekTOpPH HA3WBAIOTCA ROHTpaBa-
PHAHTHRIMH, BTOpEe — KOBapHaRTHHMH. Taxum 06pason,
IOCTABHB WHAEKC TPH KOMOOHEeHTax 4-pajaHyca-BeKTOopa
pBepXy, MH OTHEC]H ITOT BEKTOP K KATETOPHM KOHRTpa-
BAPHAHTHBIX.

KaxaoMy KOHTpaBapHaHTHOMY BEKTOpPY @ COTOCTAB-
AfeTCA KOBapHAHTHHI BeKTOp @, (B HaoGopoT), npuueM

18 H. B. Capaxbes, 1. |
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NPRAHMAETCH, YTO
a, = gpua* {XII. 28)
fem. (X11.4)), 7. e
G=ad a=—4a, a=—d, =—a. (XII.29)

Jlerko coofpasute, uYTO cooTHolmewno (XII. 28)
MOXHO NPHA3TE BHA

a* = ghra,, (X11. 30)

Taxum o6pazoM, onyckaHHe AAH NOAHATHe MHAEKCZ B
NpPA KOMNOHeHTe 4-BeKTopa COMPOBOMAAETCH YMHONe-
HHeM KOMTOHEHTH HA [,y RAH M

C ucnon:3osaHHeM KOHTP2BapHAHTHHX B KOBAPHAHT-
HHX KOMNOHeHT xBampat 4-ekropa {cm. (XII. 27)) mo-
JeT GHTh 3anHCan caelyloutiy ofpaszom:

3
2:_;0 ara, = a%s + a'a, 4 &%a, + ey, (XIL.31)

INo ananorun ¢ qopmyaoh (XII 31), xoropas naer
npousbeletive 4-peKTopa Ha caMoro ceba, ompeneaserca
CKaJIapHOe NpoA3seleHne ABYX 4-BeKTOPOB:

3

2:‘,0 b, = aPby -+ a'b) + a%by + aPb, =
=a® — a'p' — a%® — . (X11.32)

OueBHIHO crieXYIOliee COOTHOIEHHE!

3 3

“Z_w a'b, ..z»-:o a,b*. (XI1. 33)
Boo6me Bo BeAkofi mape HeMLIX HEREKCOB MOXHO B3d-
HMHO MEHSATh MECTaMH BEPXHHH H HHXHHA HHAEKCHI.

OTMeTHM, YTO RPH YHCTO NPOCTPARCTBEHHHX NOEOPQA-

Tax (T. e. npeoGpa3oBanuax, He 33TPArHBAIONIHX KOMNO-
HeHTY 4®) TPH DPOCTPAHCTBEeHHHE KOMIOHEHTH 4-Bek-
TOpa @b penyT cebs HaK KOMIOHEHTH BEKTODA B TpexMep-
HOM €BKJAHAOBOM NOpocTpaHcTBe (KOMNOHeHTa a° Bemer
ce0s nmpH 9TOM KaK TpexMepHmit ckanap). B ceasp ¢ aTuM
KOMIOHEHTH 4-PEKTOPa MOryr GHTH 3aNHCAHR B BHAT

@=@ aq) (=I,2 3 (XI1.34)

AuGo, Kopoyve,
a* =(a® a). (XI11. 35)
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KOBE!pH&HTHHE KOMIOREHTH TOrO X<e BeRETOPA BHISE-
AT CAeHYIOTAHM Oﬁp&SOH:

a,—=(@ —a) (=123 (XIL. 36)
a,={a" —a). (XI1L.37)
Jna gsajipara 4-BeKTOpa UNSEM BHpaXKeHHe
2. e, = (¥ — ; o =(a% — a2, (XIL 38)
1}

NJTH

ft 151 CKAAAPHOTO NPONASEESeHAA 4-BCKTOPOB
Y a*b, —a® — ab. (X11. 39)
"

Jlerko yGeaHTLCR B TOM, WTO TpHpamleHHe KBajpara
1 BCKTGpa MCIKHO NpeliCTaBHTbh ABYMA cnocofaMn:

8 ) ata,=2 Y a*da, =22 a,8a". (XII.40)
' n L3

Hermpexmepund rpapsenr. [lycrs Ham aana ckandp-
Wast GYHEUNH BERHYNH 4P

(p(xo! x[’ xss xa)'

Ilo npasnsraMm prGeperilHANbLHOTO HCYHCACHHA OpHpa-
ulenne 3108 YHKIEY AaeTes] BHpPAKEENeM

dp =35 dro + 2% dxt + St + ST a0,

(Mpupamenye PYBKUMH He MOXKeT 3aBHCeTh OT TOTO,
B KaKod CcHCTeMe KOOPAWHAT OHO BHYHCAACTCH, T. €.
fipencrapiisier cofoft HEBapuant. OTc0ia 3aKAIOTAEM, UTO
RO HTHHDL
d
o de P a9 (X11.41)

axt' ox'' ax®* ox?

neiayT ceGs npu npeofpaloBAHHAA KOOPAHHAT KaK KOBA-
PHaNTARE KOMIIOHEHTH HEKOTOPOre BeKTOopa. JTOT Bex-
TOp HasuBaerca 4-zpaduentor unxiyy .

Fcan wmuy saxoTuM BBecTH 4-onmepaTop rpajHeHTa
(onepatop ¥*), To ero KOBAPHAHTHHIE KOMIOHEHTH HYIHK-
0o ONPEARTYTL ClieRYIoOUHM o6pasoM:

Wi i sl V) =2 (XI1.42)
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v = (a_i*" v), (XIL. 43)

rae V— onepaTop TpajkenTa B TPeXMEPHOM €BKAKAOBOM
npocrpancree. Toraa KOHTpaBapHaHTHHE XOMNORCHTH
onepatopa V* 6yAyT uMeTtb BHA
ot &) o __ a "2 @
V=em Vi=e—ay, Vie=——as,

v 9

S Xl

(XII. 44)

YTQ MOXKHQ TPEACTAPHTL chAeayouwmM obpasom:
a
v =(57, —v). (X11.45)

Tenepb Mb HMeéeM BO3MOMHOCTh NMOACHHTh CYIECTBO
PasAHUHA MeXAY KOHTPABAPHAHTHHMH M KOBADHAHTHH-
MH BexTopamiu. B coorerctrum ¢ (XII. 8) npouspopnas

2™ no x" paena of:
(X11. 46)

Foacrasup sty sHauenus af B (XIL. 8), npupesem ¢op-

Myny npeolpa3opaisa KOHTPABAPDHANTHHX KOMRAOHEHT
4 BexTOp2 K BUAY

ax"

3
”
=3 Z g (X11. 47)
Yo}

PaccmaTpuBasi HEKOTOPYIO CKAAAPHYIO (QYHKUHIO @
KaK cI0XHYI0 QYHKEHIO BHAa

e=g[s"(x° v, &% ¥%), 21 (x°, ¥, ¥ ), .. ),

MOXKHO HADHCATD, YTO

3
a9 dp Jx”
w o v T
dx =t ax’ ox

Coraacko (XII.41) d¢@/dx'# ecth p-a KopapuaHTHas cO-
CTABJAAIMAN FPAaAUERTa ¢, BHYNC/eHBaA B cucreme K’
{o6osHaunm ee (V') ), a 0p/dx” — v-1 KOBapRAHTHAA CO-
crasaswwan V*¢, pHYnCIeHAaA B cucreme K (o6o3Ha-
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unm ee (V*9)y). ChenopaTenbHo, MOXKHO HAaNNCATb

k|
V=Y (Vo) (XI1. 48)
yml

Conoctaenenne npectpasopanufi (XII. 47) u (XI1. 48)
NOKASKBAET, 410 OHH He TOXAecTBeHHH, B oaHOM H3 HHX
poib KO3POUUMENTOB KIPAIOT BeAHYHHE Ox'#/0XY, B HpY-
roM — BeJAHYHHH JxV/dx"™P.

HTag, KoMTPABapUANTRLIMI HAIWBAIOTCA TaKHE BeK-
TOpH, KOMNOHEHTH KOTOPHX npeoGpasyloTes MO 3aKORY
(XIL.47), T. e. KAK KOMNOHEHTH BEKTOPOB X¥ MM dx¥
(kax auddepenunans woopauHat). KosapuanTheiry xe
HAIBBAIOTCA BEKTOPH, KOMNOHEHTH KOTOpHX npeoGpa-
ayiorcs no 3akony (XII.48), T. e. Kak KOMNOHeHTH rpa-
AHenTa (KAK .4aCTHHE NPOK3BOAHHE NO KOOPAHHATAM).

Brule Md BAJEAW, YTO €C/H 32AaH KOHTpaBapHaHT-
Hufi BEKTOp @, TO BCErAa MOXKHO BBECTH NO MpaBAAy
(X11.29) cooTsercTBYIOUMA eMy KOBapHAaHTHHHA ‘BEKTOP
(v naoGopor). INockoNbKY MeXKAYy BeAHYHHAMH &V H aQp
CyluecTBYeT TecHas cBA3b, MH OyaeM roBopHTh O HHX He
KK O KOMNOHEHTaX ABYX PA3HHX BEKTOPOB, a8 KaK O KOH-
TPaBAPHAHTREX M KOBAPHAHTHHIX KOMIIOHEHTax OAHOro
M TOTO M€ BEKTOpa.

B cayuyae eBKAHAOBOA METPHKH KOIPQHIHEHTH o6-
paTHoro npeo6paszosaHns 4% CBASAHH ¢ KOSPPHIACHTAMH

npsaMoOro npeoGpa3oBaHHs @} COOTHOWEHHEM ay =aj.

CleAoBaTeNbHO, NpsAMOe 0 o6paTioe NpeobpasoBafHd KO-
opanHaT HMelOT BHJ

K=Y, oz, x¥ =2 ¥,
v M

OTKYHA
ax®

¥y ax®’

Takum oGpa3oM, B cAyuae, KOTAa NPOCTPaHCTBO obnafaeT
CHKAMAOBON METPHKOH, KOI(pdHuUKeHTH npeobpasopaHuit
(XI1.47) n (XII.48) coBnapaioT H pasAHuHe MEXKAY
KOHTPABAPHAHTHHIMK M KOBAPUAHTHHMH BekTOpaMK (a
TaKMe H TeH30DaMH) HCUE3aer.

fipeoGpasoBanme KOBapHAHTHMX xomnowewT. Ilpa ne-
pexose or ciucremu K K cicreMe K KoBapHaHTHHE KOM-
lIOHNGHTH BEKTOpOB, OUYEBHAHO, Npeo6pasyloTcd, Kak H
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KOHTPaBaPHANTHHIE KOMIOHEHTH, NO JHHEAHOMY 3aKOHY.
O6o3Haukp Koz PHINEATH NpeobpazoBaduA KOBapHaHT-
HHIX KOMIOHEHT CHMBOJIOM &,, MOXHO HanMcaTh

a
— v
%*EO a@'a,. (XII. 49)
Haizem cpasp mexny xospduuuentamu npeoGpaso-
BAUHA KOHTPABAPHZHTHHX H KOBAPDHANTHHIX KOMIIOHEHT,
T. €. MEXAY BeJIHUVHAMH o H &l‘:. Moguarae AuGo omye-

KanHe HHAexca w (WJAH %) NPH KOMIOHEHTE BEKTOPA €Q-
APOBOKAACTCS YMHOMEHHEM 3TOfl KOMNOHEHTH HA Gy
{(nan gw). TNostoMy Brpaxenne (XI1.49) moxno npe-
00pa3oEATh CASKYIOIHM 06pazoMm:

3
g, = X (8,0 (%11.50)

BuMmecte ¢ Tem Ans KOHTPABADPHAATHHX KOMIOHEHT HMEET:

MECTO COOTHONICHHE
3

gt =3 ata’.

Vet

YMROXHE €T0 J€BYI0 H NPABYIO YaCTH HA gy, NOAYYHM
2

a’g,, = X (abg,)a". (XI1.51)

Vi)
Cenocrasnenne gopkya (XIL50) u (XH.51) naer

By == WG, (X11.52)

Ilpnnas po sanmaune (XIL 4), nerxo nony4nThL
=0, B=—of, F=—a) @f=dl (i, k=1, 2, 3).
(XI1. 53)

Cpabnrense cootnomenn®t (XIL 15) n (XII 62) nosso-
AseT HANHCATh

&y =gy, (X11. 54}

rae aj -~ xo3pPruHenTH o6paTHoro ppeclpaszopaHHs
KOHTPAaBAPHARTHEIX KOMMOHEHT.

Bunte Mu BHAenn, uto oy =dx""[ax* (cm. (XII. 46)).
QOuepHAKO, YTO

&y = 0x*fox’ By
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Moacrasue 510 Bhipaxkenre B (XII. 54), noayunm koad-
PHUMEHTH NPAMONO NPeobpasoBaHusA KOBAPHAHTHHIX KOM-
NOHEHT -

=ay= ax¥jax’™,

V
B
wro coraacyercs ¢ (XII.48).

YernpexMepHsie TEH30PH. 4-TEH30POM 6TOPO20 pPanza
itasmBaercs coBokyneocTh 16 penanunn T, KOTOpHE NMpH
lepexosie OT OJHOR CHCTEMB KOOPAHHAT K APYro# mpeod-
pasywrtea no popmydne

3
T = Eoda::r"", + {XIL 55)
#. o=

rie of — koodpduunenra n3 (X1I.21) (ep. < (X. 18)).

llpu gﬁpa'mom npeobpa3opaHiH

a
Y ahaur. (X11.56)

o, 0=0

YacTHpM caydaeM 4-TeH30pa fBAACTCH TER3op € KOM-
nodeHTamMHu:

¥ —=a"p", (X11_57)

rie a* B bY — KOMAOHEHTH 4-BEKTOPOA,

KomnoneuT 4-TeH30pa MOryT GHTH HApefcTaRAeHE
B Tpex BHAAX: K4K KOHTpaBapnanTHbie TV, kopapuaHT-
e Tpw B cMeanusie T#,. Tlo ananorrn ¢ (XIL.57)
NOAHATHE HJAH ONyCKaHHe BPEMEHHOTO HHJeKca He Hame-
HUET AHAKA KOMIMOHEHTH, A MOIHHMAHHE HAH OfyCKaKue
{IPOCTPANCTBEHHONO HHACKCA H3MeHSeT IHAK KOMNOHeH-
it wa obpatHud (cp. ¢ (X11.29)). Ilogrsarne wan onyc-
waliHe YerTHOro 4HCAA MPOCTPAHCTBEHHKWX HHAEKCOB, Ove-
(HAHO, OCTAaBAAET KOMMOHEeHTY Ge3 usmereHnh, Takum
ofipasom,

Tm:=Tm, T01=—‘T°l;..., T|o=—Tlo, T||=T",...;
T, =T®, Td=T9, ..., TO=—T" To=—T1 ...
e T =T, =—T", ... (XILS8)

®opMyaH Npeofpa3OBAHRN KOBAPHAHTAKX KOMNOHEHT
remaopa (X11.57) mcxno noayydTs, NpKHAL BO PHAMA-




472 NPHAOKEHN

Hue (XII.49):

Ananorngto

rie Koa(pHIHERTH @] OnpeReAsiOTCA  ApaBHAAMH
(X11.53).
Takum e crocoGoM MOXHO ycTaHOBHTB GopMyny

r":,=§ ah @yl (X11. 60)

Ha (X1I. 58) suamo, uro, BooGille roBOpPsA, HYXHO pa3-
JHYaTh cMellaRHEe KOMMNoHeHATH T8, u T8, T, e. caeauTh
32 TeM, Kakofi HHIEKC — NepBHA HJH BTOPON — CTOHT
BBEpXY, a Kakoh suu3y. [leficTBuTenbHO, Hanpumep, B 06-
mem cayuae Tlo=T"£T" =Ty B ciyuae cHmmMer-
PHYHBIX TEH30POB S™¥ (A4S KOTOpHIX SHY= S'I) cMme-
IIAHHBIE KOMMNOHEHTH S¥, M Sy¥, OueBHIHO, COBNAAAIOT,
TaK YTO HHACKCH MOMKHO pacitonaraTh OAHH Hajg APYTHM.
B cAyuae aHTHCHMMETPHUKHX TEH30POB HMEET MeCTO co-
OoTHOMlleHHe Ak, = —A,»,

Y aATHCHMMETPHIHOIO 4-TEH3OPA He33BHCHMHMM SB-
AA0TCA 6 KOMNONEHT (4 AHATOHANLHEX PABHH HYMO,
OCTaJIbHEIE YAOBJIECTBOPSAIOT YCJIOBHIO AW = —Avs) Cre-
AOBaTeNibHO, TabNHUA KOMIOHEHT AHTHCHMMETPHYHOIO
4-TeH30pa BHIJIALAT CAEAYIOMHEM 06pa3oM:

0 A0 Az 4o

_A.I 0 Al! Al’

(A'“)=(_,;os L gir g ,,s.)- (XI1.61)
— A A _an

Hafinem ¢opmysn npeo6pazopaHHs KOMNOHEHT TeH-
sopa (XIL.61). Coraacro (XIL 55) ana koMnoHenTn A

o=

3 3
a3 X ald® 4ol 3 alav.
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Koaddunuentn a 1 o — mymm (cm. (XIL 21})), noaro-

My mocJenHHe ABe cyMMH Oyayr myasmu. Ma vermpex
KO3pPHUHEHTOB a! OTNHYHH OT HYAA TOALKO ABa: o) H

a!. CaenoBaTe/bHo, B NEPBHX JABYX CYMMaX OTAHYHBHE
OT HyJf TOJAbKQ NepBHe ABa cnaraeMux. Takum ofpasom,

A = ol A” 4 a1 A™) 4 o} (wA" 4 alA").
lMpunss po BHAManue, 9To AW =AU =0, A0 = A0,
H MOACTABHB (&g BMECTO @) H @], & TaK}Ke &, BMECTO &)
H of, npuieM K QopMyae

A.rol =(G§ B u2l) AO] 2 AOI

(cm. coornomrense (XII. 22)). Ananorrano Moryr GHTH
nmonyyeHir QopMyJH NpeofpasoBaHHR AAA OCTaAbHEX
KOMINOHEHT TeHaopa AW,

PopmysH NpeobpasoBaHHs BeeX IWECTH HE3ABUCHMEIX
KOMOOHEHT BHIAAAAT C/AeAyIOlHM 06pasom:

Alol s, AOI,. Afm=a°A02 + a]Als, Alm=qu03+ alAls.
A=A + 04", AP =aA® 4 A®, AT =A%
: (XII. 62)
OtMeTHM, uT0 QopMyAH 0GpaTHOro npeofpasoBaHHA
oTanqaiorca ot dopmya (X11.62) anme 3HakoM npH Yae-
Hax, COAEPKAUHX MHOXKATEaDb o {(cM. (XII.23)).
®opmyau (XII. 62) nonapoGATCS HAM B 3JAEKTPONH-

HaAMHKE,
O6paayem H3 KoMmoHeHT Te€H3opa IIM = qkbY phpa-

HeHHe
Z“) m, = §: a'b,.

310 BupaxeHHe npeacraBafieT cofofi HHBADHAHT, T. &
ckanap. AHajaornuno ans JapwGoro TeHsopa THWY pupa-
KeHHe

%} =T+ 1 + 7%+ 71, (XI1.63)

apasercs ckangpoM {cp. ¢ (X.21)). Ero HasuBawr cie-
dox renzopa. U3 (X11.33) caeayer, uro z m*, == Z l'l,,"-

AHaNOrAYHO
%j Pr s };, T.h (X11.64)
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Craaspunis npoussedenuem 4-BekTopa a¥ Ha 4-Ten-
gsop TwW nagupaercs 4-pexTop b¥, KOMNONHEHTH KOTOPOTO
onpefensioTea no popuyne

= Z,,: ™.a". (XI1.65)

Husapnantume 4-tenzopsl. Tensop, KoTopufi npu yu-
HOMEHRHH Ha BeKTOp OCTAaBJAET 3TOT BeKTop (e3 MaMeHe-
HHi, eCTeCTBeHHO Ha3BaTh eAWHWYAHM. OueBHANO, 4YTO
KOMMOHEHTH 3TOrO TeH3Opa cleAyeT NMPHHATH PABHHIMH

o {l, ecan p=w,
U0, ecan pFswv.

JefcTBUTENBHO, NOACTAROBKA 3THX 3HaveHufl B popmyny
{XII. 65) maer

(X11. 66)

=) %" =d"
v

K8K H RGJXHO ORTh AAN eAWHWYHOTO TEH3Opa.
Hs (XI1.66) creayer, uro 8%==4y, T. e. 470 Tensop
8% cummerprunmii. TTo3TOMY HEAEKCH MH PacHONOKHIAN
oars Hax ApyruM. Caen Tensopa & pasen
3

) sh=4.
=

KonrpapapHaHTHHE W KOBAPHAHTHHE KOMNOHEHTH
€AHMHHYHOrO TeH3Opa NpHUATO 0G03HAYATL CUMBOAAMY gHY
” guv. Bunno, uro
0 o 0
0

) &men

-1

1
() = (eu) =] ¢
(1]

O 0

~ Cpasnerne ¢ (XII.4) noxasupaer, uTo TeHsOp g¥v
(papBO Kax ¥ g,v) ecTb MeTpHuecKBE TeHaop.
QGpaayem BHpaXeHHe

g Luvd®.

Flpuass po suAmanne (X11.67), rafiaeM, uro mpn p=0
BTO BHpPaXKeHHe PABHO 4% =aq, a npu pu==§ (i=12,3)

XIt. TEH3OPH B TICEBEOEBKAMAOBOM NPOCTPAHGTBE
nogayuaeres —a’ = a;. Oreiofa chefyer, 9To

Zv: B’ =a,.

AHanOrHuHO MOXKHO y6em{'rb(:ﬂ B TOM, Yru

2 g*a, =ar.

b

[MoaToMy ckaAsipHOe npoK3BeAeHHE BEKTOPOB aH H b
MOXHO 3anHcaTh JI0OHM H3 TPeX CJAeAYIOINHX cocoboB:

2 =3, g’ = T ¢”ab,. (XIL.68)

Tenzoput &, guy 1 g" HHBAPHAHTHW — HX KOMIIO-
HEeHTH OAMHAKOBH BO BCEX CHCTeMax koopaanar. Musa-
PHAHTHHM ABAAETCA TaKke aGCONIOTHO AHTHCHMMETPHY-
HEA elHHAYHKT 4-NCeBAOTEH30p YETBEPTOro paHra et¥oo,
KOoMMOHEHTH 3TOro TeH30pa CUPEASAAIOTCA AHAJOTHYHO
KOMOOHEHTAM MCEeBIOTEH30pa & B EBKJAHIOBOM [pO-
crpanctee (cm. (VI 15)). Ilpn copnagenny xota 61 ABYX
HHAGKCOB eh¥P% papen Hyai0. ChefoBartenwyo, H3 4t=
=256 KOMNOHEHT OTAHYHH OT HYAs ToAbko 4] — 24 xoM-
noHenTH. [losnarawT

o0 — ], (X11.69)

QcranbHHe 23 XOMNIOHEHTH MOAaraiT paBHEMA +1 nHGO
—1 B 32BHCHMOCTH OT TOrO, KAKHM YHCIOM IiepecTaHo-
BOK. ABYX HHOCKCOB — YeTHHM HJH HEYeTHRIM — MOCACAO-
BATENBHOCTb M, ¥, P, ¢ MOXKeT OHThH NOAYYeHAa H3 mocje-
AosateapHoctd 0, |, 2, 3. OueBnaHo, 4To 12 KoMmoHEHT
HMeiT 3HaueHde -1, a 12 — zHaueHne —J.

[lo NpHHATOMY HAMH BHINe NpaBHAY ONyckaHHe BCeX
HHAeKCOB ¥ €WPY AGAKHO R3IMEHHTh 3HAK KOMMNOHEHTHL.
[lostoMy egps = -——1. AHAJOrHYHO Epyvpe = —eWP® (W3
yeTHpex WHAEKCOB OAHH 00f3aTeAbHO HMeeT 3Haveuue 0,
ocTanbHbEe TPpH — 3HaueHns 1, 2, 3). QOrcioaa caeayer,
970

Y e = —24. (XIL. 70)

By V. O

Teepema Octporpaickoro — laycca. B erxnnaosoM
npocTpancree Teopema Ocrporpaickoro —Iaycca ¢op-
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MyaHpYeTcs c.uenyloumu ofBpasom (cum. {XI.13)):

aa e
S - =§Za,df; (XI1.71)

i=1 f=]

(uuterpan mo Hexoropomy ofbemy V oT AuBepreHuHn
BEKTOpa & paBeH MOTOKY 3TOr0 BeKTOpa uepes OrpaHH4H-
Baomyio V nosepxnoctd f). Beanuunuw df; cyrs xomno-
HeHTH Bekropa df=ndf. Oun umelor 3navenns df,=—
= dydz, dfy =dz dx, df:=dxdy.

O6obumenneM Teopemu Octporpanckoro — Ilaycca ma
NCEBAOEBKANAORO 4-NPCGCTPARCTBO ABAAETCSA COOTHOUIERHE

SZ v — @ Z adf,,  (XIL72)

p=0

roe a* — 4-sekrop, dV* = dx%dx'dx%dx® = cdi dV — ane-
MeHT 06beMa B 4-npocTpancTBe, df*— KOMAOHEHTA 4-BeK-
TOpa 3JAeMEéHTa TBNEPHOBEPXHOCTH, OTpaHHUHBAKOUleH
4-o6bemM, B0 KOTOpoMy OepeTcs HATerpaj B JeBoOA 9acTH
dopmyan. Komnonentn df* umeor 3navenns df°==

= dx'dx?dx® =dV, df' =dx*dx?dx® =cdtdydz u 1. A

Jokaxem ¢ noMomubio TeopemMH OcTporpajackoro -—
Taycca cooTHomieHHe, KOTOpoe HaM nmonagoburca B § 40.
Yrobu caenath A0Ka3aTeAbCTBO fojee HATAAAHEIM, Npo-
pefieM €ro CHauana ANs eBKJAHAOBA TPEXMepHOro npo-
CTPaHCTBA, @ 3aTeM BWINOJHHM aHAaJOTHYHHE BMKAAAKH
Ansi 4-npocTpaHeTpa.

TlycTs HMeeTcs BeKTOp @, AMBEPreRlUHA KOTOPOro
paBHa Hymo,

da,

=0,
dx,

im]

Ilonaraewm, 4T0 BEKTOp @; OTAHYER OT HyAA B OrpannucH-
Hofi o6nacrh npocrpancrea. Coraacuo (XII. 71)

S Z:: 2 @Za;dh=0 (XI1.73)

Ypassenne (Xll. 73) cnpaBeAnHBC AAf TNPOA3BOALHO
BaAToro o6nema V u orpaHnympamcmefi ero NoBEpPXHO-
cti [. BuGepem B Kauectre V o6beM, 3akAOueHHHH
MeXAY ABYMA OecKOHeuHHMH nJockocTaMp x,=x{0=
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==const u x, = s =const (puc. XIL 1, a). Hurerpan

no 60KOBOA MOBEPXHOCTH TOro 06beMa papeH HYJI0, TAK
KaKk mo ycaosHio Ha GeckoHeunocthH &; = 0. Crnegopa-
TeJbHo, npasyio uacte Gopmyan (XII.73) MoxHo npen-
CTABHTb B BHAE

Saldfl_s a,df, =0
(1) (F}
{ans naockocTH x) = const koMnoHeATH df; N dfy paBHH
uyaio). Orcrona
Saldf1= Saldf|=c0nst.
D @)
TlonyueHHL#i HAMH pe3yAbTAT O3HaYaeT, YTO HHTe-
rpan Sal df;, Baarnfi no moGoft GecKOHeWHOH NJAOCKO-
oTH x, = const, AMeeT OANHAKOBOE 3HaueHHE. 3aMeTHM,

Pue. X111

YTO KOOPAHHATH Xz H X3 NPH HMHTErPHPOBAHHH UPHHH-
MalOT RCE 3HAYEHHA OT —o0 0 - 00,

Teneps BosbMeM B Kauectse V ofbem, orpannyeHRuf
AByMsS NOBEPXHOCTAMH NpPOH3BOABHON ¢)0pmu, Ans Beex
TOYeK KOTOPHX KOOPAMHATA X; KOHEUHa, KOODAHHATH He
X3 W ¥3 OPHHHMAIOT 3HAYEHHA OT —oo A0 oo, Takum
offpa3oM, Kpas MOBEPXHOCTeH JexaT Ha (ecKOHEeYHOCTH
(puc. XII. 1,6). B atom caydae npapas uacth ¢opMyan
(XIL 73) moxer 6WTH NpeicTaplieHa B pUAE

{ S adii— {3 adi=o,
o ¢ fr @
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OTKYAA BHTEKAeT, 470

S 3 a; df, = const, (X11.74)

T. €. HMEET OJHHAKOBOE 3HAUeHRe AAS N0GoN NMoBepxHO-
CTH, BRAKUaiollell B cefa pce ABYXMepPHOE NPOCTPAHCTRBO
X2x3 (mpocTpancTRO Y2).
Tenepk ZonycTuwm, uTe HMeeTc Tensop T, yAomder-
BOPAIGIIME YCJOBHIO
3

ar
: lT‘;&—.o (i=1, 2, 3). (XI1. 75)

Komnouentrt 7;: OTIHYNN OT HYAS B OrpaHudycHHOf 06-
JIACTH APOCTPAHCTRA.
O6pasyeM BEKTOP 8 ¢ KOMIOHCHTAMM

=2 Tub, (XII.76)

rae b;— KOMOOHEGHTH NPOH3BOALHOTO DOCTOSHHONG BeK-
Topa (b:==const). Jlupeprenuun bextopa a Oynper Hy-
Aem. JelicreuteasHo, -

aa a aT

painl e P o i ik

ox Z Ox Z Tonby Z bs ax 0.
& gt & L TR &

Cuaepoparennno, pextop (XI1.76) ymoenersopser yeho-
BHAM, IPH KOTOPHIX BRNOJARAETCA cooTHouenne (X1I.74),
TToacranceka B (XII. 74) anavenndt (XII 76) naer

S ;“k dfy = S ;(Z} Tf.&bl) dfy =
=Y 0.\ ¥ 1 dfi=const (x11.77)
i 3

(auTerpupoBanie NPOH3BORATCA NO MOBEPXHOCTH, BKAIO-
aKllek B cebs Bee ABYXMepHOe NPOCTPAHCTBO XaXs).
Beeas obosnayenne

o=\ Y Tudfi, (XIL.78)
&

cootHomledne (X11. 77) MoMHOo sanucaTts B BHAE

2 byp; = const.

XII. TEH3OPH B NCEBZOEBEJAHAOBOM [POCTPAHCTBE 479

B ¢pa3H ¢ MOCTORHCTBOM H NPOH3BOALHOCTHIO BEJIMYHHA by
nocAeiHee COOTHOLNEHHE MOKET BHIMOJNHAThCA JHIIL NpH
YCJIOBHH, YTO BCE pj TAKXKE MOCTOSHHEL

Taxkum o6pazomM, MH BPHULAH K CACAYIOIEMY YTBEpkK-
AeHHIO: ecau TeH3op T YAOBAETBOPAST YCJOBHIO
AXII. 75) ¥ KOMNIOHEHTH €ro OTAHYHH OT AYAR B OTpaRi-
YeHHO! OGNIAacCTH NMPOCTPAHCTBA, TO 3HAYECHHA KOMMNOHEHT
BEKTOpa p; He 3aBHCAT OT TOro, No Kakoll K3 NOBepXHO-
cref, BKAIOYAOMHX B ceGA Bce ABYXAMEpHOE NpOCTpaH-
CTBO XaX3, OCYWIECTBAASTCA HHTerpHposaside B dopmyae
{XIL 78).

Tenepn npoBesieM aHAJAOTHYHBIE pacCCYXAeHHA IAA
4-npoctpaHcra. Ilycth umeerca pekrop a®, 4-AHBepres-
145 KOTOpOro papHa RYJIO;

3
aa"

ax¥
V=0

=0 (X11.79)

{a*¥ OTJIHYHH OT HyAd B orpaHHuesHofi obaacth 4-npo-
ctpanctea). Coraacno (XII. 72)

ax"

S 2 dV'=@Za"dfv=0. (XI1.80)

3To ypapHeAHWe cnpaBeAJHBO AAs JI0GOR 3aMKHYTOH TH-
nepnoBepXHOCTH; HHTETPUPOBAHHE NeBoll 4acTH MPOH3BO-
AnTes no 4-o6beMy, OorpaHHUYEKHOMY 3TOR THNepNoBepx-
HOCTbK). BHGepem B kauecTBe Takero ofbeMa uacTh
4-npOCTPAHCTBA, 3AKJAIOYEHHYIO MeXKAy ABYMA OBecxoHey-
HEIMH CHNEPIIOCKOCTSMH X° = x7), = const # x0= x, ==
= conist. Koopaunatm x!, x%, ¥* 0An TOUeK TaKAX THIep-
NJOCKOCTel H3MEHAKTCA B npeaenax ot —co jo oo,
ChaegosaTenbHo, KaXKEas H3 rafepnaockocrell npeacran-
AAet cobofl Bce TpexMepHOE MPOCTPAHCTBO, B3SITOE B MO-
MeHT {, = x/, /¢ B cAyyae nepBofi MIOCKOCTH, U B MOMEHT
!, = xpfc B ciydae BTOPOR MJIOCKOCTH.

Has pubpanroro 4-o6beMa Npapyl0 43acTh COOTHOINE-
ung (X11, 80) mMoxHO npeACTaBHTh B BHJE

Saodf,,— Sa°dfu=0
(V] {2)
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{nockonbky dx® =0, pce dff =0). Orciona
S a® df, = const. (XI1.81)

310 osnavaer, 4To sHauenHe waverpana (XII.81) me za-
BHCHT OT TOrO, N0 Kakofi H3 FHnepniockocrel x® = const
OCYULeCTBASETCH HATErPHPOBARHE,

Tenepy Bo3bMeM 4-00beM, OTpadHYCHHEIN ABYMsA TH-
NEepROBEPXHOCTAMH NPOHIBOALHON (POPMH, AAA BCEX TO-
YeK KOTOPHX KOOpAHHATA x* KOHEUHa, a KOOpAMHATH x!
X2, x> NPHHAMAIOT 3Hauerus oT —oo Ao 4oco. Takne rH-
NepnoBepxHOCTH BKJIOYaloT B cefa Bce TpexmepHoe npo-
crpancreo. Hanucas ans Takoro ofbema npaBylo 4acTh
cootnomenns (XII.80), nonyuum

{ Y avaf,~ Y avap,=o.

Orciona cnefyeT, YTo HHTErpaa

S Y a* df, = const, (X11.82)
L]

T. €. He SaBHCHT OT TOrO, Mo Kako M3 IHNIEPNOBEPXHO-
cTell, OXBATHBAIOWHX BCe TPEXMEpPHOE NPOCTPAHCTBO, OH
Gepercsa. MHbiMH cl0BaMi, STOT MHTErpan He H3MeRsIeTcs
€O PpeMeHeM, ero 3HaueHHe coxpaHsAeTc.

BoabMeM B KayecTBe g 4-BEKTOP ¢ KOMIIOHERTaMH

W v
a'= ‘:-: ™%, (XI1.83)
rhae b,.,—- KOMNOHEHTH NPOH3BONLHOTO NOCTOARHOTD 4.pex-

Topa (b, = const), a TAv— 4-ten
ycnogu‘: ) 3J0p, Ynoauenopmomnﬁ

> army
o =0 (p=0,1,213). (XI.89)

L3
= dx

KoMAOHeHTH "ITOro TeH30pa NPeANnOJAaraloTea OTJHYHbIMY
0T HyJs B OrpanuuenHofdl obnacru 4-npocrpancrea. Jlerko
ybenuthcas 8 ToM, yto Bekrop (XII.83) ynosnersopser
yenopuio (XII.79). CnemoBatenbHO, A HEro AOJNMKHO
BHIOAHATBCA cooTHOoWenne (XIL 82). Iloacrasoska B

X1, JENBTA-©YHKLIHA AHPARA

(X11. 82) anauennii (XII.83) naer

SZ“”dfv=§ Z(Z by | dfy =
=Z b,.SZT""df,=const
@ )

(HHTerpApoBaNye NPOUSBOMATCH NO NPOU3BONBHOM THOEP-
NOBEPXHOCTH, BKAloualomedl b cef6a Bce TpexMepHOe NPO-
CTPaHCTBO).

Ec¢aun peectn ofo2HaueHne

p"=s Yo Bdf,, (X11.85)

v

nonyuenuoe HAMH COOTHOIUIEHNE MOXKHO NpeACTaBHTL

B BHAE
Z b,p* = const.
M

BesieAcTBHE NPOM3BOJNLHOCTH H NMOCTOAHCTBA BENHYHH by
noc/efiHee YCJHOBHE MOXET BHINOJHATLCS TOJNLKO B TOM
cayyae, eciW TNOCTOSHHHMH (T. € He SaBUCALIHMH OT
ppemenn) Gyayr sce p*. Takum o6pa3oM, MB NPHXOAHM
K caepyouemy Buisoiy. Ecan nmeerca TeH30p ™™, ROM-
fOHEHTH KOTOPOro OTJHYHB OT HYJs TOAbKO B OrpaHu-
yeHHOfi 06/1acTH 4-NPOCTPAHCTBA W YAOBJAETBOPAIOT yCJO-
puio (XI11.84), To KOMNOHeHTH 4-BeKTOpa (XII.85) co-
XpaHAlOTCH, T. € He W3MEHAIOT CBOEro 3HaueHW:d c€o
ppeMeneM. OueBHAHO, 4TO OYyAT COXpaHATHCH TaKKe
4-BexTop ¢ KOMNOHEHTaMH

pr=al{ Y 14 (X11.86)

rie o — NpoON3BOAbHASA KOHBCTaHTAa.

Xill. Beabra-pynkuns Jlupaxa
Hlersra-pynxyueit Jupaxa (8-pyHKuHeR) HasbBaeTcs
(ysKkuus, onpelensieMas CACAYIOUIAM ob6pasom: 8(x)=0
fIpH BCeX X, OTVIHUHBIX OT HYJ; NpH X =0 ¢ynguusa 6(x)
ofpamaercss B GeCKOHEYHOCTD, NPHYEM TAK, UTO
400
d(x)dx=1. (XII1. 1)

-
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Denvra-dynxuus oxasweaercsa nosesnofi B CHAY CJe-
Ayoulero CBORCTEA:

+

S f ()0 (x)dx =f(0), (XIIL 2)

rae [(x)— nponaBonbHas HenpepHBHAS (DYHKUHS OT .
31‘q CBOACTBO BHITEKAeT H3 ONpejeNeRHs 8-PpyHKIHH,
HeficTBUTENBHO, BC/IGACTBHE TOTO, YTO 8(x)=0 npu Bcex
X550, oTIHYHLIE OT Hy/N BKA4J B HHTErpas (XIII. 2)
BHOCHT JIHIIb OKPECTHOCTh ToukH ¥ =10. B 3roli oxpecr-
:ocm [(x) moxkHO momoxuTL pasuoii f(0). Burecs F(0)
4 3HAaK HHTerpaja H NPHHAB BO BH
8.0 (XIILQI)). p umanue (XIII. 1), npu
Ouesupno, yto dynkuus §(x — &) obnanaer B OKpecT-
HOCTH TOYKH X == @ TEMH XXe CBOMCTBAMH, 4T0 H QYHKUHS
8(x) B oxpecrrocts Toukn x = 0. B uwacTHOCTH,

+ oo

{ s —aydx=1@.  xnn3)

-0

OGnacte murerpupopanus » ¢opmyaax (XIIL 2w
(XIII. 3) me of6asatesbHO NOJKHA NPOCTHPATLCHA OT — oo
A0 00, JOCTATOYHO, Y9TOGH 3Ta OGJACTD BKJIIOYAAA B
ce61 0cobyio TOUKY, B KOTOPOW 8-QYHKUHA OTAHYHA OT
HyJiA.

TMonoGHo TOMYy Kak ME BBeJH 0(x), onpenmenserca
Tpexmepnas §-pynkuus, o6o3nauaeman §(r). Ona paBHa
HYyJI0 BCIOLY, KpOMe Hauaja koopanHat. B mauane koop-
ArHAT §(r) obpautaercs B GecKOHEYHOCTbH TAKHM obpa-
30M, uTO

Sa(r)dV=l. (X111 4)

Miurerpuposanne mpoW3BOAHTCA NQ BeeMy TpexXMepHOMY
NPOCTPAHCTBY.

Tpexmepuyio §-QyHRUMIO MONHO NpPEeACTABATH KaK
Npon3sefieHue Tpex OAHOMEPHHX QYHKIALN:

8(r) = 6(x) 8 () 3(2). (X111.5)

Hs onpenenenna ¢pyukuun 5(r) caeayer, sro

S F0)8(r — 1) dV = [ (r,). (XI11.6)

X1V. PAA H MHTETPAJT $YPLE 483

O6aacte nHrerpupopakus B dopmyne (XI1II. 6) we oba-
3aTeabHO JOJMXKHA OXBATHIBATL BCe TPEeXMepHOe Npo-
CTPAHCTBO, AOCTAaTOYHO, 4TOOW 9Ta OGNacTh BKAOYana
B ce6f TOYKY, onpeienficMylo BEKTOPOM Fo.

X1V. Psp n unterpan ®ypone
@YHKIHIO, YAOBACTBODAIILYI) YCIOBHID

feTy=i®, (XIV. 1)

rae T — KOHCTaHTa, HasWBaloT nepuoduveckoi'). Beau-
yina T mMmenyercs nepuodox Gyuxuuyu. ITpocreRimnuM
NPHMEpoM NepHOAHYECKOH (PYHKUHMA SABASETCH rapMOHH-
veckan Ppysrun f{f)=acos{wt+ e), rie o =2n/T —
KpyroBasi 4yacTora (QpYHKIHH.

[Monagaswinee G6GOJLUIHHCTEO MEPHOAHYECKHX GYHK-
nufl, BcTpedalomuxcs B (PH3HUECKHX 32Aauax, MOXHO
IPeACTABHTb B BRAE pANa

fi)= 20 (@, cos nogf + b, sin nagd). (XIV.2)

JIaa xpaTKOCTH 3anAcH NpHMeHeHo o0osHaueHne
wp=2n/T (T — mepuos ¢yukumu). (XIV.3)

Paa (XIV.2) nasupaercs padom Pypee. Tlocrosn-
nLe BeNUdMEN 8, B b, RasuBalTCA Ko3dPuuUBEHTAMH
dypse. YcaoBHA, KOTOPHM AOJAXKHA YAOBAETBOPATH
(byaxuus AAA TOre, WTOOH ee 3HAUEHHA COBNAjalH CO
apavenusamn paaa (XIV.2), mu oOcyXaaTh He CTaHeM,
OT0CH3B HHTEPECYIOIIHXCA 3THM BOTIPOCOM K PYKOBOA-
CcTBAM 110 MATEMATHYECKOMY aHAJIN3Y.

Henepuoauyeckyio QyHKIHIO TAaKKe MOXHO Npeicra-
BHTH B BuAe paaa Pypee. OnHAKO TaKoe NpelcTapieHHe
Gyser NPHFOMAHO JANA HEeNepHOAWYECKOW (YHKUHH JIHILE
na orpeske or —7/2 po +7/2.

Bupaxenne (XIV.2) npeacrasnsier cofoir pasnoxe-
uue $yuknun f(f) B paa no GysrunaM

1, cos oy, sin @y, ..., cOSnamf, sinnagd, ... (XIV.4)

Cucrema dynxunsi (XIV.4) ssanercs oproronassHoft Ha
otpeake —7T/2, +7T/2. 310 ozHauaer, 9TO0 HHTErpan no

1) Hues B PHAY NPHACKEHHR, MW O00CIHATIIAH HEIARHCHMYIO
nepemennyio Gyrsofl 7, 2 ne x.
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STOMY OTPE€3Ky OT MPOU3BEJeHHs! ABYX Pas/AHYHHX (YHK-
UHA CHCTEMH paBeH HYJIO, 4 AHANOTHYHLI HHTErpan or
KBaApata n060#i (YHKUHH OTJHYEH OT Hyas. KpaTtko
CBOﬁCTBO OpTOl"OHaJIbHOCTH MOJKHO 3anmucaTh B BHOe

+72

Vabm dt = ﬁmq,, .
~Tyz

3nech Yo H B — mobhie PyHKUHN, NpAHAAREKALIHE CH-
creme (XIV.4). Jlerko yGemmtbcs B ToM, uro go=T,
¢n=T/2 (n50). Nlas storo pocrarouno y4ecTb, uTO
CPEIHNE 3HAUCHHA KBAaAPAaTa KOCHHYCA W KBApaTa CH-
Hyca pasHuw 1/2,

OpTOroHasbHOCTL CHCTEMBI Pynkuni (XI1V.4) noseo-
JfeT HalTH 3RaYeHns kosddHUHEeHTOR Dypre. ¥YuHoXHM
coorHowenne (XIV.2) na ¢yukumio cosmamgt (m=0)
W SaTeM npouHTerpupyem Ha orpeske [—T/2, 4T/2].
B cuay oproromanbHocTH M3 Beex HHTErpajsoB B npapofi
4acTH OyAeT OT/HYEH 0T HYAR TOMBKO ONHH, 2 HMEHHO

+T/2
a,, cos® nmuagt df —a,, - T/2.

—.\'2

+T72
IMoatomy Mu mpugem x dopuyae f (@) cos mayt dt =
-T2
=4a, - T/2, otkyRa
+Tf2

an=2 | f)cosmogdt (m=0). x1v.5)
—-Tr2

AHa.ﬂOFH‘lHHe BHKAAAKH NPHBOAAT K BhIpaXeHHAM AAaAa
bm H &g

+ T2
bn=t { 1Osinmogdt (ma0), X6
-1
+T12

toz= 1 S F)dt, by=0. (XIV.7)
=T/

XIV. PSO ¥ MHTETPAJL ®YPLE 485

Pan ®ypbe MOXHO 3aMHCaTh B KOMDJAEKCHOH (popue:
Hast 3T0r0 3aMeHAM KOCHHYC A CHHYC Yepes SKCMOHEHTHI:

inwet) 4 exp (— inwol)
C03W=up{nmo) 5 4

inwt) — exp {— inwof)
sin nogf = exp (ine - ;
Toria BHpakKeHne, cTofllee NOA IHAKOM CYMMH B ¢op-
uyae (XIV.2), opamer BHA
el (Inoot) +2exp {— inw4t) d s

"

exp (inwgl) — exp (— inwol) i
2i

+ b
= 2a bl oyp(— iney) + 225 exp (inayt) =
= C,exp(— inwt) + C_,explinog). (XIV.8)

BMecTo K03(pOHUHEHTOB Qo, n H b, MEl BBeAH KO3DPH-
UHeHTH

ib an — ib )
Co=tp, Cp=22EDn ¢  =f2T"0 (1£0)

(XIV.9)
3aMernM, uT0 c. —=C (X1V.10)

(3Be3fiouka 0603HAUAET KOMIACKCHO CONPAXKEHHYIO BEAH-

qﬂugl)ﬁoasaena B (XIV.2) sameny (XIV.8), noayunm

Ho= 3 Coexp(—insg).  (XIV.11)

Bupaxenue (XIV.11) npencrasnner coboit pasnoxe-
nre pyuxunuu f(¢) B pad no GpyRRUEAM

1, exp( ioy), exp{x 209), ... (XIV.12)

oro-
Cucrema o¢yuxnuii (XIV.]2) Taxkxe sapasercd oOpT :
Ha/ibROM l?ay orpeske [—7T/2, 4+T/2]. B&J}!qae KOMI

L]
JekcHHX GyHkUHA 9TO O3HAvaeT, uTO S b, df =
-T2
(9, #0). JleficTBHTeABBO, Jerko yOelHTheA
n

=&

llﬂlqu
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B TOM, 4YTO
+T/2

exp(i (z — myextydt =3,,T. (XIV.13)

-T2

Oproronansuocts cucremu ¢ynxunt (XIV.12) no-
BBOJIAECT HAHTH 3HaueHHsA KoadHumentos C, YMHOKHM
coornowenne (XIV.11) ua exp(im wof) u sarem nponn-
Terpupyem Ha orpeske [—T7/2, 4T/2]. B cusy oproro-
HA/ILHOCTH H3 BCEX HHTErpajios B npasoit uactu Oyjer
OTJHYEH OT HYJIA TOJBKO OLHH, 2 HMEHRO

+Ti2
Crexp(—i(m—m)o)dt=C,T.

-Tfe
+72
TMostomy Mu npusem k gopmyane S f @) exp(imayt) df =
-T2
=C,T, otkyna
+Tf2
Co=1 S fit)yexplimogtydt.  (XIV. 14)

-T2

Dopmyaa ans C_, nonyuaercs us (XIV. 14) samenoft m
Ra —m. 3uauenne koadduuuenta C, TaKKe MOXKHO
Hafitn no dopmyae (XIV. 14), nosoxus B Heli m = 0.

Xora Bce cnaraemsie B (XIV.11) (kpome Cp) romm-
NeKCHbIe, caMa cyMmma B cwiay csoficrea (XIV.10) sas-
AAeTcH BellecTBeHHOA. Yrobu yGeanThcs B arom, Hanu-
mwem (XIV.11) p nAge

fO=Co+ E. (C,exp(— inot) + C_, exp (inog)) =

=Co+ X {Caexp(— inayf) + (C, expinay))’)

(MB ucnons3onanu cootromrerme (XIV. 10)). Ho cymma
HEKOTOPOH BENIHTHAH H e¢ KOMILJIEKCHO CONPSIKEHKON BCe-
Fha SBJSETCA BelleCTBEHHOR BeanunHofi. Taxum obpa-
304, pewmecrBeHHocTs cyMMu (XIV.11) nokasana.
Besikasi petnecTBenHas BesMUHEA PaBHA CBOell KOMI-
JICKCHO conpsikenHok. [losTomy Bupakenue (XIV.11)

XIv. PAN ¥ MHTErPAN ©VPBE

MOHO BHOIOH3MEHHTD CACAYIONIHEM DﬁpaaOM:
+o 4o

fh= 2, c;_exp(fmnt)=u_);mc_,,exp(m%t).
o5 (X1V. 15)

[MonyuenHoe supaxenne oranyaerca or (XIV.11) anmb
TeM, 9TO B HeM cJjiaraeMbie NOCTABAEHH B oGpaThoh no-
caenoearenpioctd. Ecam B (X1V.9) noMeRATh MecTaMH
o6osnauenns C, u C_n, 10 Ppopmyaa (XIV.11) npunsna

On BHA
+ o0

fh= X Chexplineg). (XIV. 16)

Onnoapevenno Gopmyna (XIV.14) namenunacs 6u cie-
AyiournM obpasoM:
+T12

Com -\ [@exp(—inog)dt. (XIV.17)
-

Ouesnaso, yro dopuyan (XIV.16) n (XIV.17) skensa-
nentiH dopmyaam (XIV. 1) u (XIV.14). B xypcax ma-
TeMaTHKR OOHuEO numyT pra @ypsve e Brge (XIV. 16)
H COOTBETCTBeHHO GopMyJay AN KOS(PHIHEHTOB B BHIE
(XIV.17). B ¢usuxe npeanoururenpHee QGOpMyaH
(XIV.11) n (XIV.14).

Pan (XIV.11) npeacrap/iser NepHOAHYECKYIO (QYHK-
uuio Ha OeckoHeuHoM HETepBaie (—oo, --co), anbo m::-
nepROAMYECKYIO (PYHKUHIO HA OFPAHHIEHHOM NPOMENYTKE
[—T/2, +T/2]. HenepHopuueckasn (HyHKUHS MOKET GHTH
npencrapieda Ha OeckOHeUHOM HHTepBaje ¢ NOMOUBIO
nHrerpasa dypoe.

Bpenem 00603HaUERNA

2nnfT = nwy=0,, 20T =ay=~40. (XIV.18)
Vlepennmenm Buipaxenue (XIV.14) c y4yeroM sTBx ofo-

snauennfi. Kpome Toro, o6o3naunM nepeMenHy10 HRTETDH-
posanus BMecro ¢ Gyxeofi £ Toraa

+Ti2

c=22 | @exptiot)at

-z
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(B coorsercrun ¢ (XIV.18) wmu samennan 1/T Ha
Aw/2n). Tloacrapum 310 Bupamenne B (XIV.11):
+Tie

F) == Y exp(—iof)do § fEexpliod)dt.
12

fim — 0o =
(XIV. 19)

Tenepe ycrpemum T & Geckoneunoctn, Corsacio
(XIV.18) A@ 6yaer cTpeMHTLCS K HY/0, TAK YTO COBO-
KYNHOCTb AHCKPETHBIX 3Ha4YeHHH o, NpeBpaTHTCA B COBO-
KYNHOCTb 3Ha4YeHHH HENpEpHBHO H3MeHsioulelics mepe-
MeHHO# ©. COOTBETCTBEHHO CyMMa 1O n NpeBpaTHTCS B
rRTerpan. B wrore ¢opmyna (XIV.19) npumer sun

+ oo + oo

f=4 § exp(—ionda § j@expiotyar. (x1v.20)

—_ L -

[lonyyeHnoe HaMH BHpakKeHRHe U ecTb RHTerpan ®ypoe.
Ecar specthH 06o3HadeHne

40

v@=—= { t@ewna,  xv.on

HHTerpan ®dypbe sanuitercA caeayrowum obpasom '):

+o0
f0=—= | s@ep(—imnde. (x1v.29

Tak xe xak n p caywae paga Dypoe, p Kypcax mare-
MaTHKH Qopmysaa (XIV.22) numerca oSLYHO cO 3HAKOM
naoc B nokasatele crenedHn. CooTBercrsenHo B Qop-
umyne (XIV.21) 8 norasatene creneHH NmHmMYT 3maK
MHHYC,

Ecan ape ¢pynxuun @ H f cBasaHbl BEpaXKeHHeM BHAA

b

e={f0Kk@ nar,  (xiv.29)

1) BerpeuaeTca TaKkKe HecHMMETPHUHAS  3IamHCH HHTErpana
Dypee, 2 uMenno, dopuyar (XIV.21) n (XIV. 22) TMHWYTCA B BHAS

+m + 00
so= | romwna 1=t | (@ esp(~ 10ty do.

XV, PAL W HHTErPAA o¥YPLE 439

6pa-
70 GyHKUHA @(x) HA3HBaeTcHd HHTErpa/lbHEIM Npeo
wag)rfneu dyuxunu f{f), a pynxuna K(x, f)— aapoM HH-
TerpaJibHoro ‘npeobpasoBaHus.

i;/13 cpapnenus dopmya (XIV.21) u (XIV.23) cae-
AyeT, YTO ompejeisieMas BHpPaXKeHHEM (XIV.21) dynk-
nua ¢(w) npeacrasaser coGofi uHTErpajbHOe npeobpa-
sopanue OGysxnum f(E), npuueMm sapo npeobpasoBaHns

HMEeT BUA el
K (o, &)= {(1/4/2x) exp (iak).

[ostomy Oynkuuio ¢(©) Ha3HBAOT nPeobPasOBaAHUEM
Pypve @yuxunn f(E). Onpeneasiemyio BhHpaxeHHeM
(XIV.22) dyukuuo f(f) HasuBawT 06paTHOIM npeobpa-
soscuuem DPypve. Ormerum, uro npsmoe (dopmyna
|(XIV.21) u obparhoe (dopmyna (XIV.22)) npeoGpa-
3oBanua Dypbe OTAHYAIOTCA TOJNLKO 3HAKOM MPH MOKa-
ene 3KCNOHEeHTH.

3aT¢yuxumo f(¢) » empaxennn (XIV.21) naaupaior
TaKKe Pypoe-obpasos Gpynkuns ¢(w).
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TOBAsSi MexaHHKa. 2-€ W3JA,, HCnp.

KHHra cOAepHHT HINONEHHE OCHOB KBAHTOBOA MexanmkH. YTO-
6 OOJeriMTh H3YWCHHE, NPOMeXYToYRHWEe BHKAAAKE NpPHBEACHH
oYesb NOAPOGHO, HOCAT MpocTolt H HarARAHHA xapagrep. MaTteMa-
THISCKOe TpHAGKEHHe ofeCmeuEDaeT uHTaTeds HeoOXOAMMBIMH
dopuysamn, Hsyvenue Kukru oSaeryaer ycspenre Gojee PyHAaaMed-
TanbHHX Kypcos, TaxMx Kak <Keaurosas wexamuka» JI. I Mawzay
u E. M. lupwnns a 4p.

l-e n3nanne pHuao B 1977 r. W noAbdyeTcA SacaymewHod no-
NYAAPHOCTLIO CPElN YIallMACA BY20B. !

Bana cTyncHTOR HeTeopeTRYeCKUX CMeuMantHocTell BYS0B, MOMET
OnTb NOAe3Ha NPenojapaTeNnM BYSOB.

Npenpaputensiitic JAKAIW HA BAHHYID WHATY DPHAHMAIOTCA Ma:
TA3MNAMH KERTOTOPra ¥ AKapeMKHNIR.




